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Abstract

Let ¥ Max MOLS(n) denote a maximal set of k mutually orthogonal
latin squares of order n, and let the parameter triple (G, n, k) denote the
existence of a k Max MOLS(n) constructed from orthogonal orthomor-
phisms of a group G of order n. We identify all such parameter triples
for all G of order < 15, and report the existence of 3 Max MOLS(n)
for n = 15,16 and 4 Max MOLS(n) for n = 12,16,24,28. Our work
shows that for n < 15, all known parameter pairs (n, &) for which there
exists a £ Max MOLS(n) can be attained by constructing maximal sets
of MOLS from orthomorphisms of groups, except for 1 Max MOLS(»n),
n=25,7,9,13 and 2 Max MOLS(10).
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1 Introduction

Let S = {Ly, Lo, ..., L} be a set of mutually orthogonal latin squares (MOLS)
of order n. If S cannot be extended to a set of k + | MOLS of order n then S is
mazimal, and as in [6], we say that S is a k Max MOLS(n). A set of MOLS 5 is
said to be based on a finite group G if every latin square from S can be bordered
so as to form the Cayley table of G. A well known method of constructing sets
of MOLS based on G is by using orthogonal orthomorphismns of (. An ortho-
morphism of GG is a permutation ¢ on G with the property that the mapping
0:9+— g~ '¢(g) is a permutation on G. Two orthomorphisms of G, say ¢1, ¢2,
are said to be orthogonal if the mapping ¥ : ¢ — ¢1(9) ' ¢2(g) is a permu-
tation on . The existence of a set of £ mutually orthogonal orthomorphisms
{1, ¢2,...,¢r} is sufficient for the existence of a set of £ + 1 MOLS based on
G, namely {L, Ly,..., Ly} where L is the Cayley table of G and L; is L with
columns permuted according to ¢;. These results are well known. For a detailed
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discussion see [2, 5]. We shall call a set of mutually orthogonal orthomorphisms
of G mazximal if it cannot be extended. A set S of k¥ mutually orthogonal or-
thomorphisms of a group G of order n is equivalent to a (n,k + 1; G) difference
matriz, that is a matrix D = (di;),i=1,...,k+1,j=1,...,n, where d;; € G
and when G is written additively, {dij —dx; : = 1,...,n} = G whenever i # h.
For further discussion of difference matrices, see [3, 4].

As noted on p540 of [3] (and also on p7 of [5]), the following theorem was
implicitly given in [8] and has been very successful in establishing parameter
pairs (n, k) for which there exists ¥ Max MOLS(n).

Theorem 1 Let L be the Cayley table of a finite group G, let S = {¢1, ¢, . .., ¢x }
be a sel of mutually orthogonal orthomorphisms of G, and let L; denote L after

permutation of ils columns according to ¢;. Then S is mazimal if and only if

{L,Ly,...,L¢} is a mazimal set of MOLS.

Proof: See Evans [5], page 7. O

2 Results

Let the parameter triple (G,n, k) denote the existence of a k Max MOLS(n)
constructed from orthogonal orthomorphisms of a group G of order n. In [7),
Jungnickel and Grams identified all such parameter triples for all G of order
< 10. By means of an exhaustive backtracking computer search we extend this
to n < 15. We also extend the results of Table 27.13 of [6] by establishing
new values of k for larger n. In Table 1, we document the known values of k
for n < 15. We include a group H in the column headed G if and only if the
parameter triple (H,n, k) exists. k* indicates that k is new and N(n) denotes
the best known lower bound on the maximum number of latin squares of order
n in a mutually orthogonal set.

(n]NR)T F TG | [n T N(n) k |G
2 1 1 Ca 9 8 2 Cy
3 2 2 Cs 3,5,8 C3 x C3
4 3 1 Cy 10 2 1 Chio,Ds
3 Cax C> 2 -
5 7] 1 T 10 2,3,4,10 [ Cna
4 [ Cs 12 5 1 Ci12,Qs
6 1 1 Cs,Sa 2 Ce X Cz,DG,Aq
7 6 1 3 Ce¢ X C2, D¢
2.6 Cr 4',5 Cs X Cz
8 7 1 Cs 13 12 1
2 | D4, Q4 2,3,4,6,12 [ C13
3 C2 X CaxCa,Ca xCy 14 3 1 Crq,D7
ki Ca X Co xC2 15 4 2,3.,4 Chs
9 8 1

Table 1:

256



As a part of our work, we have verified that there exist no more than 3 mutually
orthogonal orthomorphisms of C)5. This confirms unpublished results obtained
by Roth and Wilson [11]. Our approach was to use an exhaustive backtrack-
ing search for a set X = {#y,...,04}, of 4 complete mappings of Z;5, whose
corresponding orthomorphisms were mutually orthogonal. W.l.0.g, it can be as-
sumed that ;(0) = 0, for i = 1,...,4. The search was split into two parts. Let
Y = {6:(1) :i=1,...,4}. Part (i) consisted of a search for a set X such that
Y contains at least one generator of Zi5, whilst part (ii) consisted of a search
for a set X such that Y contains no generator of Z)5. The total computation
time was approximately 650 hours using Pentium 400 MHz machines.

Below we give examples of sets of orthomorphisms which realise the new pa-
rameter pairs (12,4), and (15, 3).

{#1, 42, #3} is a maximal set of mutually orthogonal orthomorphisms realising
(Cs x C3,12,4) where Cs x C2 = (a,b: a® = b = ¢, ab = ba) and :

#1 = (e)(a,a? a, a3, a%,b,a® a'b, ab,a, a’h)
¢2 = (e)(a,a’,ab,a®,ah,a® a® b,a? a®, a>b)
¢3 = (e)(a,a’bh,a® ab,a®h,b,a’,a?, a’h,d?, a®).

{#1,¢2} is a maximal set of mutually orthogonal orthomorphisms realising
(Cis, 15, 3) where Ci5 = {a : a!® = ¢} and:

— 2 4 8 14 11 9 5 10 3 6 13 .12 _7
¢l - (e)(ala ya,a,a ,a ,a,a,a ",a,a,a,a ,(1)

¢2 - (e)(a’a3’a2’a6,al2,alo’a7, as, a”,a", alS’ 05)(09’014).

In addition to the results in Table 1, we have also established (16, 3), (16, 4), (28, 4)
and verified (24, 4) which was omitted from Table 27.13 of [6].

{#1, 42} is a maximal set of mutually orthogonal orthomorphisms realising
(Dg, 16,3) where Dg = {a,b: a8 =¢,b% = ¢,ab = ba‘l) and:

61 = (e)(a,a? a* a*,a’,a’h,a® ab b,a%,a’, a%,a"b,ab,a®)

#2 = (e)(a,a® a®b,a’,a’,a®,a*h,ad,a’h)(a?,a®, a*,b,a® a’b).

In [9], a set of 3 mutually orthogonal orthomorphisms of Dg were exhibited.
No indication was given as to whether this was maximal. From an exhaustive

computer search, we report that this set is in fact maximal, thereby establishing
(Ds, 16,4).

Roth and Peters [10] established the existence of 4 pairwise orthogonal latin
squares of order 24 from orthogonal orthomorphisms of Cs x Cs x Ca, and
as stated by Roth and Peters, these sets are maximal, thereby establishing
(Cﬁ X (/'2 X 02,24,4).

Abel [1] constructed 4 MOLS of order 28 from a resolvable transversal design.
In [2], Bedford used this transversal design to construct a set of 3 mutually
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orthogonal orthomorphisms of C'y x Cs x C7. Our computer search has showr
that this set of orthomorphisms could not be extended thereby establishing
(Cq x Cy x C7,28,4).
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