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Abstract

In this paper we show the necessary and sufficient conditions for
a complete graph on n vertices with a hole of size v (K5 \ K) to be
decomposed into isomorphic copies of K3 with a pendant edge.
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1 Introduction

A G-design on H is a collection of subgraphs of H each isomorphic to G
that partition the edges of H. A G-design of order n is a G-design on the
complete graph K, on n vertices. One problem in design theory is the
spectrum problem for G, i.e. for what values of n is there a G-design of
order n? The spectrum problem has been solved for complete graphs on
less than six vertices, stars, paths, cycles of length at most 50, and various
other small graphs [1, 2, 3, 10, 13, 14, 15, 16]. G-designs on non-complete
graphs have also been studied, for example, designs when G and H are both
complete bipartite graphs [11]. Another example is when H is a complete
graph of order n with a hole of size v, Kn\K,. This is a complete graph
of order n from which the edges of a complete graph of order v have been
removed. Doyen and Wilson first considered such designs with G = K3 [9].
G-designs on graphs with holes have also be found when G is an n-cycle
with n < 14 and stars [12, 5, 6, 7, 8]. We will consider such designs where
G is a triangle with a pendant edge:

a

Figure 1: Block (a,b,¢) — d

We denote the copy of G in Figure 1 by (a,b,c) — d or (b,a,c) — d.

2 The Main Theorem

Theorem 2.1 Let H be a complete graph with a hole of size v where
v(H) =d+v. Let G be K3U {e} (otherwise known as “a triangle and a
stick”). Then H has a G-design iff v < 3 (d— 1) and 8|d (d — 1 + 2v).
Proof Let V denote the vertices of the “hole” and D denote the graph
induced by the remaining vertices of H. Since ¢ (G) = 4, the number of
edges in H must be divisible by 4, so 8|d (d — 1 + 2v). Also, since G is not
bipartite, each block, or copy of G, must contain at least one edge in D.
Thus the number of blocks must be less than or equal to the number of
edges in D; equivalently, v < % (d-1).
Therefore the theorem’s conditions are certainly necessary.
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Now we need to show these conditions are sufficient. We will use differ-
ence methods (mod d), so D is the ring of integers (mod d).

Case 1: dis odd

When d is odd, 8] (d — 1+ 2v). Let t = % (d— 1+ 2v), so the number
of blocks needed is td, and the number of orbits of G, base blocks (mod
d) of G, needed is t. Let a be a non-negative integer to be specified later.
Choose a orbits of G to be entirely contained in D in the following manner:

Let d = 8n + ¢ with ¢ € {1,3,5,7}. For n > 0, the difference triples
(2n+1+4,4n—i,2n —1—2i),i=0,...,a— 1 form ad triangles and any
« of the remammg differences may be used for the ad stlcks (If n = 0 then
a = 0). We require 4 differences for every orbit so 4o < 3 (d —1). We need
t — o more orbits to complete the design. Each of these orbits of G must
have at least one edge of each triangle in D so t — a < §(d — 1). These 2
inequalities imply ¢ + 3a < 3 (d - 1).

First we will form d( — o) triangles. Each of these triangles contains at
least one edge of D, so let D be the graph induced by ¢ — a of the remaining
differences of D. D is regular of degree 2 (t — @) and therefore, by Vizing’s
Theorem [4), is edge-colorable with 2 (t — @) + 1 colors. Give D a proper
coloring using the colors (1,2,...,v); so we will need v > 2({ — a) + 1. Let
001,003, ...,00y be the vertices of V. Then oo; and the vertices incident
with each edge colored i will form triangles giving d (¢ — «) triangles in all.

Now we need to match these triangles with the remaining edges to form
the sticks. We will do this by orienting certain edges.

Let the t — a colored differences represent each of the d (t — «) triangles.
Orient these differences along with any difference not already used in the
following manner. For each of these differences i and each vertex z € D,
orient the edge from z to z + i. Orient the edges between D and V that
are not already in a triangle, so that for each z € D and each co € V' the
edge is oriented from z to oo.

With this orientation, at each vertex of D there are (¢ — ) colored
heads and 3 (d — 1) — (t — a) —4a+v—2(t — @), or t —a non-colored tails.
Thus for every colored edge (representing a triangle) into a vertex there is
a non-colored edge (representing a stick) out of the vertex to be matched
with it as the stick for that colored triangle.

This construction works only when

2(t—a)+1<vandi+3a< i(d-1).
So
l(d-2v+3)<aanda< i(d-1-%v)

There is certainly such an integer o if

%(d—2v+3)+l§é(d—l—§v)
or
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9<w.

Also when v is odd o = % (d — 2v + 3) is an integer that satisfies these
conditions so we only need to consider the cases v = 2,4, 6, 8.

When v = 8 then d = 1(mod 8) and @ = }(d—9) is an integer that
satisfies the condition.

When v = 6 then d = 5(mod 8) and a = §(d—5) is an integer that
satisfies the condition.

When v = 4 then d = 8n + 1 and the following is a G-design on the
vertex set Zgn41 U 004, ..., 004.

Consider n > 3 (the cases when n = 1 and n = 2 can be found in
the appendix). First we will form n + 1 triangles then we will use the
following “color and orient” method to match the triangle to the remaining
edges as sticks. The difference triples (2n — 2i — 1, 2n+ i+ 1, 4n — ) for
i=0,..,n—1and (2, 4, 6) form n + 1 triangles. Properly color the graph
induced by one difference from each triangle, say the differences 4n — i for
¢ =0,...,n—1and the difference 2, in order to distinguish triangles at each
vertex from sticks at each vertex. Thus there are 2 (n + 1) colored edges at
each vertex. Orient the edges in these differences along with the edges of
the n — 3 differences that were not used in a triple (these are the possible
sticks) so that for each of these differences ¢ and each vertex z in D the
edge goes from z to z + i. Orient the edges from D to V so that, for each
z € D and each co € V the edge goes from z to co. With this orientation
d~ (v) = d*(v) for each v € D and d~ (00) = 0 for each o0 € V. In
particular, at each v € D we have n + 1 colored heads, n — 3 non-colored
tails from the n — 3 remaining differences and 4 non-colored tails from the
oo vertices. Thus, at each vertex there are n+41 colored heads (representing
triangles) and n 4 1 non-colored tails (representing possible sticks). So at
each vertex we can match the triangles corresponding to the colored heads
with any of the non-colored tails as the sticks to complete the design.

When v = 2 then d = 8n + 5 and the following is a G-design on the
vertex set Zgn41 U 00y, ..., 004.

First consider n odd and n > 3 (the case for n = 1 can be found in
the appendix). The difference triples (2n —2i,2n+i+41,4n— i+ 1) for
i=0,...,n—1and (4n+2,3n+1,n+2) form n + 1 triangles. Use the
“color and orient” method described earlier to match these triangles with
the remaining edges as sticks.

For n even and n > 2 (the case for n = 0 can be found in the appendix),
the difference triples (2n—2i, 2n+i+2, 4n—i+2) for i = 0,...,n—1
and (3n+42, 2n+1, n+1) form n + 1 triangles. Complete the design using
the “color and orient” method described earlier.

Case 2: d even
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Since d is even, (d — 1 + 2v) is odd and therefore 8|d. Let d = 8n and
v=4m+e¢, ¢ € {0,1,2,3}. There are n(8n + 8m + 2¢ — 1) blocks needed.
As before v < 3 (d— 1) so, 4m +¢ < 12n - 2.

Since d = 8n the graph induced by the differences n,2n,3n and 4n
consists of n components each isomorphic to Kg. Take € of the vertices of
V along with each of these components and place a design with d = 8 and
v = € on the resulting graph (a list of these decompositions may be found
in the appendix). Let 7 be the remaining 4m vertices of V. The number
of blocks remaining in each case will be n (8n + 8m — 8) so we will need
t = (n + m — 1) more orbits.

Let o be a non-negative integer to be specified later. Choose a orbits
to be entirely contained in the remaining 4n — 4 differences of D as follows:

For n odd, n > 3, the difference triples (2n + i,4n — #,2n — 2i) for
i=1,2,...,a form triangles and any « of the remaining differences may be
used for the ad sticks. (A list of the designs when n = 1 can be found in
the appendix).

For n even, n > 4, the difference triples (2n+ 1+ 4,4n —7,2n — 1 — 2i)
for i = 1,2,...,a— 1 and the difference triple (3n +1,2n — 1,7 + 2) form
a triangles and any o of the remaining differences may be used for the ad
sticks. (When n =2, a = 0)

We require 4 of the remaining 4n — 4 differences for every orbit so
da<4n—4ora<<n—1.

When @ = n — 1 then we must have m = 0 and the decomposition
described above is a G-design. For a < n — 1, choose the a orbits so that
the difference 1 is not used.

We need t — a more orbits 1o complete the design. Each of these orbits
of G must have at least one edge of each trianglein Dsot — a < 4n —4.
This inequality along with the previous one implies ¢ 4+ 3o < 4n — 4. We
will first form d(t — «) triangles. Each of these triangles must have at least
one edge in D so let D be the graph induced by ¢ — a of the remaining
differences, including difference 1. Then D is regular of degree 2 (t — ).

Since this set of differences includes the difference 1, and is even,

n
ged (1, 8n)
by Stern and Lenz [4], the graph induced by this set of differences is Class
I and is therefore edge-colorable with 2(t — a) colors. Give Da proper
coloring using the colors (1,2, ...,4m); so we will need 4m > 2 (t — ). Let
001,002, ..., 004m be the vertices of /. Then oo; and the vertices incident
with each edge colored ¢ will form d (¢ — «) triangles in all.

Use the orientation described earlier to match these triangles with the
remaining edges to form the nccessary blocks.

This construction works only when @ > 0 and ¢ + 3a < 4n — 4. There
is such an integer  when m < 3(n —1).
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3+ 26. So the values of m which

Since v < g(d — 1), we have m < 3n—
3+ 2¢

C

satisfy 3n -3 <m < 3n-—
described below.

Let v =4m+e¢ with € € {0, 1, 2,3} and d = 8n. Then there are 2 values
of m to consider, m = 3n — 2 and m = 3n — 1. We start with some partial
decompositions of Kg,\K,.

Decomposition using only differences n and 4n with 4 vertices of V:
(001,0,m) — 004 (n,2n,009) — 0 (001,3n,2n) — c0s (002,4n,3n) — 004
(001,5m,4n) — 004 (5n,6n,0¢2) — Tn (001, 6n,7n) — 004
(003,4n,0) — 004 (003,7,5n) — 004 (003,2n,6n) — 004 (003,3n,7n) -0

Decomposition using only differences n, 2n, and 4n with 6 vertices of V:
(001,0,n) — 004 (002,7,2n) — 005 (001,2n,3n) —n  (002,3n,4n) — oo
(001,4n,5n) — 00g  (002,5n,6n) — 00g (001, 6n,Tn) — 006
(c03,m,7n) — 002 (003,5n,3n) — 006 (003, 0,2n) — 6n
(
(

still need to be found. These designs are

003,4n,6n) — 005 (004,41, 21) — 00g (004,67, 0) — 002
004,57,7n) — 0 (003,57, n) — 006 (005, 7n,3n) — 004 (003,4n,0) — 0o

Decomposition with m = 3n — 2

Casel: e=0

In this case we have v = 121 — 8.

Use differences n and 4n and 4 vertices of V for 11n blocks. Use differ-
ence 2n to create two 1-factors. The first 1-factor along with a 5th vertex
of V will form triangles and tlhe second 1-factor will join these triangles as
sticks to create 4n blocks.

For the remaining n (8 — ] + 24n — 16 — 15) = 8n (4n — 4) blocks prop-
erly color 4n—4 of the remaining 4n—3 differences with the colors 1, ..., 8n—
8. Each edge colored ¢ will join the point co; € V' to form 8n (4n — 4) tri-
angles. Use the orientation described earlier to match these triangles with
the remaining edges to form tlic necessary blocks.

Case II: e=1

Use differences n,2n and 41 with 6 vertices of V for 17n blocks. For the
remaining n (87 — 1+ 24n — 1.1 — 17) = 8n (4n — 4) blocks properly color
4n — 4 of the remaining 4n — 1} differences and continue as in case I.

Case III: e =2

Use differences n and 4n with 4 vertices of V for 11n blocks. For the
remaining n (8n — 1 4 24n — 12 — 11) = 8n (4n — 3) blocks properly color
4n — 3 of the remaining 4n — 2 differences and continue as in case I.

Case IV: €e=3

Place a decomposition of \';5\ K7 (found in the appendix) on the graph
induced by the differences n, 2./, 3n and 4n with 7 vertices of V to form 21n
blocks. For the remaining n (82 — 1 + 24n — 10 — 21) = 8n (4n — 4) blocks

92



properly color the remaining 4» — 4 differences and continue as in case I.

Decomposition with m = 3n — 1

CaseI: e=0

Use differences n,4n and 4 vertices of V for 11n blocks. Use difference
2n to create two 1-factors. The first 1-factor along with a 5th vertex of V
will form triangles and the second 1-factor will join these triangles as sticks
to create 4n blocks.

For the remaining n (82 — 1 + 24n — 8 — 15) = 8n (4n — 3) blocks prop-
erly color the remaining 4n — 3 differences with the colors 1,...,8n — 6.
Each edge colored i will join the point co; € V' to form 8n (4n — 3) trian-
gles. Use the orientation described earlier to match these triangles with the
remaining edges to form the nccessary blocks.

Case II: e=1

Use differences n, 2n and 4n with 6 vertices of V for 17n blocks. For the
remaining n(8n — 1+ 24n— 6 - 17) = 8n(4n — 3) blocks properly color
the remaining 4n — 3 differences and continue as in case L.

Case III: € =2

Use differences n and 4n with 4 vertices of V for 11n blocks. For the
remaining n (8n — 1+ 24n — 4 — 11) = 8n(4n — 2) blocks properly color
the remaining 4n — 2 differenccs and continue as in case I.

O
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A G-Designs for v =4, d = 9 and 17

e d =9 on the vertex set Z.Uooy,...,004: (0,4,001)—8 (3,7,001)—2
(6,1,001) =5 (4,8,002) =3 (7,2,002) =6 (1,5,002) =0
(0,1,003) —2 (3,4,003) -5 (6,7,003) —8 (1,2,004) —3
(4,5,004) —6 (7,8,004) -0 (0,3,2)—-5 (0,6,8)—2 (0,5,7)—4
(8,3,1)-7 (2,6,4)—1 (6,3,5)—8

e d = 17 on the vertex set Z.,7Ucoy, ..., 004: (001,0,4)—2 (c01,8,12)—-14
(001,16,3) =5 (001,7,11)— 13 (001,15,2) =0 (001,6,10)—8
(001,14,1) =3 (001,5,9) =7 (002,4,8) —6 (o02,16,12)—10
(002,3,7) =5 (002,15,11) =9 (002,2,6) —4 (c0z,10,14) — 16
(002,5,1) — 16 (002,9,133) — o001 (13,15,0) — coz. In addition, here
are 2 base blocks to be d.veloped cyclically (mod 17):

(0,6,7) — o0z (0,5,8) — 4

B G-Designs for v =2, d =5 and 13

e d = 5 on the vertex set Z 5 U0o1,002: (001,3,0) —002 (001,2,4) =3
(002,1,4)—0 (002,2,3)-—1 (0,2,1)—001

e d = 13 on the vertex set 13U 00, 009. Here are the base blocks to
be developed cyclically (mmod 13): (0,1,4) — o001 (0,2,7) — 002

C G-Designs with d = 8

e v = 0 on the vertex set Z ; Uoo. Here is a base block to be developed
cyclically (mod 7): (0,1,:) — co.

e v = 1 on the vertex set . o where the element 0 is the element of V.
Here is a base block to be developed cyclically (mod 9): (0,1,3) - 7.

e v = 2 on the vertex set Z Uoop,002: (001,0,4)—002 (001, 1,5)—002
(00112»6)—002 (001)317)_002 (311)0)_002 (4’2)1)_002
(5,3,2) — 002 (6,4,3)— 02 (4,5,7)-0 (5,6,0)—2 (1,6,7)—2

e v = 3 on the vertex set ZU00;,002,003: (001,0,3)—4 (001,6,1)—3
(001,4,7) =5 (001,2,5) -6 (002,3,6)—4 (002,1,4)—5
(002,7,2)—4 (002,5,0) -6 (003,4,0)—7 (003,1,5)—3
(003,2,6) =T (003,3,7) -1 (0,1,2)—3
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¢ v = 4 on the vertex set ZsJooy, ...,004: (001, 0,3)—004 (001, 1,6)—004
(001,7,4) — 004 (001,2,7) =004 (3,6,002) =0 (002,4,1) — 004
(7,2,002) -5 (003,4, 0) = 004 (003, 1,5) -0 (003,6,2) -
(003,3,7) — 04 (6,0,7)-1 (0,2,1)-3 (2,4,3)-5 (4,6,5)—7

¢ v =5 on the vertex set Z <U o0y, ...,005: (001,0,1)—5 (001,2,3)—7
(001,4,5)—3 (001,6 7)—1 (002,1,2)—6 (002,4,3)—005 (002,5,6)—0
(002,7,0) — 005 (003,0,3) =1 (003,6,1) — 005 (003,4,7) — 005
(003,2,5) =7 (004,3,6) — 005 (004,1,4) — 005 (004,7,2) — 005
(004’ 0) 5) — Qs (0)2, 4) -

¢ v = 6 on the vertex set Z sU 001, ...,006: (001, 2¢,2i+ 1) — oo
(002,2¢4+1,2i+2) — 005 for i = 0,1,2,3 and (003, 0,3) — 006
(003,6, 1)—3 (003,4,7)—‘\2’5 (003,2,5)—3 (004,3,6)—0 (004,4, 1)—7
(004,2,7)=3 (004,5,0)—2 (00s,0,4)—2 (00s,1,5)—7 (c0g,2,6)—4

e v = 7 on the vertex set 2' sUooy,...,007: (001,2¢,2i+ 1) —
(002,21 +1,2i+2) —0o¢ (003,24,2i+ 3) — 007 for i = 0,1,2,3 and
(004, 3,6) — co7 (004, , ) 007 (004,2,7) =1 (004,0,5)—3
(005,0,4)—6 (005,2,6)—0 (o05,5,1)—3 (005,3,7)—5 (007,0,2)—4

e v = 8 on the vertex set Z.sU 00y, ...,008: (004,2{,2i+ 1) —
(002,21 +1,2i 4+ 2) — 00; (003,2i,2i +3) —ocog fori=0,1,2,3 and
(004,6,3)—7 (004,4,1) — Qg (004,7,2)—003 (004,5,0)—
(005;092)_6 (005,4,6) — 00 (005’3) 1)_7 (00515:7)_
(00632)4)_008 (006,6,“)—4 (00613) 5)— 1

¢ v =9 on the vertex set z sUcoy,...,009: (001,2¢,2i+1) —
(c02,2i + 1,2z'+2) oox fori=0,1,2,3 and (o03,2,0)—
(003’4 6) (0031 ) ) 5 (003’ 7! 5) — 09 (004;4) 2) — O0g
(004, 0 6) - 007 (004) ) 7 (004) 1) 7) — 007 (005, Oy3) -
(005,6,1) — 009 (005,4,7) — 009 (005,5,2) — 6 (006,6,3) — 007
(006,4,1) — 007 (00g,7,2) ~ 007 (006,0,5) — 007 (007,0,4) — 00g

e v = 10 on the vertex set .3Uo0y,...,0010: (001,2%,2i+ 1) — 0019
(002,21 +1,2i +2) — {005,2i,2i+ 3) —oog for i = 0, 1,2, 3 and
(003; 07 2) ] (003, x’) — Qg (003) 5 7) Qg (003’ 1) 3) -
(004,2,4) — 009 (004,0,:}) —00g (004,5,3) =7 (004,7,1) — 009
(006,6,3) — 007 (06,1, i) — c0g (006,2,7) — 007 (006,5,0)-008
(007,1,5) — 009 (007,6,2) — o0g (007,4,0) —
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