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Abstract: In this paper, we prove the following result:
Let D be a diconnected oriented graph of order n. If
d*(u) 4+ d*(v) > n—2 for any pair «,» of nonadjacent ver-
tices such that N*(u) "N Nt (v) # 0 and d~(u) +d~(v) >
n — 2 for any pair «,v of nonadjacent vertices such that
N~=(u)N N~(v) # 0, then D contains a directed Hamilto-
nian cycle.

We use the terminology and notation of [1]. D = (V (D), A(D)) will
denote an oriented graph on n vertices. A digraph is diconnected if
there is a directed path from = to v for any two vertices » and wv.
Define |wv| = 1 when uv € A(D) and |uv| = 0 when wo ¢ A(D). If
v € V(D) and $ C V(D), we denote the set of arcs from v to S (resp.
from S to ») by (v, S) (resp. (S, v)). Furthermore, we define df(v) =
[(0, S)dg (v) = |(S, v)|. Define N*(u) = {vjv € V(D),uv € A(D)},
N=(u) = {v|0 € V(D),vn € A(D)}. If S C V(D), an S-path is
a directed path of length at least two having exactly its origin and
terminus in §.

Theorem Let D be a diconnected oriented graph of order n. If
dt(u) +d*(v) > n -2 for any pair u,v of nonadjacent vertices such
that NY(u) N Nt (v) # 0 and d=(u) + d~(v) > n — 2 for any pair
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w0 of nonadjacent vertices such that N~ (u) N N~ (v) # 0, then D
contains a directed Hamiltonian cycle.

Proof: Suppose that 1) satisfies the condition of the theorem,
but does not contain a directed Hamiltonian cycle. Let S be a longest
directed cycle in D.

We first prove that there is a S-path in D. Suppose there is no $-
path in D. Then since D is diconnected and S is a proper subset of V/,
D contains a directed cycle S’ having precisely one vertex, say «, in S.
Let S = wgriag:--ravg, 8 = xoy1y2 - ypro, A = {x1,x9, -, 1},
B = {y1,y2, -y} and F = V(D) — (AU B U {z0}). Obviousely,
|A| = a, |B] =band |F| = n— (e +b)—1 = f. Since there is
no S-path in D, x4, yp and w1, y; are pairs of nonadjacent vertices
such that Nt () NN (yp) # 0 and N~ (1) NN~ (y1) # 0. Since D
contains no S-path, we have

d(ra) = dg(x1) = dfi(m) = dz(y1) = 0 (1)
and there is not a path of form x4vyy or yyvaq, where v € F. Hence,
leqv| + logn| < 1, |ypo| + o] <11
for cach v € F. Furthermore,

d‘;}(:x:a) +dp(n) + d}"(yh) +dp(r1)

< S {(wavl + lom]) + (upol + o ])]
vel
< 2/ (2)

Clearly,
‘lji(-"a) <a—2, dy(e)<a—2, (IE(yb) <b-2, dg(mn) <b-2. (3)
Combining (1), (2) and (3), we get

dt(xa) + d¥ (ys) + d™ (1) + 47 (1)

2(a = 2) +2(b = 2) + 2f + |xaro| + [wpro| + [ror1] + |rom|
2a+b+f+1)-6

= 2n—6. (4)
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The above inequality implies d¥ (x4) + d*(yp) < n — 3 or d™ () +
d~(y1) £ n — 3, but this contradicts the hypothesis of the theorem.

Therefore D contains a S-path P, say xqzj29---zgrg, where
ro,xq € S. Let Py = wxoxqxe- - o, P2 = aq¥at1 - rqrg be the
directed path on the cycle 5. Let the path P be chosen so that
« is maximum. Because of the maximality of S, # «. Let A =
{eo.x1, -, xa}, B = {21,292, -, 28}, C = {xa+1,Ta+2,**,¥a} and
F =V —-(AUBUC). Obviously, |[A] = a+1,|B| = 4,|C| = «—a and
|F|=n—(|A|+|B|+|C|) = n—a— B —1=t. Because of the max-
imality of o and o # «a, zg8, 2o and 21, 2441 are pairs of nonadjacent
vertices such that N (z8)N\N ¥ (2:5) # 0, and N ~(xa+1)NN " (21) # 0
respectively. By the same reason, we have

1E(2p) + dg(21) + d§(zas1) + dp(ra) = 0 (5)

If there exist x;, viy1 € A (i = 0,1,2,---, 0 — 1) such that x;raq1,
xorit1 € A(D), then

Tikapllat2 " Xalipllipd <" TaZ122° "+ ZGTQEIEY * « Lf
is a cycle longer than S. This cotradiction shows that
|zivas1]| + |rarigr] < 1(Ei=0,1,---,0 — 1)

Hence,

[23
‘ij(-'"a) + d;(-'"aﬂ) = Z(|-"’a¢"i+l| + |riza+1])
i=0
a-—1
= Z(l"’a"’i+1| + |wita+t1]) + [raro] + |vartat]
i=0
a+2 (6)
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Similarly, we have
di(zg) +dz(z1) < a +2 (7)

By the maximality of §, there exists no vertex » € F such that .gv,
vz1 € A(D) or zgv, vagq1 € A(D). Hence,

leae] + |vz1| <1, |zgv| + [vaagr] <1
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for every » € . Furthermore,

di(va) + dp(21) < t, dE(28) + dp(asr) <t (8)
Obviously,
dB(z[g) < fB-2,dp(z1) £ ﬁ—2,d$(ara) <a—a=2,do(ea1) < a~a=2
(9)
Combining (4)-(8), we get
d¥(28) + d¥ () +d7(21) + d 7 (xas1)
< 2a+2)+2(8-2)+2(c—a—-2)+2t
2e+pB+1+1t)—6
= 2n—-6 (10)

The above inequlity implies that d* (2g)+d¥ (1g) < n—3,0rd™(21)+
d™(2a+1) < n—3. But this contradicts the hypothesis of the theorem.
This completes the proof of the theorem.

Remark: Let D be an oriented graph of order n (n > 5). In
[3], it is shown that if for any two vertices x, y, xy ¢ A implies
d¥(+)+d~ (y) > n—2, then D is Hamiltonian. The following example
shows that in some sense, our theorem is stronger than the above.

Example: Let C be a directed cycle with n(> 5) vertices de-
noted by £y.rg---rpry. Foranyi € {1,2,---,n}, we have iy 105 € A,
but dt(ej41)+d (x;) =2 < n—2. C does not satisfy the conditions
of the theorem of [3]. N*(«)NN*(y) =0 and N~ («)NN~(y) = 0 for
any pair x, y of vertices, so C' satisfies the condition of our Theorem.

The bound presented in our theorem is sharp in the following
sense. Let k be positive integers and n = 2k. Let D be a digraph
with n vertices. See Figure 1. The digraph D is diconnected and
nonhamiltonian. Vertices vk, wek—2 are the only pair which are
disjoint and have cominon out-neighbour or common in-neighbour.
Furthermore, d~(vgx) + d~ (vop—2) = (k= 2) + (k — 1) =n - 3.
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