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ABSTRACT. In this paper we determine the k-domination num- )
bers of the cardinal products Pz X Pn,..., Pax41 X P, for all
integers k > 2, n > 3.

1 Introduction and terminology.

For any graph G we denote the vertex-set and edge-set of G by V(G) and
E(G), respectively. A subset D C V(Q) is called a k-dominating set, k > 1,
if for every vertex y not in D, there exists at least one vertex £ € D, such
that d(z,y) < k. For convenience we also say that D k-dominates G. The
k-domination number v;(G) is the cardinality of a smallest k-dominating
set.

The cardinal product of two graphs is a graph with V(G x H) = V(G) x
V(H) and ((g1, 1), (92, h2)) € E(G x H), if and only if (g1,92) € E(G)
and (hl,hz) € E(H)

The problem of determining the domination numbers of graphs first oc-
curs in a paper of de Jaenisch [1]. He wanted to find the minimal number
of queens on a chessboard, such that every square is either occupied by a
queen or can be reached by a queen with a single move.

The study of domination numbers of products of graphs was initiated by
Vizing [14]. He conjectured that the domination number of the cartesian
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product of two graphs is always greater than or equal to the product of the
domination numbers of the two factors; a conjecture which is still unproven.
For cardinal products of graphs this conjecture does not hold as was shown
in [11].

Starting in the eighties the domination numbers of cartesian products
were intensively investigated (see e. g. [2], [3], [4], [6], [7], [10]). In the
mean time also some papers on domination numbers of cardinal products
of graphs were published. We refer the interested reader to [5], [8], [9], [11],
(12), [13].

Many of the papers written on domination numbers of cartesian prod-
ucts of graphs mainly deal with the problem of determining the domination
numbers of products of paths and cycles, respectively. Following this ap-
proach, the domination numbers of Pz X Py, ...Ps X P, were determined
in [12] and [13]. In this paper we turn our attention to k-domination
numbers of cardinal products of paths and determine those number for
Py x P,,..., Py X P, for all integers k > 2,n > 3.

For completeness we first present some obvious results.

Proposition 1 If C, is the cycle of order n, n > 3,k > 1, then
n
7%(Cn) = fm]-
Also, if P, is the path of order n, then
n

For the path Py and any odd cycle Conty,n 21

dn+2

2I¢,+1.I

k(P2 X Cont1) = [
holds.

Proof: The first two assertions are completely obvious. The third one
holds since the cardinal product of P and Cap1 is isomorphic to Cyni2
and because of our first assertion. m]

To fix terminology for the proofs of our results we need some more defi-
nitions.

Let 1,...,m and 1, ..., n be the vertices of P, and P,, respectively. Then
the vertices of P, x P, are denoted by (%,5) where ¢ = 1,...,m and j =
1,..,n

The cardinal product P,, x P,, m,n > 2, always consists of two compo-
nents. Let C;(C2) denote the component of Pp, X P, that contains all the
vertices (i,7) with  + j even (respectively, odd).
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If both m and n are odd, these components are not isomorphic. If at
least o these two numbers is even, the components are isomorphic.

For a fixed , 1 < r < n, the set (Pn)r = {(¢,7)|i = 1,...,m} is called
a column of P, x P,. The set (P,)r = {(r,7)l7 = 1,...,n} is called a row
of Py X P,. A column (row) of one of the components of P x P, then
consists only of those vertices contained in the respective component. A set
B = {(Pn)r, (Pm)rt1y ooy (Pm)rtts 1 20, 7 2 1, 7+ 1 < n}, of columns is
called a block of size m x (I+41) of Py, X P,. If another block B; contains the
column (Py,)r—1 or the column (P,,)r 4141, then we say that B, is adjacent
to B. A block B is called internal, if it is adjacent to two other blocks; it
is called external if it is only adjacent to one block.

Theorem 1 For n>3,k>2

')’k(Pz X P,,) =..= 'yk(ng X P,,,) =2. r2k+ l.l

Proof: We first consider the graph Py X P, and partition it into 2k x (2k+
1) blocks. There are | 57| such blocks. Since 2k is even, P X Py, has
two isomorphic components. Therefore we consider only one component,
say Cf.

If n < 2k then our result obviously holds. If n > 2k we set m = | 5=
Let m be odd. Then the vertices {(k+1,k+1+2I(2k+1)),i=0,..., L%j}
k-dominate all vertices on the first, third,..., m-th block, and lf m >3
the vertices {(k,3k + 2 + 2l(2k + 1)), = 0,...,| 3] — 1} k-dominate all
vertices on the second, fourth,...,(m-1)-st block of the component C; if
n = 0(mod(2k + 1)). If n = (k + 1)(mod(2k + 1), ...,n = 2k(mod(2k + 1))
then we have to add the vertex (k, 3k+2+42| 3| (2k+1)). For all other n we
add the vertex (k,n) or the vertex (k+1,n) to the above sets to k-dominate
all vertices of C;. Hence we have found a set Dy with m + 1 = [537]
vertices which k-dominates C; if m is odd.

If m is even the set {(k+1, k+1+21(2k+1)), 1 =0, ..., | %] -1}U{(k, 3k+
2+21(2k+1)), I =0,..., | Z] — 1} has the property that it k-dominates all
vertices of the m blocks of size 2k x (2k + 1). Again, as above depending
on n, we either have to add the vertex (k+1,k+1+42|%](2k+1)) or one
of the vertices (k,n) or (k + 1,n) to obtain a dominating set D; of C;.

Since C; and C, are isomorphic we have thus found a dominating set D
of Py x P, which contains 2 - [ 5] vertices.

The fact that this set is minimal follows from the following observation:
Let Q. = ((1,1),(2,2),(1,3),...(s,n)), s € {1,2}, denote the induced
subpath of length n of C; which only contains vertices of the first and
second row. Furthermore we assume that there exists a k-dominating set
D’ of Py x P, with |D’| < |D|. For i = 1,2, let D; = D’ NV(C;). Then
D/ k-dominates C;. At least one of the sets Dj or Dj, say Dj, contains
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less than [52] vertices. Then of course the vertices of D} must also k-
dominate all vertices of Q,. Let (Pak)i,s--- » (Pok)i;»! < |D|, denote the
columns which contain vertices of |D}|. Let (5,44) € D}, d € {1,...,1} and
let M C V(Qy) denote the set of those vertices of @y, which are k-dominated
by (4,44). Then it immediately follows from the structure of Pox x P, that
the vertex of (Pak)i; NQy also k-dominates at least the vertices of M. This
implies that those vertices of @, which are contained in the same colums
as the vertices of D} also k-dominate Q,. But this contradicts the second
assertion of Proposition 1 since we assumed that |Df| < [355]

We now consider P, x P, for some r,2 < r < 2k. Again we partition this
component into 7 x (2k+1) blocks. If r > k+1, then the same sets as above
dominate C; and Cs. If r < k, then the vertices for a k-dominating set of
C; can be chosen from the same columns as above but from the (r — 1)-st
row and r-th row, respectively. The minimality again follows with the same
argument as above. Hence if at least one of the numbers r or n is even, our
result holds immediately.

Let both, 7 and n, be odd now. Since r < 2k—1 it is also obvious that we
can find a set which dominates C» and contains one vertex of each r x (2k+1)
block, and one additional vertex if n # 0(mod(2k+1)). Since the minimality
argument does not depend on the parity of r and n, our result again follows.
(For C; the path Q, is given by Qn = ((2,1),(1,2),(2,3),...,(s,n)), s €
{1,2}.) o
Remark. If n = 0(mod(2k + 1)) or n = k + 1(mod(2k + 1)),...n =
2k(mod(2k + 1)) the minimality of the k-dominating sets described in the
above proof follows from the simple observation that each vertex of Por x P,
is k-dominated by exactly one vertex of these sets!

Theorem 2 Let k >2, n>3. Then

2-|%]+1 if n=1(mod2k)

Ye(Pok+1 X Pp) = { 2. [ﬁ] otherwise

Proof: If n < 2k+1 the result again obviously holds. Also if 2k+1 < n <
4k it is easy to see that we need at least two vertices to k-dominate each of
the components of Pogi1 X Py.

If n = 0(mod2k), n = 2k — 1(mod2k), ...,n = k + 1(mod2k) then the set
S1={(k+1,k+2kk+1)|l=0,1,...,[ 3] — 1} k-dominates C and the set
{(k+1,k+2lk)|l=0,1,...,[3] — 1} k-dominates C>. Hence S = S, U Sy,
[S]|=2-[35], k-dominates Pk+1 X Pn.

If n = k(mod2k),n = k — 1(mod2k),...,n = 2(mod2k) we set S| =
{(k+1,k+2k+ 1|l =0,1,..,|%]} and $§ = {(k + 1,k + 2lk)|l =
0,1,..,|3%] — 1}. Depending upon n we define S; = Sy/U (k+1,n) or
S1 =5, aswellas S = SjU(k+1,n)or S =S,U(k+1,n—1). Again
S = 81 U S, k-dominates our graph and has cardinality 2 - [3;].
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If n = 1(mod2k) we take Sy = {(k+1,k+2lk+1)[l=0,1,...,[5:] — 1}
to k-dominate C;. Let S5 = {(k+1,k+2lk)|l = 0,1, ..., | 3] —1}. Then
Sy = S4U(k+1,n—1) k-dominates Cs if k is even and S = S3U(k+1,n)
k-dominates C; if k is odd. Hence S = $1USy, |S| = 2:| %] +1 k-dominates
P2k+1 X Pn.

In the sequel we show that S always is a minimal k-dominating set.

If n is even, then it is again clear that we only have to consider one
component of Paxyy X P,. But as it will turn out, if » is odd, our lemmas
also hold for the component C>. Hence we first only consider the component
C', not depending on the parity of n.

For our proof of minimality we partition the graph Pag.1 x P, into (2k+
1) x 2k blocks. If such a block is external we denote it by R. If n £ 0(mod2k)
then we also have an external block R’, which is not a (2k + 1) x 2k block.
By D; we denote a k-dominating set of C; in the sequel.

Lemma 1 There is no k-dominating set Dy such that |Di N R| =0.

Proof: Without loss of generality we assume that R is the first block in
the graph Poi.; % P, (it contains (1,1)). By vertices from the adjacent
block, we can at most k-dominate vertices of (Pak+1)k+1, -y (P2k+1)2k. To
k-dominate the remaining vertices we need at least one vertex which is
contained in R. o

Lemma 2 Let |D; N B;| = 0 for some internal block B;, and let n > 4k.
If k is Odd, then ID] nB'_1| 2> l, and |D1 nB'-+1| > 2. If B§_1 (Bﬂ.l) 18
external then |Dy N Bi—1| > 2 (|D1 N Biya1| = 3). If Biyy i3 external but
not a (2k + 1) x 2k block, then it contains at least 2 vertices.

Proof: Let B; = {(Pak+1)js -+ (P2k+1)j+2k—1},7 = 2k+1, be some internal
block. If | Dy N B;| = 0, all vertices of B; must be k-dominated by vertices
from adjacent blocks. Then at least one vertex of (Pag41)j—1 (of Bi—1 ) is
in Dy, and at least one vertex of (Pak41)j+2k (of Biyy) is in D;.

If k is odd, the vertex (k+1,3j-1) is contained in C;. This vertex k-
dominates all vertices of the columns (Pzk+1)j, ..., (P2k+1)j+k—1. S0 |D1 N
B;_1] = 1 can only hold if (k + 1,5 — 1) € Dy. This vertex k-dominates
the columns (P2k+1)j—1, -+, (P2k+1)j—k—1 on B;i_1, too. If B;_; is internal
we thus only obtain that |D; N B;—y| = 1. If B;_ is external, the ver-
tices of (Pak+1)1, -y (P2k+1)j—2 must be k-dominated by a vertex which is
contained in B;_;. Therefore |[D; N B;_1| > 2 holds in this case.

The vertex (k-+1, j+2k) is not contained in C;. None of the other vertices
of B;;1 k-dominates all vertices of the columns (Pak1)j4k, - - - » (P2k+1)j4+2k—1
in C;. Therefore D; must contain at least 2 vertices of (Pak+1)j+2k- But
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of course these two vertices can not k-dominate all vertices of B;1; hence
|D1 n B§+1| > 3if B£+1 is external.

If B;;1 = R’ is external but not a (2k+1) x 2k block, then it may happen
that the two vertices of Dy N(Psk41)j+2k 8lso k-dominate all vertices of R
Therefore we only obtain |R' N Dy| > 2 in this case. n]

Lemma 3 Let |D; N B;| = 0 for some internal block B;, and let n > 4k.
If k is even, then |D1N Biy1| > 1, and |D1NB;i—q| 2 2. If Biya (Bi-1) is
external then |Dy N Biyq| =2 (ID1N Bi—y1| 2 3). If By = R’ is external
but not a (2k + 1) x 2k block, then it conlains at least 1 vertez.

Proof: Anslogously to the proof of Lemma 2. 8]

Lemma 4 Let n # 0(mod2k), n # 1(mod2k). Then there exists an exter-
nal block R’ with z, 2 < x < 2k — 1, columns and the following assertions
hold:

(1) If R’ contains no vertez of Dy, then By, m = | 35| contains at least
two vertices of D, if k is even.

(2) If k is odd and |R' N Dy| =0, then |By N Dy| 2 1 holds. If |Bp N
Dy| =1, then there exists at least one block By, 1 <r <m —1, such that
|Br N Dy| > 2 and |Dy N By| > 1 holds for all Bi,r <l <m-—1. Ifin
addition |Br—1 N Dy| = 0 holds, then |B, N Dy| > 3.

Proof: If k is even, then C; does not contain the vertex (k + 1,n — z).
Therefore our first assertion obviously holds.

Let k be odd, [Dy N R| = 0 and |Dy N By| = 1.. Then B, N Dy =
{(k + 1,n — z)} must hold. So the first k¥ — 1 columns of Bm must be
k-dominated by a vertex of By,_;. If Bp,_; also contains only one vertex
of Dy, then this vertex must again be contained in the column adjacent to
B etc. Hence |[B; N D;| = 1 must hold for all B;, 7 <1 < m. Also, a
block B, with |B. N Di| > 1 must exist since at least B; must contain a
second vertex of D; because the vertex (k+1,2k) alone cannot k-dominate
all vertices of B;.

It follows analogously to the considerations in the proof of Lemma 2 that
the first column of B, contains at least two vertices of D, if B,_; contains
no vertex of Dy. Since D, also contains a vertex of the last column of By,
|B N Dy} > 3 holds. n]

In the sequel we finish the proof for even n by showing that |D;| > |Si]
holds for every dominating set D; of C}.

Let first n = 0(mod2k). The set S; we determined above has the property
that it contains exactly one vertex of each (2k+1) x 2k block of C;. Let B,
s€M c{1,..., 35}, denote those (2k+1) x 2k blocks of Cy which contain
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no vertex of D;. Then, depending on the parity of k either all blocks B,
or all blocks B,_; contain at least two vertices of D;. This immediately
implies that |Dy| > |Sy|.

Let n # O(mod2k). We know from the above that S; also contains
exactly one vertex of the external block R’. If R’ now also contains at
least one vertex of D; our result again follows from Lemmas 1, 2 and 3. If
|R'NDy| = 0 and k is even, then |Dy| > |Sy] follows from Lemma 3 and the
first assertion of Lemma 4. If k is odd, Lemma 2 together with assertion
(2) of Lemma 4 implies that |D,] > |Si].

For odd n the above lemmas, with minor modifications, also hold for C,.
We list those results without proofs, since they are proven completely in
the same way as for C;. The set D> now denotes a k-dominating set of Cs.

Lemma 5 Let |Da N B;| = 0 for some internal block B;, and let n > 4k.
If k is odd, then |DaN Biy1| > 1, and | Do nB.-_1| > 2. If Biy1 (Bi—1) is
external then |Dy N Byyq| > 2 (D2 N Bi—y| = 3). If Byy1 = R’ is external
but not a (2k + 1) x 2k block, then it contains at least 1 vertez.

Lemma 6 Let |D; N B;| = 0 for some internal block B;, and let n > 4k.
If k is even, then |Da N B;_;| > 1, and |D2 N B;y4| > 2. If Bi—y (Bit1)
is external then |Dy N\ B;_,| > 2 (|D2N Biyy| 2 3). If Biy is external but
not a (2k + 1) x 2k block, then it contains at least 2 vertices.

Lemma 7 Let n # 0(mod2k), n # 1(mod2k). Then there exists an exter-
nal block R’ with z, 2 < z < 2k — 1, columns and the following assertions
hold:

(1) If R’ contains no vertezx of D2, then By, m = | 3}| contains at least
two vertices of Dy if k is odd.

(2) If k is even and |R' N Dy| =0, then |By,, N Da| > 1 holds. If |Bm N
Dy| = 1, then there exists at least one block By,1 <1 < m — 1, such that
|Br N D3| > 2 and | D2 N By| > 1 holds for all Bi,r <l <m—-1. Ifin
addition |Br_;1 N Dy| = 0 holds, then |Br N Dy| > 3.

If n is odd but n # 1(mod2k) then of course we can now argue as above
for C; and C; that |D;| > |S;| and |Da| > |S2| hold.

Finally we consider the case that n = 1(mod2k).

a) Let k first be even. Clearly R’ now consists of one column. Assume
that on C) this block contains no vertex of a k-dominating set D;. From
above we know that S; also contains no vertex of R’. Let B;,s € M C
{1,...,|k]} again denote those (2k + 1) x 2k blocks of C; which contain
no vertex of D;. By Lemma 3 all blocks B,_; now contain at least two
vertices of D; which implies that |D| > |S1].
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The fact that | Dy| > |S2| holds for any k-dominating set D5 of C; follows
since assertion (2) of Lemma 7 also holds in this case. This can be seen
immediately if we consider the proof of Lemma 4, assertion (2)!

b) Let k now be odd. For C) it is again clear that S is minimal by
Lemma 2 and the fact that the block R’ also contains no vertex of S;.

To show that Ss is also minimal we need another lemma.

Lemma 8 Lemma 7, assertion (2), also holds if k is odd and n = 1(mod2k).

Proof: If k is odd the vertex (k + 1,7 — 2) k-dominates all vertices of R'.
But this vertex does not k-dominate the vertices of the first £ — 2 columns
of Bp,. Therefore we can proceed as in the proof of Lemma 4, assertion (2),
to show that our claim holds. O

If the blocks B,,s € M C {1,2,...m}, are now again those (2k+ 1) x 2k
blocks which contain no vertex of Dy, then Lemma 5 implies blocks B;_;
contain at least two vertices of D,. This, together with Lemma 8 again
shows that S» is a minimal k-dominating set of Cs. |
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