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ABSTRACT. We completely determine the spectrum (i.e. set
of orders) of complete 4-partite graphs with at most one odd
part which are decomposable into two isomorphic factors with
a finite diameter. For complete 4-partite graphs with all parts
odd we solve the spectrum problem completely for factors with
diameter 5. As regards the remaining possible finite diameters,
2,34, we present partial results, focusing on decompositions of
Kn,nnm and Knnmm for odd m and n.

1 Introductory notes and definitions

There is an intimate connection between edge-decompositions of complete
(or complete multipartite) graphs into subgraphs of a given type on one
side, and various combinatorial problems (mostly design-theoretical) on the
other side. For instance, the existence of a (v, k, 1)-BIBD is equivalent to the
existence of an edge-decomposition of the complete graph K, into k-cliques.
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On a more general note, a k-group-divisible design of type {m,,...,ms}
corresponds to an edge-decomposition of the complete multipartite graph
Km,....m, into k-cliques. Besides cliques, research in this area focuses also
on decompositions into other kinds of subgraphs with given properties, e.g.
paths, cycles, matchings, etc.

A considerable interest was given to investigating decompositions into
spanning subgraphs (i.e. factors) of given diameter. A systematic study of
this type of decompositions of complete graphs was initiated by the remark-
able pioneering work of Bossk, Rosa and Znédm [1]. Later, Kotzig and Rosa
[7], Tomasta [9], Palumbfny [8], and finally Hfc and Palumbiny [6] inves-
tigated decompositions of complete graphs into (two or more) isomorphic
factors of a given diameter. Decompositions of complete bipartite graphs
into two factors with given diameters were studied by Tomov4 [10], who
determined all possible pairs of diameters of such factors. T. Gangopad-
hyay [5] extended the above by investigating decompositions of complete
r-partite graphs (r > 3) into two factors with given diameters and also de-
termined all possible pairs of diameters of such factors. Decompositions of
complete bipartite and tripartite graphs into two isomorphic factors have
been recently dealt with in [3].

Motivated by the above, the next natural step seems to be the study
of decompositions of complete {-partite graphs into two isomorphic factors
with a given diameter, which is the objective of the present paper.

In what follows we briefly recall (and introduce) some basic notions and
notation convenient for our purposes. According to the standard terminol-
ogy, a factor F of a graph G is a subgraph of G which contains each vertex
of G. Two factors Fy and F; of G are said to form a decomposition of G if
their edge sets partition the edge set of G.

A decomposition of G into factors F; and F; will be called a halving of
G if Fy is isomorphic to Fy. Each isomorphism ¢: F; — F3 will then be
referred to as halving isomorphism, and in such case the factors Fy and F
are simply called halves of G. If the halves have (the same) finite diameter
d, we will say that G has a d-halving.

In a complete 4-partite graph Km, mgz,ma,m, the four maximal indepen-
dent sets of vertices of sizes mj, ma, ms, my will be called parts. It is
obvious that any complete 4-partite graph with a halving must have an
even number of edges. This fact combined with a simple counting argu-
ment shows that the number of odd parts (i.e. parts with an odd number
of vertices) must be 0, 1 or 4. Any graph Ko, mj,ms,m, With this property
will be called admissible; we will use the same term for the corresponding
quadruple m1, ma, m3, m4.

As it happens to be, for some instances m,, mg, ms, mq and d, the
graph K, my.ms,m, does not admit a d-halving. We refer to such results



as negative; as a rule, they usually are hard to prove (see Sections 2 and 3).
For instances where we show the existence of d-halvings, we use recursive
constructions (Section 4) as well as direct constructions (Section 5). The
last section contains a summary of results and open problems.

2 Negative results I: Simple cases

In this section we show that complete 4-partite graphs with three equal odd
parts cannot have a halving; this result is based on investigating degree
sequences. Further, we show that the graph K .., has no 2-halving. We
note in advance that the same graph has no 5-halving either, which will
be a consequence of a more general theorem in Section 3. (As we shall see
later, K, admits a d-halving for d =3, 4.)

We introduce first a few auxiliary concepts. Recall that the degree se-
quence of a graph G with vertices v,v2,...,n IS the non-increasing se-
quence D = (dy,da, . ..,dn) Where d; = degvy;) for a suitable permutation
¢ of the set {1,2,...,n}.

In general, two sequences B = (b1, b2,...,bs) and C = (c1,€2,.--1Cn)
of non-negative integers will be called matchable if there exists a per-
mutation ¢ of the set {1,2,...,n} such that b; = cyi). A sequence
A = (ay,ay,...,ay) is said to have a halving if there exist matchable se-
quences B = (b1,b2,...,bs) and C = (c1,¢2,...,¢a) such that a; = b; + ¢
for each i € {1,2,...,n}. Obviously, a graph G has a halving only if the
degree sequence of G has a halving.

Theorem 1. Let n, m be odd numbers with n # m. Then the graph
Ko nn,m has no halving.

Proof: Assume the contrary and let Kpnnm have a halving. Then its
degree sequence has a halving as well. Suppose first that m > n (the
proof is almost identical in the opposite case, as we shall see later). Let
p = 2n+ m and g = 3n; since m > n we have p > q. Now, the degree
sequence of Kn nnm iS P,P,-- - P05+ 1 q where both p and ¢ are odd
and both appear in the sequence an odd number of times, namely p appears
3n times and g appears m times. Let r = 3n, s = 3n+m, and let A =
(ay,a2,...,as) and B = (b1, b2,...,bs) be two matchable sequences which
constitute a halving of the degree sequence of our graph, that is, a;-+b = p
forli=1,2,...,randay+b =gqforl=r+1,r+2,...,s. Fori=0,1,...,p
let o(i) and B(3) be the number of terms in the subsequences (a3, az, ..., ar)
and (by,bo,...,b,), respectively, which are equal to . Similarly, for j =
0,1,...,q let &’(§) and B'(j) be the number of terms in the subsequences
(@r41,8r42;- -+, as) and (br1, br42, . . -, bs) Which are equal to j. Obviously
a(i) = B(p — i) and &/ (j) = B'(g — 5)-

Since both p and r are odd and because of the above “symmetry rela-
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tions”, there must be an i € {0, 1,...,p} such that a(i) > B(i). Let i be
the largest such ¢ and let k¥ = a(i) — B(ip). Since the sequences A and
B are matchable, there are k more appearances of ip in the subsequence
(b,-+1, bri2,.. s bs) than in (ar+1, Qpg2y ey as), e, ﬂ’(io) - a'(io) = k.
Then, o’(g—ip) - B (g—i0) = k, and so there are k more occurences of g—ip
in (@r41,r42, - . .,as) thanin (bry1,brs2, -, bs). Invoking matchability of
A and B again, g —ip must have in (b1, ba, ..., b,) k more appearances than
in (a1,as,...,ar), which yields (g —40) — (g —io) = k. This is equivalent
to a(iop +p — q) — Blio +p — q) = k, and so a(io +p — q) > Blio +p — 9).
From the maximality of i it follows that iy 4+ p — ¢ < 49, or p < ¢, which
contradicts our assumption that m > n. Therefore Ky 5 n,m has no halving.

In the case when m < n (and hence p < ¢) we proceed as above, except
that we define i as the smallest i such that a(z) > (). The same compu-
tations as in the preceding paragraph yield a(io+p—¢) > B(io+p—q); by
minimality of iop we have ip+p — g > io, which gives p > ¢, a contradiction.
The proof is complete. a

The distance between two vertices u, v in a graph H will be denoted by
disty (u,v). The eccentricity of a vertex u in H, eccy v, is the maximum
of disty (u,v) taken over all vertices v € H. Note that in this terminology
diamH, the diameter of H, is simply the largest eccentricity of a vertex of
H.

Theorem 2. A complete 4-partite graph K 1 r,r has no 2-halving for any r.

Proof: If r is even, then 1, 1, 7,7 is not an admissible quadruple. Hence we
may assume that K 1 has a 2-halving for anodd r > 3 (thecaser =1is
teria.l). Let Vi = {vll}a V'z = {'021,'022, oo 1”27’}3 V3 = {v3lrv32i s ,'03,-},
Vs = {va41} be the parts of Ky 1,-,» and F1 and F, the halves of K1 1,r,» With
diameter 2.

We first observe that if F; contains a vertex u of degree 1, then the only
neighbour of u in Fi, say w, must be (in F}) adjacent to all other vertices,
otherwise eccp, u > 2. But then w would be an isolated vertex in F3, which
is impossible.

We may assume without loss of generality that the edge v;1v41 belongs
to Fy. Then in F, there must be a vertex, say vs,, adjacent to both vy,
and vg;, otherwise distg, (v11,741) > 2. Because vs, is not adjacent in F
to any of v11,v31,¥32, - - - , Y3r—1, V41, the distance distg, (var, vp;) can never
be 2. Hence vs, must be adjacent in F; to all v23,v29, ..., V2., otherwise
diamFy > 2. Therefore w3, is of degree 2 in F3.

Since vs, is in Fy adjacent neither to vy; nor to v41, at least one vertex
of Vs, say vp1, must be adjacent in F} to v4;, and another, say vzr, to v1;.
Furthermore, if v;; is any vertex of V3 U V3 then it must be adjacent in Fy
either to v1; or to v4; (in the opposite case distr,(v3r, vi;) > 2 because vs,
has no other neighbours than v;; and va41).
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Now we are going to show that every vertex v;;, ¢ = 2,3 with the ex-
ception of v, is adjacent in F (and consequently in F) to exactly one of
v11, v41. Suppose the contrary and let there be a vertex other than vs,
adjacent in F to both vy; and vg;. Then degg, v11 + degp,v4 = 2r + 2.
We distinguish two cases:

(i) degp, v11 = degp,va1 = 7+ 1. Clearly, F; now must contain two
vertices of degree 7+ 1. Because now degp, v11 = degp, v41 = r, there must
be another vertex v, i # 1,4, of degree 7+1 in F. But then degp, vi; =1,
which is impossible.

(ii) One of the vertices vy, v41, SaY v11, is of degree r +k 2 r+ 2 in
F,. There is only one vertex which could possibly be of degree r + k in
F1, namely v41, because all other vertices are only of degree < r +2in F}.
But in this case degp, va1 = 2r + 1 — (r + k) = r — k + 1, which yields
degp, v11+degp, va1 = (T +k) + (r —k+1) = 2r +1. This contradicts our
assumption and hence each vertex voi, v22,...,v2r, ¥31,v32, ..., V3r isin Fy
adjacent to just one of vy, v4;. Clearly, the same conclusion holds for 2
as well, because (Fy, F2) is a halving, that is, F} is isomorphic to Fa.

As we have seen above, degp, v3r = 2 and so F; must also contain a
vertex w of degree 2. Suppose for a moment that w is one of v11, v41, say
v11. Then degp, v11 = 2r — 1 and so F; contains a vertex of degree 2r — 1;
since r > 2, this vertex must be v4;. Then degp, v41 = 2 and thus Fy
contains two vertices of degree 2 (and so does Fy). This discussion shows
that there must be at least one vertex of degree 2 in F; different from both
v11 and v4;. We again have two cases.

Suppose that degp, v2; = 2. The vertex vy is in F} adjacent to w3, and
one of v11, Va1, say v11. Then each vertexvsj, j € {1,2,...,7—1} isadjacent
in F} to vy1, otherwise distp, (voi,v3;) > 2. So in Fy, v1; is adjacent only to
vs, and some vertices vy, ¢ # i. But none of the vertices vy, is a neighbour
of wg; in Fy and dist g, (v11,v2:) > 2, which is a contradiction.

Now suppose that degp, vs; = 2, ¢ < 7. Each vertex of V3 different from
vs, is adjacent to exactly one of v11, ¥4; in Fy; hence we may assume without
loss of generality that v3; is adjacent in F} to v1; and some v;. Now each
vertex vss, s # j must be adjacent to v1; in Fi, otherwise dist, (v2s, v3i) >
2. As we have seen, vy, is adjacent in Fj to vg and therefore j = r. So
v, is in Fy adjacent to vy, while va; to vg;. But neither the edge vorva:
belongs to F3 nor ve, and v3; have a common neighbour in F5, which yields
dist g, (var, v3:) > 2. This contradiction completes the proof. 0

3 Negative results II: The 5-halving case

This section is devoted to proving that complete 4-partite graphs whose all
parts are odd have no 5-halving. It turns out that the number of parts does
not play the key role here: In fact, we show that no complete 4¢-partite
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graph with all parts odd can have a 5-halving. The proof itself requires a
subtle analysis of complete multipartite graphs which do have a 5-halving
and is split into several auxiliary results.

In what follows we shall work with complete r-partite graphs K, m,,...;m.
which admit a 5-halving and whose vertices are properly r-coloured, so that
we can refer to parts as colour classes. For convenience we will refer to
colour classes as blue (b), red (r) and white (w); we will not use more than
three specific colours at a time in our considerations.

Let (F1, F») be a 5-halving of K, m,,...m,, 7 2 3, and let z be a vertex
of eccentricity 5 in Fy. For 0 < ¢ < 5 let U; be the set of vertices that have
distance exactly i from z in the factor F;. In order to facilitate the analysis,
we shall introduce the following notation. A vertex v (of no specified colour)
which belongs to the set U; will be denoted v;. Similarly, if we want to
consider, say, an arbitrary vertex v € U; U U; U Ui, we simply write vyjx.
Moreover, if the latter vertex has colour ¢, then it will often be denoted
cijk- The self-explanatory symbol & will stand for a vertex of any colour
different from c.

Lemma 1. Let a complete multipartite graph Km, m,,...,m,, T = 3, have a
5-halving with factors F; and F>. Let z be a vertex of eccentricity 5 in F.
Then, all vertices at distance 5 from z in Fy are of the same colour as z.

Proof: Let z be a vertex of Ky, ms,,...,m, such that eccrp, 2z =5 and let U;
be the set of vertices that have distance exactly ¢ from z in 7, 0 <7 <5.
Throughout the proof, we shall use the notational conventions introduced
above. Let z = wp, that is, let our vertex z € Up be coloured white. In our
terminology, we will be done if we prove that all vertices in Us are white.
In order to do so, from now on we assume the contrary and let the set Us
contain a (say) blue vertex bs. We show that in such case diamF; < 4,
which will be incompatible with the facts that F; ~ F> and diamF; = 5.

We first prove that the set Us U Us U Us contains at least one red vertex
(i.e., a vertex whose colour is different from blue and white). Suppose
this is not the case. Then there is at least one white vertex wq € Uy,
namely the neighbour of bs in Fj. All vertices other than white and blue
must then belong to U; U U,. Consider one of them, say, r; € U;. Now,
dist g, (71, T345) = 1 for any vertex 345, because z is either white or blue.
For any non-white vertex w2 we have distp, (r1,%12) < 2, because F
contains a path of the form ryw4i12. For each white vertex woz we also have
dist g, (r1, wo2) < 2, since F3 contains a path r1bswoe. Thus, distg, (r1,z) <
2 for every vertex z. If there are only blue vertices in Uj, then there is a
red vertex ro € Uz and we have distp, (2, z45) = 1 and distp, (72, z012) £ 2
for any vertex £ ¢ Us for similar reasons as above. For a vertex bs we
have distg, (r2, b3) < 2 (because of the path r2wobs in F,) and for ws we
have distg, (r2, w3) < 2 (due to the path rabsws). Since there are no other
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vertices in Us, we have again distg, (r2,z) < 2 for every vertex z. Hence in
either case we have a vertex ri2 with eccgrio = 2. This yields diamF; < 4,
which is a contradiction. Therefore Us U Uy U Us contains a red vertex, as
claimed.

Next, we show that for each non-white vertex @w we have dist g, (wp, @) <
2. It is obvious that distg,(wo,®Wa34s) = 1 for any vertex wo3ss which is
not white and has in Fj distance 2,3,4 or 5 from wg. For a vertex z;
that is neither white nor blue we have distg, (wo,z1) = 2, because in Fp
there always is a path wgbsz;. The remaining possible non-white vertex to
consider, by, has distg, (wo, b1) = 2, because (as we saw above) there exists
a vertex r34s which yields a path of the form woprassb; in F5. Thus, indeed,
dist g, (wo, @) < 2 for any non-white vertex @.

Let us now check the distances dist s, (wo, w;). We have dist g, (wp, we3) =
2, because of the Fy-path wobswes, and dist g, (wo, ws) = 2, because there
always exists a non-white vertex wos € Uz U Ui, and therefore a path
woWesws in Fy. Thus, distg, (wp, z) < 2 for any vertex z different from wy.
Hence if neither of z and y is a white vertex from Uy, then distg,(z,y) <
dist , (wo, 7) + dist r, (wo, ) < 4.

Collecting all the above information, in order to arrive at a contradic-
tion (and thus complete the proof), it only remains to be shown that
dist g, (ws, ) < 4 for any vertex z. If there is a non-white vertex we € Us,
then in F, there is a path wowowy and dist, (wo, ws) = 2. It then follows
that distg, (ws,z) < distp, (ws, wo) + distp,(wp,z) < 4 for any z # w,
(see the preceding paragraph). But due to the supposed existence of wo,
the distance in Fo between any two white vertices from U, is equal to
2, and so distg, (w4, z) < 4 for any vertex z, and we are done. Hence
we may assume that U contains white vertices only. Recalling the exis-
tence of a vertex r3q5 again, we have distp, (wy,Ws45) < 4, because in F,
there always is a path of the form wsz;c345wotwsgs Where c is either red
or blue. Because all vertices in U are white and distp, (w4, @) = 1, we
conclude that dist s, (w4, @) < 4 for any non-white vertex . Similarly, we
always have dist g, (w4, wo2) < 4; this follows by considering the F,-paths
webybswoa, webiTaswoa, OF webyrabswos, depending on where the red ver-
tex of Uz U Uy U Uy belongs and whether or not U; contains a blue vertex.
Finally, for the distance between w; and any other white vertex wj; we
have dist g, (ws, wjs) = 2, because of the path wsw w)s. This completes
the analysis (note that now there are no white vertices in Us), and hence
distr, (wy, ) < 4 for each vertex x.

Summing up, we have shown that dist 5, (z,y) < 4 for any pair of vertices,
and so diamF5 < 4, a contradiction. o

We shall keep to the terminology and notation introduced before the
statement (and in the proof) of Lemma 1 in our subsequent considerations.
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Lemma 2. Let Ky ma,..omes T 2 3 have a 5-halving into factors Fy and
F,. Let z be a white vertex of eccentricity 5 in Fy and let U; be the set
of all vertices at distance i from z in Fy. Then, all non-white vertices of
U, U Uy are of the same colour.

Proof: We first show that the set U; contains vertices of one colour only.
Suppose this is not the case and let the (white) vertex z = wo be adjacent
in F) to a blue and a red vertex, say, by, 7, € Uy. Our goal is to arrive at
the same contradiction as in Lemma 1.

Note that any two vertices cass, Chss of Us U Uy UUs (no matter what
the colours ¢ and ¢ are) have in F; distance at most 2, because there are
vertices of 3 different colours in UpUU,. Further, in U4UUs there are vertices
of at least 2 colours. By Lemma 1 one of these colours is w; let a be the
other. Consider now the distance in F of vertices co12, chrg € UgUULUUa.
If one of the colours a, w is different from both ¢ and ¢, then clearly
dist g, (co12, ch12) < 2. In the opposite case we may suppose that c=w and
¢ = a. Let z € {b,7}\ {a}. Then the vertices c3ss and cj,5 have a common
neighbour zo; in F3, which yields a path C012C5T01C45C012 in Fa. All this
shows that dist g, (u,v) <4ifu,v € UgUU VU or if u,v € U3 WU U Us.

Tt remains to consider the Fy-distance of co12 and chys for any two colours
c and ¢. Assume first that ¢ = ¢. Of course, ¢ differs from one of a, w, as
well as from one of b, r. Hence, for suitable z € {a,w} and y € {b,7} we
have in F; a path cp12Z45Y01C345, that is, distpz(q)lg, 6345) < 3. Now, let
¢ # ¢ and, to be specific, let coi2 = ¢ € U; for some i, 0 < i <2 and let
Chys = ¢ € U; forsome j, 3 < j < 5. If j—i > 1, then ¢; and c; are adjacent
in Fp. If i =2 and j = 3, then (similarly) in F3 thereis a path cozssyo1c3
for suitable z € {a,w} and y € {b,7,w}; so distr,(co12, chas) < 3. But this
all means that diamF3 < 4, which is impossible. It follows that all vertices
in U; must be of the same colour, say, blue.

Next, assume that Uy contains vertices of at least two different colours
except w, say, r and some other colour ¢. If c is not blue then it can
be seen quickly that diamF; < 4; we may therefore assume that U only
contains vertices coloured blue, red, and possibly white. Now, proceeding
as above, we see that distr,(co12,cg12) < 2, and also dist g, (c345, CB45) < 2
if {c,c’} # {b,w}. In the case when (say) ¢ = b and ¢ = w we have in [
a path cassworabiChys. At last, it is easy to see that distr,(co12, Cha5) < 3,
and so diamF; < 4, a contradiction again.

To finish the proof it remains to show that U does not contain red
vertices. Suppose the contrary; then (as we have seen in the preceding
paragraph) U, is coloured only red and white. Then, distg, (b1, co12) <
2, because there is always one of the paths birscoi2 or biwscoi2 in Fy,
depending on the colour ¢. Also, dist g, (b1, b3) = 2, because of the Fy-path
bywsbs. Further, distg, (b1,c3) = 1 if ¢ # b, distg,(b1,c4) = 1 because
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now ¢ € {r,w}, and distg,(b1,cs) = 1 (as ¢ = w by Lemma 1). Hence
eccp,by = 2, which yields diamF; < 4, a contradiction. (]

The neighbourhood of a vertex v in a graph G, denoted Ng(v), is the set
of all vertices adjacent to v in G. If A is a set of vertices of G, then Ng(A)
is the union of neighbourhoods of all vertices of A. We say that a subset B
of vertices of K, m,,..,m, is monochromatic if all vertices of B are of the
same colour.

Lemma 3. Let Km, m,,...m., T = 3, have a 5-halving into factors F; and
F,. Let A; be the set of all vertices of eccentricity 5 in F;, i = 1,2. Then
A; N Ay = @, the set A; U Ay is monochromatic, and the set Np, (A;) U
Ng,(A2) is monochromatic as well.

Proof: Referring to the preceding two lemmas and keeping to the notation
used in their proofs, we may assume that UpUUs is monochromatic (white),
and the unique vertex wp € Up is adjacent in F; to a blue vertex b;. Let
u, v be any two vertices for which distg, (u,v) = 5. It follows from Lemma
1 that u, v have the same colour; we show first that this colour must be
white.

Assume that u = ¢ and v = ¢’ are of colour ¢ & {b,w}. By Lemma 2 we
have ¢, ¢ € U;UUs and so they are both adjacent to wp in F3, contradiction.
Next, suppose that u = b and v = b’ are both blue. They cannot both be
in U,, because then they would have a common neighbour ws in F3. There
is no blue vertex in Uy (because all of U is necessarily blue), and any two
blue vertices of Uz UUy4 have a common neighbour wy in Fp. It follows that,
w.l.0.g., b=b; and b’ = bzq. Due to the existence of a (say) red vertex rqs,
the path bywsraswobss yields distg, (b1, b34) < 4, a contradiction again.

Hence, all vertices in A; (i.e., of eccentricity 5 in F3) are white. The same
argument with the roles of F; and F; interchanged shows that A; contains
white vertices only; in particular, A; U A2 is monochromatic (white).

Now we prove that A; N A; = 0. Suppose this is not the case; we may
w.lo.g. assume that wy € A;. We check the distances dist g, (wp,w’) for
each white vertex w’. For w’ € Uy we have in Fy a path wgbswj. Using the
existence of a vertex ros, for w’ € Us we have in Fy a path worozwsbywj,
and for w’ € Us a path worgaws. Thus, distg, (wo, w’) < 4 for each w’'. But
by Lemma 1 (applied to F3), each vertex of distance 5 in F> from wp must
be white. It follows that eccrwp < 5 and so A1 N A =0.

To complete the proof, notice that each white vertex w is in F5 adjacent
to at least one blue vertex (either b; or bs). Invoking Lemma 2, this means
that each vertex in As has only blue neighbours. Repeating the same
consideration with F in place of F shows that the set Np, (4;1)U NF, (Az)
is indeed monochromatic (blue).

We use the following immediate consequence of Lemma 3 later in the
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case of complete multipartite graphs with at most one odd part.

Corollary 1. Let Km, m,...m, have a 5-halving and let r 2 3 and m; 2
mg > -+ > my. Then my >4 and mg > 2.

Proof: Each factor F; contains at least 2 vertices with eccentricity 5, hence
|A;| = 2. Because AjNA; =0 and AU Az is monochromatic, we have
m, > 4. Obviously |Ng, (A1)| = 2; since this set is monochromatic as well
(and of different colour as A, U Ap) we see that mg > 2. o

Next, we show that any isomorphism ¢: F; — F fixes both the neigh-
bourhood of vertices of eccentricity 5 as well as the corresponding colour
class. As usual, we keep all notation introduced above .

Lemma 4. Let Km, m,,..m,, T = 3, have a 5-halving into factors Fy and
F, and let ¢: F; — F2 be an isomorphism. Then Np, (A1) = N, (A2), or
equivalently ¢(Nr,(A1)) = Np,(A;). Moreover, if X is the colour class
containing Ng, (A1), then $(X) = X.

Proof: By Lemma 3, the sets AjUA2 and NF, (A1)UNF, (A2) are monochro-
matic (white and blue, respectively). As before, we fix a white vertex
wo and let U; be the set of all vertices at distance i from wp in Fi,
0 < i < 5. We shall focus on distr,(w, w') between white vertices w,
w'. Taking into account the existence of blue vertices b; and b4, We see
that distg,(w,w’) = 2 except when (wlo.g.) w = wy and w = was.
Since U U Us contains also vertices of colours different from {b, w}, say,
red, distp, (w2, ws) < 4 because of the Fy-path wobsworaaws. The same
principle shows that distp, (w2, ws) < 4 if there exists a non-white ver-
tex in Us. Thus, if distg,(w,w’) = 5 then (wlo.g) w = wsp and either
w' = ws, or w' = w,y and all vertices in U, are white. In any case, each
such w’ (which obviously belongs to Ay) is adjacent in F to all vertices
in U;. Since Uy = Np, (wo), we obtain Np, (wo) C Nr,(A2). This yields
Np, (A1) C Np,(A2), as the vertex wp can be chosen arbitrarily among
white vertices of eccentricity 5 in Fy. Interchanging the roles of the factors
yields Ng,(Az) C Np, (A1), and hence Np, (A1) = Np,(A2).

Let X be the set of all blue vertices in our complete multipartite graph;
we show that ¢(X) = X for any graph isomorphism ¢: F; — F. Sup-
pose this is not the case. Then there exists a non-blue vertex ¢ € X
such that ¢(c) € X. Since #(c) is blue, it is not adjacent in Fy to any
vertex of N, (As) (because these are all blue). Now, as we already saw,
Np (A1) = Np,(Ag) = Ny(ry)(¢(A1)), and therefore ¢ is not adjacent in
F,; to any vertex of Np,(A;). It follows that ¢ must be adjacent to all
vertices of Np, (A1) = Nr,(A2) in Fa. Then, for any vertex w € Az we
have distr, (w, ¢) = 2 which yields distp, (w,w") = 4 for any pair of vertices
of Ay, which is impossible. This contradiction shows that ¢(X) = X, as
claimed. 0
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The main result now follows easily.

Theorem 3. Let r = 0 (mod 4) and let Ky, m,,....m, have a 5-halving.
Then at least 3 of the numbers my, ma, ..., m,, are even.

Proof: We begin with analysing the number ¢ of odd parts (i.e., the number
of odd m;’s) in a Km, m,,....,m, Which has a halving (not necessarily a 5-
halving). Clearly, the number of edges e = >, <j mim; of such a graph
must be even. We may assume w.l.o.g. that my, ma, ..., m, are odd while
the remaining r — ¢ m;’s are even. Then,

e= ) mm= (;) (mod 2),

1<i<i<t

and the latter is an even number only if ¢ = 0,1 (mod 4). Therefore,
to prove our theorem we only need to show that one of the numbers
my, Mg,..., My IS even.

Assume that K, m,,..m,. has a 5-halving for some r divisible by 4.
Employing the previous notation again, we know that Np, (4;) C X for a
colour class X; without loss of generality we may assume that | X| = m,.
If m, is even, we are done. Otherwise, Lemma 4 implies ¢(X) = X, and so
#(G\ X) = G\ X. Consequently, the graph G\ X = Ky, m,,...m,._, has
a halving as well. Since » — 1 = 3 (mod 4), the counting argument at the
beginning of the proof shows that at least one of the m;’s (1 <i<r—1)
must be even. The proof is complete. 0

The nonexistence result for 5-halvings of complete 4-partite graphs with
all parts odd follows immediately from the preceding theorem, setting r = 4.

Theorem 4. The graph Ky, mj,ms,m, has no 5-halving for any odd num-
bers my, ms, m3, mq. (m]

4 Complete 4-partite graphs with at most one odd part

In this section we completely determine the spectrum of the complete 4-
partite graphs with at most one odd part which have a d-halving. First
we state a theorem of Gangopadhyay [5] dealing with complete 4-partite
graphs decomposable into two factors with the same diameter.

Theorem 5. (5] Let n and d be given numbers. Then, a complete 4-partite
graph of order n decomposable into two factors of diameter d exists if and
only if one of the following conditions applies:

() d=2andn>7,
(b) d=3 andn >4,
(¢c) d=4 andn > 6,
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(d) d=5andn > 8.

In what follows, we shall use constructions based on extensions of isomor-
phic factors of smallest graphs which do have a suitable type of halving. For
instance, assume that we have a graph Ko, my,ms,ms With parts Vi,...,Va
which has a halving into isomorphic factors F1 and F» of diameter d, and
an isomorphism ¢: Fy — F,. If there exists a vertex v € V1 such that
#(v) = v, we can extend the part V; by adding a new vertex v’ adjacent (in
each factor) precisely to the neighbours of the vertex v. The factors F{ and
F} of the new graph Km, +1,ma,m3,m4 2r€ also isomorphic and have the same
diameter d. Similarly, if there are vertices vy,v2 € V, such that ¢(v1) = v2
and ¢(v2) = v1, we can extend the part V» by adding new vertices v} and
v} so that v} (v3) has in both factors the same neighbours as vy (v2, Te-
spectively). These new factors F} and Fj form again a d-halving of the
graph K, ma+2,mame; the corresponding isomorphism ¢’ which extends ¢
is given by ¢'(v}) = v3, ¢'(v3) = v}, and ¢’ = ¢ elsewhere. An exact proof
of the following theorem is easy and can be found in (3]

Theorem 6. Let the graph Kum, mg,ms,m, With parts V; = {1, vi2, - - -» Vimi b
i=1,2,3,4 have a d-halving into factors Fy and Fs. Let 2 < ¢ <4 and let
¢: F, — F; be an isomorphism such that ¢(v11) = (v11), ¢(vi) = viz, and
(vig) = vy for i =2,...,9. Let k;, 1 < i < q, be arbitrary non-negative
integers. Then the graph K, M;,M3,M, has a d-halving for every admissi-
ble quadruple My, M2, M3, M, such that M, = my + k1, M; = m; + 2k;
fori=2,...,qand M; =m; for i >gq.

Now we are ready to prove the main result of this section.

Theorem 7. A complete 4-partite graph Kony mamamer M1 S M2 SM3 <
ma, wWith at most one odd part, has a d-halving for a finite diameter d if
and only if one of the following conditions holds:

(a‘) d=2and m > 1, mg, m3, M4 2 2:

(b) d=3 and my 21, ma,m3, Mg 22,

(C) d=4and m 2 1, mg, m3, My 2 2:

(d) d=5 and m; 21, ma,m3 >2,my >4
Proof: The necessity in the cases (a)-(c) is obvious. The graph Kj 222
is in all these cases the smallest admissible 4-partite graph of this class of
order not less than the corresponding smallest value found in [5]. In the case
(d), by [5] the smallest order is 8, but Corollary 1 shows that a complete

4-partite graph with a 5-halving has at least one part of order 4 or more.
Obviously, K122, is the smallest admissible graph with this property.



To prove the sufficiency we show that for each of the above minimal
graphs there is an isomorphism ¢: F; — F5 satisfying assumptions of The-
41

orem 7.
i1 v21 v31 v V22 v32 Vg2
V22 v32 vg V11 vz1 V31 ‘uq

G G()

2

V21 U31 41

V22 V32

U1y V4q

G(1) G(5)
Figure 1

(a) Consider the factor F; = G(2) of the graph K 229 of Figure 1 and
the isomorphism

¢o2: Fy = Fy: (v11)(v21922)(v31v32)(v41v42)-

The distance for any pair of vertices dist(vj,vki) < 2, and so diamF; = 2.
(b) Consider the factor F 22 G(3) of the graph Kj 222 in Figure 1 and

the isomorphism ¢, from (a). The distance dist(vg1,v41) = 3 and for each

other pair of vertices we see that dist(v;j,vk) < 3, hence diamF; = 3.

(c) Take the factor Fy 22 G(4) of the graph K 22 2 in Figure 1 and again
the isomorphism ¢2 from (a). The distance dist(vs;,v4;) = 4 and for all
remaining pairs of vertices we have dist(vij,vx) < 3, thus diamF, = 4.

(d) Consider the factor F = G(5) of the graph K224 in Figure 1 and
the isomorphism

@5 Fy — Fy: (v11)(v21922)(v31v32) (v41v42) (Vasvas).
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Here dist(v41, v42) = 5 and for any other pair of vertices we have dist(vij, ki)
< 4, hence diamF; = 5.

Because both ¢ and ¢ satisfy conditions of Theorem 7, we can always
extend a d-halving of the above minimal graphs to a d-halving of any com-
plete 4-partite graph of order n with at most one odd part, for each n > 7
(in the cases (a)-(c)) orn 2>9 (in the case (d)). o

5 All parts odd: positive results

As we have seen in Section 2, Theorem 1, if r # s are odd numbers, then
Ky rrs has no d-halving for any d. Also, for any r, the graph K1 has
no 2-halving (cf. Theorem 2). Our third negative result (Theorem 4) says
that no complete 4-partite graph with all parts odd has a 5-halving. In
contrast to this, we now prove that for all odd r and s the graphs K; rss
have a d-halving for each d = 3,4 (with the obvious exception when d = 4
and r = s = 1); for d = 2 we prove the existence of a 2-halving in the case
r=s23.

It should be pointed out that in order to prove the announced results, the
method used in the proof of Theorem 7 (i.e., extending a known “smallest
halving”) will not work because of lack of small examples of complete 4-
partite graphs with all parts odd which would have a suitable halving (that
is, a halving satisfying the assumptions of Theorem 6). We shall therefore
work with direct constructions.

Theorem 8. Let r, s be odd integers. A complete 4-partite graph Ky rs,s
has a d-halving for a finite diameter d if

(a) d =4 and max{r,s} >3, or
(b) d=3andr,s>1,0r
(c) d=2andr=3523.

Proof: We start with the case (a). If 7 # s, say 7 < s, take a com-
plete graph Ko(r45) and partition its vertex set into 8 subsets X1,..., X4,
Yi,...,Ys where for each i = 1,2,3,4, iX:| =7 and |[Yi| = (s —-7r)/2=t.
Let Xi = {milixi27" ')xir} and Y; = {y‘ilvy‘i'l)' "’yit} for i = 1v2: 314
First we construct isomorphic factors F; and F, as follows: Fj contains all
edges zi;Ti+1,k, Where i = 1,2,3 and j,k = 1,2,...,7, all edges ¥ijVi+1,k
where i = 1,2,3 and j,k = 1,2,...,¢, and all edges y1jzix and Ya;Tik,
where1 <i<4,1<j<tand1< k < r. Furthermore, F; contains all
edges Z9;To; and Z3;z3; where i #714,7=12,...,7, and y2¥2; and ys;y3;
where i # 7; 4,5 =1,2,...,t (see Figure 2).

56



)’| ),'1 Y;; )’-l

Figure 2

Define now Fy = Ky(r1s) \ F1. Let ¢: F; — F; be a mapping which,
when considered as a permutation of the vertex set of Ky(r45), has cycles
(:1:3"1‘1,':1:2.':1.‘4,') and (y3jy1jy2jy4j) fori= 1, 2, cees T and _7 = 1, 2, sy t. Itis
easy to verify that ¢ is a graph isomorphism. Now we remove from the com-
plete graph Ky(,4 ) all edges of its complete subgraphs (z21, z22, . . ., Tar) =
(T41, 42, - -, Tar) = Ko,y (Y21,Y22, - - - Y21, Y31, Y325 - - - > Y385 T31, 32, - - - » T3r)
= Ka and <yll$ Y12, - -+ Y1, Y41, Y42y - - -y Y4, T11, T12, - - - :zl‘r) = K81 in or-
der to obtain K, s s. If we remove the above edges also from the factors Fi,
F3 of Ky(y45), we obtain factors Fy, Fy of Ky r s s with the parts V) = Xo,
Vo= X4, Va = XaUYoUYs, V3 = X;UY; UY;. The isomorphism
¢': F{ — Fj is then induced by the isomorphism ¢: F; — F.

The factor F] now contains the edges z;;z;;1x with i = 1,2,3; j,k =
1,2, s T Y1592k a.ndy3jy4k Withj,k = 1,2, . NiTjk withi = 1,2, .
J=234k=1,2,...,7, and ysT;; again with i = 1,2,...,¢; j = 2,3,4;
k=1,2,...,r, asshown in Figure 3. One can verify that dist r;(y2i, y35) = 4
for any 4,5 = 1,2,...,t. Taking into account Theorems 4 and 5 it follows
that diamF] = 4.

For » = s we need a different construction. We take the graph Ky, with
vertices x;1, Z;i2, Ti3,Zia, ¢ < r and construct first its selfcomplementary
factors F; and F, as follows. The factor F) contains r paths of length 3
induced by the vertices z;1, x;9, T:3, Z;4 With the edges z;1z:5, z;0%i3, TiaTiq
for eachi=1,2,...,r, and for each ¢ = 2,.. ., moreover all edges z;>Z;x
and z;3z;c where j =1,2,...,i—1and k=1,2,3,4. An example forr =3
is shown in Figure 4.
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Tl 12 13 T14

31 32 33 T34

Figure 4

F, is then the complement of Fi; the complementing permutation ¢ has
cycles (zi3ziTiozig) for i =1,2,...,7. The factors are known to be self-
complementary of diameter 3. To obtain the graph K, r -~ and its selfcom-
plementary factors Fj and F;, we remove all edges of the induced complete
subgra.phs (be T31y:0+9 zrlix1‘4)’ (.’514, Z24y -« xr—1,47$11)$ (2:12,2:22, vey
Tr-12,%13), and (z23, 733, +» Zy3,Tr2). The factor F] for r = 3 is shown
in Figure 5.
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31 32 L33 T34
Figure 5

The isomorphism ¢': F{ — Fj is again induced by the isomorphism
¢: Fy — F,. The vertices z,; and z,4 are now at distance dist Fl (zr1,zra) =
4 and hence diamF| = 4 as it again follows from Theorems 4 and 5.

In the case (b) we take again the graph Ky(,;,) with the vertex set split
into the same subsets X1,..., X4, Y1,...,Ys as in part (a) and construct
the factors F; and Fj in a slightly different way. The factor F; will now
contain the edges z;;z;;1x where i =1,2,3 and 5,k =1,2,...,r, all edges
Yij¥i+1k, Where ¢ = 1,2,3 and j,k = 1,2,...,¢, and all edges z2;y;x and
Z3:Yjk, Where i = 1,2,...,7 and j,k = 1,2,...,¢. Furthermore, F will
contain all edges zo;x2; and z3;z3; where i # j; i =1,2,...,7 and y3;y3;
where i # j; 4,7 =1,2,...,t. A diagram is shown in Figure 6.

Xy X Xy Na

Figure 6
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We now remove from F; all edges of the induced complete subgraphs
(%31, 232, - - - T3r) = Ky and (y21,922, -, Y26, Y31, 32, - - -2 Y38, T21, T22s - - o
zo;) = K,. From F; we remove the edges of the induced subgraphs
(.'B41,Z42, L) x‘if) = KT and (yllryl2a ey Y1, Y41, Y425 - - -1 Y4, 11, T125 - - -
z1,) & Ks. The resulting graphs F!, Fj are certainly factors of the
graph K, rs,s with the parts Vi = X3, Vo = X4, Vs = XoaUY2 U Ys,
V4 = X, UY;UYy; a diagram of Fj is shown in Figure 7. The isomorphism
between them is again defined as above, i.e. ¢': F{ — Fj, with cycles
(azgg:ch-a:z;:c“) and (ysjyljyzjy4j) fori=1,2,...,7rand j =1,2,...,t.

Y Yy Ya Yy
Figure 7

It can be checked that he factors indeed have diameter 3. For instance,
distp, (213, z45) =3foranyi,7=1,2,...,7 and for any other pair of vertices
the distance does not exceed 3.

For diameter 2 (case (c)) we decompose the equipartite graph Ky rrr,
r = 2t + 1 with parts V; = {vi1,vi2, -+ > %ir}, & = 1,2,3,4 as follows.
For every j = 1,2,...,7 the factor F} contains the path Pf with edges
v1jV25, V2535, U3;jV45, and both terminal vertices of P;f , v1; and vy, are
connected to all vertices of the paths P} + Pg”, ..., PJ** which do not
belong to the same part as vy Or v4j, respectively. The superscripts are
taken mod =. More precisely, each vertex vy; is adjacent to the vertices
V2 j, U2j+1, U341, V4 5+1, V2542, U3 j+2, V4j42s - - -1 V25+6: U35+, V4 j+t and to
V4 jyt41, V4 j+t+2s V52, V451 The neighbours of vg; are defined analo-
gously, replacing vertices v4k with v and vertices vo; with vs;. The vertex
vy; is adjacent t0 v1 j, U35, V1 j+t+1, V1 j+t42: - -2 V11, V41, Vajhtdds - -
v4 j—1. Again, the neighbourhood of v3; is described analogously, replacing
vertices v1; with vg; and vgx with vgx. An example for 7 = 3 is presented
in Figure 8. The factor F; consisting of the remaining edges of K rrr is
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isomorphic to F; and the halving isomorphism is a permutation with cycles
(1)1j,’02j,'04j,’03j) for each j = 1, 2, ooy T

V11 V12 "3 Via

Since there is an automorphism v, of F1 with cycles (vy;v4;) and (v2;5vs;)
for each 7 = 1,2,...,r, and another, 2, defined as ¥3(v;;) = v;;41 for
i=1,...,4; j = 1,2,...,r, it suffices to check only the distances from
v11 and wvg; to all others to prove that diamF; = 2. We start with v;;.
The vertices not adjacent in F; to v;1 are vsy, v41,v12,?13,...,V1¢4+1 and
V41, Vit42, Vir fOr 2 = 1,2,3. But v3; is adjacent to v2; and vs; to va
which are both neighbours of v1;. Each vertex vy;, j = 2,3,...,{+1 is also
adjacent to a neighbour of vy3, vy;, and all vertices v;¢42,%; ¢43,-- ., Vir are
adjacent to another neighbour of vy;, namely v4.;1. Hence eccp vy = 2
and from what we mentioned above it follows that eccp,v1; = eccrvg; = 2
for all j = 1,2,...,7. Therefore we have now only to check the distance
from wo; to all vertices vo; and w3, § = 1,2,...,7. All vertices vg; and
v3j, § =1,2,...,t +1 are adjacent to vy; whichisa neighbour of vy; and
vs; is adjacent to wvo; itself. Furthermore, for each j =t 4+2,t+43,...,7,
every vertex vo; is adjacent to the vertex v;; and, similarly, each such vs;
is adjacent to vs;. Because the vertices v1; and vg; are for j = ¢t +2,¢ +
3,...,r adjacent to wa;, we have eccp,v21 = 2. It immediatelly follows that
eCCp, VU = €CCR U3 = 2 and hence diamF; = 2. a

6 Summary and remarks

To begin with, we recall once more that if a complete fourpartite graph has
a halving then either at most one of its parts is odd, or else all four parts
are odd. A complete solution to the problem of the existence of a d-halving
of K, my,ms,m, in the case when at most one m; is odd was presented in
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Theorem 7 (see Section 4). The situation seems to be more complicated if
all parts are odd. In Section 3, Theorem 4, we proved that K, mj;,ma,ma
has no 5-halving if all m; are odd; combined with Theorem 7 this gives a
complete solution of the 5-halving problem for complete fourpartite graphs
(regardless of the parity of parts). For 2 < d < 4 we answered the question
of the existence of a d-halving of Km, ma,ma,m, for the following quadruples
(my, ma, m3,my) of odd numbers:

(n,n,n,m),n,modd,n #m no d-halving for 2 < d < 4 (Theorem 1)

(1,1,7,7),r odd no 2-halving (Theorem 2)

(r,7, s, 8), 7, s odd, max{r, s} >3 4-halving exists (Theorem 8 (a))
(r,7,8,5),r,5 0dd 3-halving exists (Theorem 8 (b))
(r,r,7y7), oddr >3 2-halving exists (Theorem 8 (c)).

It also follows that we have a complete solution to the d-halving problem
of complete fourpartite graphs for 3 < d < 4 in the case when there are at
most two different part sizes.

The problem of determining if Km,,ma,ms,mq admits a d-halving remains
therefore open for the following instances:

(g,9,75),4, 7,8 odd and distinct d-halving open for 2 < d <4
(g,7, 5,t), all odd and distinct d-halving open for 2<d <4
(r,7,8,8),7,s odd and distinct 2-halving open.

Although the complete 4-partite graphs with two or three odd parts have
an odd number of edges and therefore cannot have a halving, one can study
almost complete 4-partite graphs (i.e. complete 4-partite graphs with one
missing edge), in analogy with almost complete graphs, introduced by Das
[2]. Decompositions of this category of graphs have not been studied yet.
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