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ABSTRACT. A set S = {v1,v2,...,Un} of vertices in a graph G
with associated sequence ki, k2, ..., kn of nonnegative integers
is called a step domination set if every vertex of G is at distance
k; from v; for exactly one i (1 £ ¢ < n). The minimum car-
dinality of a step domination set is called the step domination
number of G. This parameter is determined for several classes
of graphs and is investigated for trees.

1 Definitions and Examples

For a connected graph G, the distance d(u,v) between two vertices u and
v is the length of a shortest © —» path in G. If d(u,v) =1 for two vertices
» and v of G, then u and v are adjacent. The distance from a vertex v
to a vertex furthest from v is the eccentricity of v and is denoted e(w).
The maximum eccentricity is the diameter diam G of the graph G. The
minimum eccentricity is the radius rad G of the graph G.

The set of vertices at distance k from a vertex v in a graph G is called
the k-neighborhood of v and is denoted by Ni(v). That is,

Ne(w) = {u € V(G) | d(v,u) = k}.

When k = 1, then we refer to the 1-neighborhood of » simply as the neigh-
borhood or open neighborhood of v, which we also denote by N (v).

In a graph G, a vertex v is said to dominate itself and each of its neighbors.
A set S of vertices of G is a domination (or dominating) set if every vertex
of G is dominated by some vertex of S. Nonadjacent vertices u and v are
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said to be independent. A set S of vertices of G is an independent set if
every pair of vertices in S is independent.

Aset S = {v1,v2,...,0,} of vertices in a graph G is defined in [1] as a step
domination set for G if there exist nonnegative integers ki, ks, ..., ky, such
that the sets {Ni,(v;)} form a partition of V(G). The partition {N,(v;)}
of V(Q) is called the step domination partition associated with S. The
sequence ki, k2, ..., ky, is called a distance domination sequence associated
with S, while k; is called the step of v; and written step v; = k;. Each vertex
u in Ni,(v;) is said to be step dominated by v;, and v; step dominates
u. As a consequence of the definition of a step domination set, each set
N, (v;) is nonempty. Thus, 0 < k; < e(v;) for each integer k; in a distance
domination sequence associated with S. Since a vertex in a step domination
set S cannot step dominate both itself and other vertices, the cardinality
of a step domination set for G is at least 2 unless G = K;. Certainly, the
cardinality of a step domination set of a graph G cannot exceed the order
of G. :

Consider the graph G = Pg of Figure 1 and observe that Na(v) = {z},
Na(w) = {u,y}, Nao(z) = {v, z}, and Na(y) = {w}. Thus, S = {v,w,z,y}
is a step domination set for G with associated distance domination sequence
2, 2, 2, 2. The distance domination set associated with S is {2}. The step
domination partition associated with S is {{z}, {w}, {u, 3}, {v, 2}}. We
indicate this in Figure 1 by representing the vertices of S by solid circles
and labeling these vertices with their associated distances.

2 2 2 2
G: O—e—e—e—8—0
u v w X y z
Figure 1

Other step domination sets exist for the graph G of Figure 1. This is illus-
trated in Figure 2, where in each case the step domination set is {u, w, , 2}.
These examples show that there can be more than one distance domination
sequence and step domination partition for a given step domination set.
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Figure 2
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It is not necessary that some value in the distance domination sequence
repeat as the graph in Figure 3 shows.

O *—0—O @ ®
0 2 1 3

Figure 3

For each positive integer n, there exists a graph G having n distinct
distance domination sets and, consequently, n distinct distance domination
sequences. For example, for G = P,;1 each set {0,i}, where 1 < i < n,
is a distance domination set for G. To see this, let v, v1,...,v, denote
this path. For an integer ¢ with i < n/2, the set V(G) — {vx} is a step
domination set for G with distance domination sequence {k;}, where k; = i
if j =0or j =14, and k; = O otherwise. If ¢ > n/2, then V(G) is a
step domination set for G using the same distance domination sequence
described above. In each case, the associated distance domination set is

{0,4}.

2 The Step Domination Number of a Graph

If G is a graph with V(G) = {v1,v2,...,vp}, then the set {No(vi): ¢ =
1,2,...,p} is a step domination partition of V(G) corresponding to the step
domination set S = V(G). Thus, every graph has some step domination
set. This leads us to the step domination number +,(G) of a graph G,
defined in [1] as the minimum cardinality of a step domination set for G.
Consequently, v5(G) is well-defined for every graph G and +,;(G) < |V(G)|.
Also, from our earlier observation, v;(G) > 2 unless G = K. In this latter
case, v;(G) = 1, of course.

Formulas for the step domination number for paths, cycles, and complete
bipartite graphs were determined in [1].

Theorem A. For every positive integer n,

[2] ifn=0,1,3 (mod 4)
542 jfn=2 (mod 4).

Ys(Pn) = {

Theorem B. For every integer n > 3,

[2] ifn=0,1,3 (mod 4)
22 ifn=2 (mod 4).

¥s(Cn) = {

Theorem C. Every complete bipartite graph has step domination num-
ber 2.
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A formula can also be found for the class of complete graphs.
Theorem 1. For every positive integer n, 7,(Kn) = n.

Proof: Let S = {v1,v2,...,v:} be a step domination set for K, where
t = v,(Ky). 1f some term k; in the distance domination sequence associated
with S is nonzero, then k; = 1 since diam K,, = 1. Hence, v; step dominates
V(G) — {v:} and there is no vertex to step dominate v;. Thus, k; = 0 for
all »; € S, and v; step dominates only itself. Since all vertices in G must
be step dominated, S = V(K,). O

More can be said about graphs with step domination number 2. Let G
be a connected graph of order p > 3 with %,(G) = 2 and S = {v1,v2}.
Then v € N, (v1) and vy € N, (v2), that is, each of v; and vz must step
dominate the other. Thus, k; = ks for any distance domination sequence.
If k; # 1, then there is a vertex of G distinct from v; and vz on a shortest
vy — v path, but such a vertex is step dominated by neither v; nor v,.
Thus, k; = kp = 1. This implies that diam G < 3. In fact, such graphs G
can be classified completely [1].

Theorem D. For a graph G, the step domination number ~,(G) = 2 if and
only if G = 2K, or G has a spanning double star with (adjacent) centers
u and v such that {N;(u), N1(v)} is a partition of V(G).

The value of +,(G) can be determined precisely for a select class of regular
graphs.

Theorem 2. If G is an r-regular graph with diameter 2 and girth at least
5, then 4,(G) = 2+ (r — 1)

Proof: Let vp € V(G) and let v1,v2,. .., vr be the r neighbors of vp. Since
g(@) > 5, it follows that v;u; & E(G) for integers i and j with1 <i#j <.
Without loss of generality, one can assume that u is adjacent to v;. If
uv; € E(G) for some integer j with 2 < j < r, then u, vj, vo, v1, ©
forms a 4-cycle. Thus, uv; ¢ E(G) for all integers j with 2 < j < r. Let
S = V(G)—N(vo)—N(v1). Then theset {Ny(v;): i = 0,1}U{No(v): v € 5}
is a partition of V(G). Since each vertex »;, 1 < i <r,hasr—1 unique
neighbors, |S| > (r—1)2. Ifthere is a vertex w not adjacent to any vertex v;,
0 < i < r, then d(vo,w) > 3, contrary to hypothesis. Thus, |S| = (r —1)2
and 75(G) < 2+ (r - 1)%.

For r = 2, the only 2-regular graph of diameter 2 with girth at least 5
is G = Cs. Theorem B gives v,(Cs) = 3. Assume then that r > 3 and G
is a graph having the given properties. Let S = {z1,%2,...,:} be a step
domination set for G, where ¢t = 75(G), and let ky, k2, ..., k; be a distance
domination sequence associated with S. Since diam G = 2, we have k; =0,
1,or 2 fori=1,2,...,t. We consider two cases.

Case 1. Assume that k; = 2 for some integer ¢ with 1 < i < t. Suppose
that the vertices whose distance from z; is at most 2 are those indicated in
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Figure 4. Then all vertices w;, w»,...,wr2_, are step dominated by z;. If a
vertex u; (1 < j <r) step dominates z;, then some of the vertices wy (1 <
k < 72 —r) are step dominated twice. Thus, a vertex w; (1 <j <r?—r)
step dominates ;. Since each vertex w, is only adjacent to » — 1 vertices
in {wm:1 < m < r? —r}, both w; and z; step dominate some vertices in
{wm:1<m <72 —r}. Thus, k; # 2 for each integer i with 1 <i < ¢.

X

W Wel Wr Worg Wil Wrly
Figure 4

Case 2. Assume that at least three of the numbers ki, ks, ..., k; equal 1,
say ky = ko = k3 = 1. Suppose that the distance between some two of z,
Zg, and z3 is 2, say d(z1,z2) = 2 and that z,,z, z, is an z; —z, pathin G.
Then z is step dominated by both z; and x5, which is impossible. Hence,
since diam G = 2, it follows that {{z1,z2,z3}) = K3; but this says that
each of z;, z7, and z3 step dominates the other two, which cannot occur.
Therefore, at most two of the numbers ki, ko, .. ., k; are 1 in any distance
dominating sequence for G. Thus, 7,(G) > 2+ (r — 1)2. m]

The preceding theorem verifies that the step domination number of the
Petersen graph is 6. The requirement that G has diameter 2 in Theorem 2
implies that the girth of G is exactly 5. Thus, if G meets the conditions of
Theorem 2, then G is an (r, 5)-cage of order 72 + 1. From [2, p. 38] we see
that this occurs if and only if » = 2, 3,7, and possibly 57.

Before proceeding further, we present the following lemma.

Lemma 3. For a graph G and nontrivial connected graphs G1,Gs, ...,Gn,
no term of a distance domination sequence for H = G + U, G; equals 1.

Proof: Assume, to the contrary, that there is a step domination set S =
{v1,v2,...,v:}, and corresponding distance domination sequence k;, ks, .. ., k;
where k; = 1 for some € with 1 < £ < t. We consider two cases.

Case 1. Assume that v, € V(G). Then all vertices of V(H) — V(G) and
all vertices adjacent in G' to v, are step dominated by v,. If there is a
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vertex v; in Gy, for some m (1 < m < n) that step dominates ve, then
k; = 1. Now, since G, is connected and nontrivial, there is a vertex v, in
Gm for which vju, € E(Gm). Thus, v, is step dominated twice, producing
a contradiction. So a vertex v; that step dominates v, must belong to G.

If k; = 1, then the vertices in V(G;) for 1 < ¢ < n are step dominated

twice, so k; = 2 and vev; ¢ E(G). Suppose that there is a vertex v,
(necessarily in G) that step dominates v;. Again, k. = 2 and v,v; € E(G).
If vev, @ E(G), then v, is step dominated by both v; and vr; so vev, €
E(G). This implies that both v; and v, step dominate v,, producing a
contradiction.
Case 2. Assume thatv, € V(G), sayve € V(G,,), where1 < m < n. Then
all vertices of G and some vertices of the graph G,, are step dominated by
ve. Since the vertices of G are step dominated by v, no vertex adjacent to
ve in Gy, can step dominate vg. Also, since there is a vertex in Gy, already
step dominated by v, no vertex of G can step dominate v,. Thus, a vertex
v; with d(v;,v) = 2 must step dominate v,. So k; =2.

If v; € V(G,), where s # m, then a vertex in G, is step dominated
twice. Thus, v; € V(Gnm). Suppose that the vertex v, step dominates
v;. By the reasoning above, k, = 2 and v, € V(Gm). Also, v,v; ¢ E(G)
but v,v; € E(Gr,). Therefore, v, is step dominated twice, producing a
contradiction.

Thus, k; #1 forall1 <i<t. ]

Of course, 0 < 7,(G)/|V(G)| < 1 for every graph G. We show in fact
that every rational number in the interval (0, 1] can be realized as the value
75(G)/IV(G)| for a suitably chosen graph G. To see this we present the
following result.

Theorem 4. Let G = K,, + (G1 U G3), where m is a positive integer and
G, and G4 are connected graphs with radius 1. Then ~,(G) =m +2.

Proof: Let v; be a vertex of eccentricity 1 in G;, for ¢ = 1,2, and let
v3,v4, .. .,Ums2 denote the vertices of Km. Then S = {v1,v,...,Vm+2}
is a step domination set with distance domination sequence 2, 2,0,0,...,0.
Thus, 7;(G) <m+2.

Now let S = {v1,v2,...,v:} be a step domination set for G with distance
domination sequence ky, k3, ..., k; where t = v;(G). By Lemma 3, k; # 1
for all i (1 < i <t). Thus, each vertex of V(Ky) is required to be in
S. Since G — K, is disconnected, at least two vertices are needed to step
dominate G — K. Hence, 7,(G) > m + 2. o

An argument similar to the proof of Theorem 4 also shows that -, (Em+
(G1 U G2)) = m + 2 if both G and G are connected graphs with radius
1. With the aid of the graph G defined in the statement of Theorem 4, the
desired result can now be established.
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Theorem 5. For every rational number r with 0 < r < 1, there exists a
connected graph G such that v,(G)/|V(G)| = r. Furthermore, there exists
such a graph G with diameter 2.

Proof: Let r be a rational number with 0 < » < 1. Then there exist
integers a and b with 3 < a < bsuch that » = a/b. Let G = K, 2+ (Kp—oU
K5). Then, G has diameter 2 and by Theorem 4, v,(G) =a—-2+2 =a.

Also, |V(G)| = a — 2+b— a+ 2 =b. Therefore, v:(G)/|V(G)| =a/b. O

The minimum number of vertices in a graph G needed to dominate V(G)
is called the domination number of G. It is interesting to note that no
apparent relationship exists between the domination number of a graph and
the step domination number of a graph. For the graph K,,, the domination
number y(K,) = 1; however, the step domination number v;(K,) = n.
Also, the graph G shown in Figure 5 has 7,(G) =4 and v(G) =n + 1.

Figure 5

Since v(G) < B(G), one might question as to whether some relationship
between ,(G) and B(G) exists. We see that this is not the case.

Theorem 6. For every two integers a 2 2 and b > 1, there exists a graph,
G with v,(G) = a and B(G) = b.

Proof: We consider four cases.

Case 1. Assume thata =2 and b > 2. Consider a double star G as shown
in Figure 6, which has independence number b. By Theorem D, v,(G) = 2.
Case 2. Assume that a > 2 and b = 1. Consider G = K,. Certainly
B(G) = 1. By Theorem 1, 7,(G) = a.

Case 3. Assume that a > 3 and b = 2. Consider G = K,_» + Ko, which
has independence number 2. By Lemma 3, +,(G) = a.

Case 4. Assume thet a > 3 and b > 3. Consider G = K,_» + (K11 U
Ki14-1). Now B(G) = b. By Theorem 4, 7,(G) =a—-2+2=a. o
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Figure 6

For each graph whose step domination number has been evaluated, only
small nonnegative integers have been used in a step domination sequence.
However, graphs G exist having a step domination set S with 7;(G) = | 5|
and a distance domination sequence containing arbitrarily large positive
integers.

Theorem 7. For every integer n > 3, there exists a graph G,, for which
every distance domination set having cardinality «;(Gn) contains a value
that is at least n.

Proof: For n > 3, let Gy, denote the graph shown in Figure 7. The set
S = {vo,v1,...,vn} with distance domination sequence

1 i=0,1
k,-={

i+ 1 otherwise

is a step domination set for G,. Thus, 1:(Gr) <n+1.

/Ouln

..0""_Ou2n

Figure 7
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Suppose that S = {w;,ws, ..., w:} is a step domination set for G, with
cardinality ,(G) labeled so that w; step dominates at least as many vertices
of G, asw;y) for 1 < ¢ <t—1. Then w; step dominates at most 2n vertices
and w; step dominates at most n vertices for all 2 < ¢ < ¢. Thus,

2n+n(t—1)> |V(Gy)|=n+1+n2

This gives t > n+ 1. Thus v,(Gp) 2 n+1.

Let S be a step domination set for Gy, having cardinality v;(Gr). Also,
let z; € S denote the vertex step dominating u;,, and let k; denote the value
associated with z; in a distance domination sequence for S. Assume, to the
contrary, that k; < n for all i with 1 < ¢ < n. Thus, x; = u;; for some
j with 1 < j < n. If some z; = u; for j > n/2, then z; step dominates
only two vertices with k; < n/2. By the same reasoning as above, this may
only occur once since |S| = v,(G). If kr = k, for some integers r and s
with n/2 — 1 < r # s < n, then some vertices are step dominated by both
z, and z,. Thus, there are n — 1 distinct numbers represented by the set
{ki: 1 < i < n} for which each k; satisfies n/2 < k; < n, producing a
contradiction. Therefore, k; > n for some 1 < i < n. ]

3 Step Domination of Trees

We now turn our attention to the step domination number of trees. A tree
T is a caterpillar if the removal of the end-vertices of T produces a path. A
natural lower bound exists for y,(T") where T is a tree. Let v be a vertex in
a step domination set for a tree T'. At most two vertices on any diametrical
path can be step dominated by v. Hence, we have the following result.

Theorem 8. If T is a tree of diameter d, then +,(T) > I'i}l-] .
Using this result we can determine «,(T") for trees with small diameter.
Theorem 9. If T is a tree of diameter d, where 1 < d < 5, then

2 ifd=1ord=2
7%(T) = {d—l if3<d<B.

Proof: fd=1ord=2,then T = K1, and ~,(T) =2. If d =3, then T
contains a spanning double star and «,(T") = 2. We consider two cases.

Case 1. Assume that d = 4. By Theorem 8, ~,(T) > 3. The fact that
~s(T") = 3 results from the labeling presented in Figure 8.
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Figure 8
Case 2. Assume that d = 5. Thus, +,(T") < 4 and T is a subtree of the
tree T shown in Figure 9 containing the path P: uy,u2,..., us.
U U
. 1 4 y 1 u 1y 4y 6

Figure 9

By Theorem 8, ,(T) > 3. Assume, to the contrary, that ,(T) = 3. Let
S = {v1,v2,v3} be a step domination set for T and ki, k2, k3 a distance
domination sequence for S such that u; € Ni, (v1) and ua € Ni,(v2). Since
7s(T) = 3, each vertex of S must step dominate exactly two vertices of P.
Since T is a tree, two adjacent vertices on P cannot be step dominated by
the same vertex of S. Now, u; € Ni, (v1) implies that either uz € Ni, (v1)
or us € Nk, (v1).

If us € Ni, (v1), then ug € Ni,(v2) and no vertex step dominates uz and
ug. Therefore, uz € Ni,(v1). Thus, either uq € Ni,(v2) or ug € Ni,(v2).
If ug € Ny, (v2), then no vertex step dominates us and ug. If ug € N, (v2),
then no vertex step dominates u4 and us, producing a contradiction. Thus,
75(T) = 4. a

By Theorem 9, then, the value of v,(T’) for a tree T depends only on its
diameter d, where 1 < d < 5. However, +;(T) does not have a fixed value
for trees T' of diameter 6.

Theorem 10. There exist trees T and T, of diameter 6 such that v;(T}) =
4 and v,(Ts) = 5.

Proof: By Theorem 8, v,(T") > 4 if diam T = 6. Figure 10 shows step
domination sets of cardinality 4 for any caterpillar T of diameter 6. Thus,
7s(T") = 4 for all caterpillars T. Let T; be a caterpillar of diameter 6.
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Let T, be the tree shown in Figure 11. Then the step domination set
given shows that 7,(T3) < 5. Assume, to the contrary, that vs(T%) = 4. Let
S = {w;, wz, ws,wq} be a step domination set for T> and let ki, k2, k3, ks
be the distance domination sequence associated with S.

4 1 1 4 6
T,: O O @ L ®
\% 1 V2 V3 V4 Vv S v 6 v_]
) u3
) 4
Figure 11

Since the order of T3 is 11, some vertex of S must step dominate at least
three vertices. Assume, without loss of generality, that w; step dominates
at least three vertices. We consider four cases.

Case 1. Assume that wy = v4 and k; = 2. Then w; step dominates
vo, ui, ug and vg. Assume that w; step dominates w;. If ws = v; for
1 £ i < 6, then either u; or ug is step dominated twice. Similarly, if
wy = u; for 1 < 7 < 4, then v, or vg is step dominated twice, producing a
contradiction.

Case 2. Assume that w; = v4 and k; = 3. Then w; step dominates v,
ug, u4 and vy. Assume that ws step dominates wy. If wy = w3, then ks =1
and vo, u; and vy are step dominated. In order to step dominate wy we
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must have ws = v;. Thus, ws must step dominate both vs and vg, which
is impossible. By symmetry, ws # vs.

If wy = vg, then ko = 2 and both u; and v4 are step dominated. To step
dominate wq, We must have w3 = v;. Again, w, must step dominate both
vs and vg, producing a contradiction. By symmetry, ws is none of u,, us
or vg.

If we = vy, then kg = 3 and, again, u, and v, are step dominated. Now,
without loss of generality, ws must step dominate vz and one of v3, vs and
vg. Since wa 3 v4 this is impossible. By symmetry, w; is also not u3, u4 or
Uz.

Case 3. Assume that wy = v3 and k; = 2. Then w; step dominates vy,
uo and vs. Assume that wq step dominates wy. Thus, by symmetry, ws is
one of vy, vs, vg and v, and the vertices v2, v4, v¢ and v; must be step
dominated by ws and ws. Without loss of generality, assume that w3 step
dominates v;. Then ws does not step dominate any of vq, v4 and vg and
no vertex wy exists to step dominate all three of these vertices.

Case 4. Assume that w; = vz and k; = 1. Then w; step dominates vz,
u; and vy4. Assume that wo step dominates wy. If ws is vy, v2, vs or 27,
then ug, u3, vs, vg and vy must be step dominated by w3 and wy, which is
impossible. If ws is v4, then k2 = 1 and vy, ug, ua, u4, ve and v7 must be
step dominated by ws and wy, which is impossible. If wy is vs, then kg = 2
and vy, ug, us, u4, vs and vg must be step dominated by ws and w4, which
is impossible.

Therefore, v,(T') = 4. o

Also, for trees of diameter d = 4n — 1, the value of ~,(T’) is not fixed.

Theorem 11. There exist trees Ty and T, of diameter d = 3 (mod 4) such
that 'Ya(Tl) 95 Ts (Tg).

Proof: By Theorem 8, any tree T’ with diameter d = 4n—1 has v,(T) > 2n.
The tree T; shown in Figure 12 has a step domination set of cardinality 2n.
So, vs(T}) = 2n.

Figure 12

Consider the tree T shown in Figure 13. Assume, to the contrary, that
T2 has ’)',(Tz) = 2n.
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Figure 13

Let S = {w;,ws,...,ws,} and let ky, ko, ..., k2, be a distance domina-
tion sequence for S. Thus, each vertex w; of S step dominates exactly two
vertices of the set {v1,v2,...,vsm}. Since v; and vy, can only step domi-
nate one vertex on the spine of T, it follows that neither »; nor v4y, are in
S. Let w; denote the vertex that step dominates .

If w; = vg, then k; = 1 and vs is step dominated by w;. The only
vertex that can step dominate y is w; = v3 with k; = 2. However, then,
vy is step dominated twice. Thus, w; # v and k; > 2. Therefore, v; is
step dominated by w;. Let w; be the vertex that step dominates v2. By
the same reasoning, k; > 2 and z and some vertex on the spine of T are
step dominated by w;. We repeat this process until v, and v, are the
only vertices in {v; | 1 £ i < r+ 1} that remain to be step dominated.
Thus, v, and v,;; need to be step dominated without step dominating
¥y_1, Ur42, and the end-vertices of T' a second time. If the vertex wy that
step dominates v, is to the left of v, in Figure 14, then a is step dominated
twice. If wy is to the right of v, then c is step dominated twice, producing
a contradiction.

Figure 14

Hence v5(T2) > 2n. o
For caterpillars T of diameter at least 6 we can find an upper bound for
¥s(T).
Theorem 12. If T is a caterpillar of diameter d > 6, then

d—-1 ifd=6ord=8
d-2 ifd=T7ord=9
d-—3 ifl10<£d<16
[4£2] ifd>17.

7(T) <
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Proof: Let P: v1,vs,...,v4+1 be a diametrical path for T. We consider
two cases.

Case 1. Assume that d > 7 is odd. Let Q = {6,12,18} U {30 + 85,36 +
8/:0< 35 < I'd—Iss—g.I} and define R = {vgi?-_k,vi-t;_—l: k € Q}. Define

S = {v3,vs,...,v4} — R and the distance domination sequence for S by
1 ifi=%tori=432
k=14 ifi=%S ori=2431

44k ifi=¢"—gﬂori=d;;‘—'-°-
for 2 <k <d-5where kis even and k ¢ Q.

Thus, every vertex of T is step dominated by S except possibly v, and vg4.
If this is the case, then add v; and vg,; to the set S each with step 1.
Then S is a step domination set for T. The cardinality of R is at most
3+2([428] +1), 50

d—33 7d+1
|S|_d+1—5—[ 3 _I_[ 3 ]

Thus,
d—2 ifd=Tord=9
IS|<¢{d—-4 if11<d<15
[T8tl] ifd>17.

Case 2. Assume that d > 6 is even. Let R = {'Udi;ik,'vd—};-z 1k € Q}.

Define S = {v1,v2, ...,v4—1} — R and the distance domination sequence for
S by
e _d s di2
1 ifi=gori=42

4 if i =2 ori=2432
4+k fi=2E+20ri=2%5E-1
for 2< k < d — 6 where k is even and k € Q.

k; =

Then S is a step domination set for T' with the same modification as
above, if needed. Thus,

d-1 ifd=6ord=8
[S|<<d—-3 if10<d<16
[E] ifd>18.
O

The step domination numbers of trees were studied in [1] where the fol-
lowing result appeared.
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Theorem E. If T is a caterpillar of diameter d > 2, then

d—-1 ifdisodd
%(T) < {d+ 1 ifd is even.

Using previous theorems we can consider the sharpness of Theorem E.
The caterpillars of diameter d = 3 or d = 5, have v,(T) = d — 1. Thus,
Theorem E is sharp for caterpillars of small odd diameter d. However, by
Theorem 12 an improvement can be made for caterpillars with large diam-
eter. In [1] an upper bound for the step domination number for caterpillars
was given in terms of their orders.

Theorem F. If T is a caterpillar of order p, then v,(T) < [5] + 1.

Next we consider the sharpness of Theorem F. Let T' = Pyx;2. Thus,
9s(T) = 2k +2 = [24&£2] + 1. Now, consider the caterpillar T;, as shown in
Figure 15. Thus, v,(T,) = 2 but the upper bound gives [%] + 1. There-
fore, the difference between the values can be arbitrarily far apart and no
improvement in the upper bound of Theorem F is possible for caterpillars.

1 1
L O0—O0——p o

[\§)
<

Figure 15

For completeness we state another result in [1] which gives an upper
bound for trees in general in terms of their orders.

Theorem G. If T is tree of order p > 3, then %,(T) <p— | /E|.
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