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Abstract

Let M be an m-subset of PG(k,2), the finite projective geometry
of dimension & over GF(2). We would like to know the maximum
number of lines that can be contained in M. In this paper, we will
not only give the maximum number of lines contained in m-subsets
of PG(k,2), but also construct an m-subset of PG(k,2) containing
the maximum number of lines.

1 Introduction

Let k£ be a positive integer. The space of all vectors (zy, ..., 2} ), z; belong-
ing to the finite field GF(2) is called the projective geometry of dimension
k over GF(2) and is denoted by PG(k,2). The zero vector 0 = (0, ...,0) is
the void space and we say that the void space has dimension —1. A point
is determined by a vector x = (2o, ..., z) # 0. There are 25*! — 1 distinct
points in PG(k,2). More generally, if y;,...,y, are r + 1 independent vec-
tors, the set of all vectors by, + ... + b, y,, by € GF(2) is a subspace of
dimension r. One-dimensional subspaces of PG(k,2) are called lines (for
detailed discussion, see Dembowski(1968) or Hall(1986)).

Let M be a subset of m distinct points of PG(k,2) and let L(M) denote
the number of lines in M. The rank of M, denoted by rank(M), is the
maximum number of independent points of M. In this paper, we study
the problem of finding the maximum number of lines that can be contained
in an m-subset of PG(k,2). To search for an m-subset containing the
maximum number of lines, the lemmas in Section 2 will show that we only
need to consider m-subsets with the minimum possible rank. The main
results of the paper will be presented in Section 3.
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2 Preliminaries
If M is a subset with rank p+ 1 (< k + 1), then M can be represented as
M=HuU{aa+by,..,a+b;}, (1)

where H is a subset of PG(p — 1,2) (embedded in PG(k,2)) with rank p,
a€ PG(k,2)\PG(p—1,2) and by,...,b; € PG(p - 1,2).

Lemma 1 Let M be an m-subset of PG(k,2) wzth rank p+ 1 and having
a form as in (1). Then there exisis an m-subset M’ of PG(k,2)

M =H U{a,a+by,..,a+b}, (2)

where H' is a subsel of PG(p—1,2) with rank p, a € PG(k,2)\PG(p—-1,2)
and by,..., b, € H such that M has at least as many lines as M.

Proof. Let M have the representation as in (1), where by,...,b; € H and
b¢+1,...,bf € PG(P— 1 2)\H Let H = {a a+b1,...,a+ bt}, Hg =
{a+bi1, .. a+bf}and HC = H(’UH2 Consider

M =H U{a,a+Dby,..,a+ b},

where H = H U {byy1,..,bs} is a subset of PG(p — 1,2) with rank p.
All lines in M can be classified into two classes. One class consists of
all lines contained in H. Clearly, M ' preserves all these lines. The other
class contains lines formed by two points from H? and one point from H.
M’ preserves all lines in M containing two points from HY and one point
from H. Lines in M containing two points from HY and one point from
H are counted by corresponding to lines in M containing two points from
{bt+1,...,bs} and one point from H. Lines in M containing one point
from H °\{a} one point from HY and one point from H are counted by
corresponding to lines in M’ with one point from {by, ..., b}, one point
from {b;41, ..., by} and one point from H. Thus, there are at least as many
lines in M’ as there are in M. Consequently, L(M) < L(M').D

From Lemma 1, it suffices to consider the representation given in (2)
for maximizing the number of lines. For m = 2" + ¢ (0 < ¢ < 27), the rank
of any m-subset is at least r + 1. However, if the rank exceeds r + 1 then
the following lemma gives additional information about M.

Lemma 2 Let M be an m-subset of PG(k,2), m=2"+q and 0 < ¢ <
27(r < k). If the rank of M is larger than r+1, then there is an m-subsel
of PG(k,2) with smaller rank whose number of lines is greater than the
number of lines in M.
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Proof. Let rank(M) =p+1 > r+ 1. By Lemma 1, we may assume that
M = HU{a,a+b1,...,a+b¢},

where H is a subset of PG(p—1,2) with rank p, a € PG(k,2)\PG(p—1,2)
and by, ...,b; € H. Lines in M can be classified into two classes. One class
consists of all lines contained in H and another class which contains all
lines containing two points from {a,a+ by, ...,a + b;} and one point from
H. Since rank(M) > r + 1, but |[M| < 2"+, we find that PG(p — 1,2)\H
is non-empty, so there are at least two points s}, s3 € H such that ¢y =
sg + s¢ € PG(p — 1,2)\H. Consider the following process:

Form the set

Mo = HU{co,co+by,...,co + b},

with co,co + by, ...,co + b, € H and co + bygy, ..., co + b; € H for some
to ( <t). Therefore, My can be represented as

My = HU{Co,Co +b1,...,Co+bt°}.

We observe that My preserves all lines of the first class in M and its rank
is p.

If t = 2o, we shall argue that My has more lines than M. All lines of
the second class in M are counted by corresponding to lines in M, which
contain two points from {co,co + b1, ...,co + by, } and one point from H.
Further, My has at least one more line, namely, {s}, s3,co}. Consequently,
L(My) > L(M).

If ¢ > 1o, the number of points in My is less than m. We shall now
consider the lines in the second class in M and relate some of these lines
to those in My. The lines in the second class in M can be conveniently
classified into the following two types:

(a) Lines formed by {a, a+b;, b;},i=1,...,;¢
(b) Lines formed by {a+b;, a+b;, b;+b;}, where b;+b; € H.

Let us now go back to My. There are two possibilities for ¢q.

(i): co is not a sum of two points from {by, ...,b;}. All lines of type (a) are
counted by corresponding to lines in My formed by {cg, co+b;, b;}. The
lines of type (b) can be further classified into the following three cases,

(b1) Those lines {a + b;,a+ b;,b; + b;} with 1 < i,j < 1o,
(b2) Those lines {a + b;,a+ b;,b; + b;} with 1 < i <tg,t0+1<j<t,
(b3) Those lines {a + b;,a+ bj,b; + b;} with tp+1<i,j < t.

105



The lines of type (bl) are counted by corresponding to distinct new lines
{co + bi,co + bj,b; + b;} in M. The lines of type (b3) have not been
counted in M.

The lines of type (b2) are counted by corresponding to the new lines
{co + by, co + bj,b; + b;} in My. However it is possible that two distinct
lines of type (b2) may correspond to the same line in Mo. This causes
us to lose one line of type (b2) for each case. Suppose that there are two
lines of type (b2); {a + bj,a +bj,b; + b;}, {a+by,a+b; by + bj'}
1< i,i <tgandty+1< 4,i < t) corresponding to the same line in
My, i.e., {co + bi,co + bj,b; + b;j} ={co+ by ,co+b;/, by + bjr}. Since
co + bj,b,‘ + bj,co + bj',bil + bjl € H and ¢o + b;,co + b‘-l € MO\H,
we have b; = bil, Co +bj = bi' +bj' and ¢cp + b; = b]‘ +bj' € Mo\H
Therefore, the indistinctness results in a new line {a+b;,a+b,:,b; +bj:}
(bj +b;s € Mo\H) which did not exist in M. All such lines are classified
as type (b3*). We will show that the lost lines of type (b2) resulting from
indistinctness will be counted in the following process by taking the new
lines of type (b3*) into account.

To count the remaining lines in (b3) and the new lines of type (b3*)
resulting from indistinctness of the corresponding lines in My of the lines
of type (b2), we add (¢ — {o) more point(s) to Mg such that the new m-
subset with rank p not only counts those lines, but also has at least one
more additional line than those in M. Since rank(My) = p > r+ 1,
PG(p — 1,2)\Mp # 0, there are at least two points s}, s} € Mo such that
sl +s2 € PG(p — 1,2)\My. Let ¢; = s} + s? + by,41, and now build M,
from M, by

M, = Mg U {Cl + bt°+1, . C1 + bt}

If all ¢; + bygy1,..., €1 + by are in PG(p — 1,2)\ My, the lines of type (b3)
can be counted by corresponding to the lines in M; formed by {c;+b;,
c1+b;, bi+b;} where b;+b; € H and g < 7,7 < t. Meanwhile the lines
of type (b3*) which are used to compensate for the lost lines resulted from
indistinctness are counted by corresponding to the lines formed by {c;+b;/,
c1+b;/, b;+b; } where by+b;s € Mo\H and {p < i, < t. In this
case, M, has at least one more additional line, namely, {s},s?,c1+bs 41},
than M. Otherwise, say, ¢i + by41,-.,¢1 + by, € PG(p — 1,2)\ M, and
c1+bg, 41, .-, ¢1+by are in My or zero. In this case, we build M, as follows:

M, = My U {Cl + b‘u+1! € + btl}-

If there is a b; such that ¢; + b;=0, say ¢ = ¢; + 1, then by, ;1= c¢1 =
s! 4 82 + bygp1. Since by 41+ bi =¢1 +b; € Mi\Mp for to +1 <1 < 1y,
there are no remaining lines of the form {a + b;,a + by, 41,be, 41 + bi}.
Thus it does not affect the process. Clearly, |My| > |Mg| (M, contains at
least one more point, namely, s} +s? = ¢1 +b¢,41). The lines uncounted in
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M, are similar to those at the first step, i.e., the lines containing two points
from {a+by, 41,...,a+b;} and one point from M, or M;\M, (which result
from indistinctness of corresponding lines in M;).

To count all these lines, we repeat the same process on M1, and iterate

until we have added t — ty points to My. As we always add at least one
new point to My at each step the process is guaranteed to stop, and the
fact that we never lose any lines ensures that the final step produces a set
M, with m points and rank p, which has at least as many lines as M.
(ii): co is a sum of two points from {bj,...,b;}. co has to be a sum of
two points from {b+1,...,b¢} and t > to + 1. It is possible that there
are several pairs {b; ,bs,}, (i = 1,..., k), such that the sum of each pair is
equal to co (all these pairs are distinct). Since cg = by, + by, , two lines of
type (a) {a,a+b;,,by,} and {a,a+bs,,bs,} in M correspond to one line
{co,co + by,, b1, }={co,co + bz,,bs,} in My. Similarly, the indistinctness
results in a new line {a+ by, ,a+by,,b;, + by, } which did not exist in M.
As discussed in (i), the lost lines in the first step will be compensated in
the following process by taking the new lines {a + b;,,a + by, by, + by, }
(i = 1,...,h) into account. By the same argument as in (i), the lemma is
established.O

3 Main Results

From Lemma 2, we can see that m-subsets containing the maximum number
of lines must have the minimum rank. To search for the m-subsets contain-
ing the maximum number of lines, we only need to consider all m-subsets
of PG(r,2) (2" < m < 27*1).

An m-subset M with minimum rank r + 1 can be obtained by deleting
2"*! — 1 — m points from PG(r,2). Without loss of generality, we can
represent all points of PG(r,2) as

&a1,-8m, Am41, .oy A2r413, (3)
Se— e
M M
where, the first m points are all points of M, and M denotes all points of
PG(T) 2)\M = {am+1)_“_'7 a2'+‘—l}' _
Let L(M) and L(M) be the numbers of lines in M and M respec-

tively. We shall now study the relationship between L(M) and L(M). Let
L(PG(r,2)) be the number of lines of PG(r, 2), we have (see Hirschfeld(1979))

@ -nEtt-2) _ @ -1t -2
(22 -1)(22-2) 6

All lines of PG(r, 2) can be classified as one of the following three types:
(T1) Those lines containing one point from M and two points from M,

L(PG(r,2)) =
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(T2) Those lines containing one point from M and two points from M,
(T3) Those lines containing three points from M or from M.

Each pair of m points in M determines a line, but these ( f; ) lines

are not all distinct. Indeed, ( g ) L(M) pairs out of L(PG(r,2)) lines of

PG(r,2) in M are duplicated. Therefore, the number of lines of type (T1)
is

( o ) - 3L(M). (4)
Similarly, the number of lines of type (T2) is
r+l _ 1 _ _
(7T ) - aam, (5)

and the number of lines of type (T3) is
L(M)+ L(M). (6)
Since the sum of (4), (5) and (6) is equal to the total number of lines in
PG(r,2), i.e.,
r+l _ 1 _— -
( T )—3L(M)+ ( e ) _ 3L(F) + L(M) + L(F)

_@et-pett-2
= ; ,

we can conclude the following relation between L(M) and L(M)

L(M) = % [( 7; ) + ( gr+1 _21—m ) _ (2r+x_1)6(2r+1_2)]
—L(M). (7)

From (7), we have the following lemma.

Lemma 3 Let M be an m-subset of PG(r,2) and M = PG(r,2)\M. Then
M contains the mazimum number of lines among all m-subsets of PG(r,2)
if and only if M contains the minimum number of lines among all (27+1 —

1 — m)-subsets of PG(r,2).

By applying Lemma 3, the following theorem provides one structure of
an m-subset containing the maximum number of lines.
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Theorem 1 Letm=2"+q and 0< ¢ < 2" (r < k). Then the mazimum
number of lines in en m-subset of PG(k,2) is

LS WET) ®

One structure of an m-subset of PG(k,2) containing the mazimum number
of lines is

M:PG’(r—-1,2)U{a,a+a2r_q,...,a+a2r_1}, (9)

where PG(r—1,2) = {ay,...,asr_1}, 8; € PG(r—1,2) (i=2"—q,..,2"—1),
and a ¢ PG(r — 1,2).

Proof. From the equation (7), it can be checked that the maximum number
(8) is an upper bound on the number of lines. By Lemma 2, we only need
to consider all m-subsets of PG(r,2) for finding the maximum number of
lines. The points of PG(r,2) can be partitioned into the sets:

PG(r-1,2),a,a+ PG(r - 1,2) (10)

where PG(r — 1,2) = {a),...,ar_1}, a+ PG(r — 1,2) = {a+ a;|a; €
PG(r—1,2)} and a ¢ PG(r — 1,2). An m-subset M of PG(r,2) can be
obtained by deleting 2" — 1 — g points in (10). Let M = PG(r,2)\M,
M={a+a,.,a+ azr_j_g}. M contains no lines, ie., L(M) = 0. By
Lemma 3, M in (9) contains the maximum number of lines among all m-
subsets of PG(k,2). There are (2" —1)(2"—2)/6 lines in PG(r—1,2), others
lines in M are those containing two points from {a, atagr_g,..,atas_3}
and one point from PG(r — 1,2). The number of lines of the latter type in

M is < 1 -; 1 . The result (8) is the sum of these two numbers.O0

Remark.(9) is a structure of an m-subset of PG(k,2) containing the max-
imum number of lines. However, this structure is not unique. For conve-
nience, a point of PG(k,2) is denoted by i,i,- - -4 if the i;th, isth,...i;th
coordinates of this point are 1 and all others are zeros. For example, when
k = 3, the following two 10-subsets both contain the maximum number of
lines,

My = {1,2,3,123,12, 23,4, 34,234,1234}
and

My, ={1,2,3,13,12,23,123,4,14,1234}.

M7, has a structure as in (9), and Mjo does not have a structure as in (9).

In projective space, a cap is a set of points with the property that no
three points are collinear. In particular, a cap of PG(k,2) contains no line.
From Theorem 1, we have the following theorem.
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Theorem 2 Let M be an m-subset of PG(k,2), with m = 2" 4+ q and 0 <
g < 2". Then M contains the mazimum possible number of lines of all
m-subsets if and only if rank(M) = r + 1 and the complement of M in the
copy of PG(r,2) which M generates is a cap.

Proof. If M contains the maximum possible number of lines of all m-
subsets, then M must have the minimum rank, i.e., rank(M) = r + 1. By
Theorem 1, the maximum number of lines in M is (8). Without loss of
generality, say PG(r,2) is generated by M, and the complement of M in
PG(r,2) is M = PG(r,2)\M. From equation (7), it can be calculated that
L(M) = 0. Therefore, M is a cap. By using the similar argument, it is not
difficult to show that these conditions are also sufficient.0
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