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Abstract. Some constructions of affine (ay, ..., a;)-resolvable
(7, A)-designs are discussed, by use of affine a-resolvable bal-
anced incomplete block designs or semi-regular group divisible
desigus. A structural property is also indicated.

1. Introduction

A group divisible (GD) design with parameters v = mn, b,7,k, A, ),
is a block design such that the mn treatments are divided into m
groups of n treatments each and any two treatments in the same
group occur together in exactly A, blocks, while any two treatments
in different. groups occur together in exactly A, blocks. Furthermore.
if rk —eXy =0, the GD design is said to be semi-regular. In a semi-
regular G design every block contains &/m treatments from cach
group (see [3: Theorem 8.5.6]). A GD design with A} = A; (= A. say)
is called a balanced incomplete block (BIB) design with parameters
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An (r, X)-design is a block design with parameters v.b.r k,, j =
L,...,b, such that everv pair of treatments occurs exactly A blocks.
Note that an (r, A)-design with constant block size is a BIB design.

A block design with parameters v,b,7,k;,7 = 1,..., b, is said to be
(a1, ..., a¢)-resolvable if b blocks are separated into {(> 2) sets S, of
B¢(> 1) blocks such that S, contains every treatment a,(> 1) times,
¢=1,.,t. Hereb=%i_Brand r = i, ap. When oy = -+ =
(= «, say), the design is said to be a-resolvable. In particular,
when a = 1, it is called simply resolvable. Note that S; is also called
an ag-resolution set.

In order to introduce the affine (a, ..., ap)-resolvability, attention
will be restricted to only those (ay, ..., q;)-resolvable block designs
which have a constant block size, denoted by &;, within each set 5,
for ¢ = 1,...,t (see [4]).

An (ai, ..., a;)-resolvable block design with a constant block size
k; in each S, is said to be affine (ay, ..., a;)-resolvable if:

(i) for € = 1,...,L, cvery two distinct blocks from S intersect in the
same number, say ¢g, of treatments;

(ii) for € # ¢' = 1,....1. every block from S, intersects every block of
Ser in the same number, say ¢, of treatments.

It is evident that for an affine (o, ..., ay)-resolvable block design
qug(ﬂf - l) = L;(O; - ].), q,j4jl/3gl = k,?a,y:, ((7 71' = l,....t).

Some constructions of affine (e, ..., a;)-resolvable (7, X)-designs
are given by Kagevama and Sastry [3]. In this paper, we consider
generalizations of two of their methods and present an inner structure
property of alfine a-resolvability.

In an affine a-resolvable BIB design with parameters v. b = Ji(=
v+t —1), r=al. k. A it holds (cl. [2]) that go = k(a —1)/(3—1) =
kE+X—r(=q.say) and g = ka/3 = k*/v (= ¢u. say), for €, 6(( #
ye{l,..t}. wherca=ao=--=aqand 3=3, =--- = 3.

For convenience. I, denotes the identity matrix of order s, 1,
denotes the [ x 1 matrix all of whose elements ave unity, and A ~ B
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denotes the Kronecker product of two matrices A and B.
2. Constructions

Two methods (i.e. Il and III) of construction of affine (ay....,a;)-
resolvable (7, A)-designs provided by Kageyama and Sastry [3] are
generalized as in the following. Their proofs are straightforward and
hence omitted.

Method 2.1. Let N be the ¢ x b incidence matrix of an affine
resolvable BIB design with parameters ¢ = s2,b = s(s + 1),r =
s+ Lk =sA=1 Then [N': I,;; 31, : L4nl;] shows an affine
(s.L,...,1)-resolvable (s+p+1,p+1)-design with ¢ = L or 0, geer = 1,
8,8+ 1, or s(s+ 1), for £,¢ € {1,2,...,p + 2} and any non-negative
integer p.

Method 2.2. Let NN be the v x b incidence matrix of an affine
resolvable BIB design with parameters ¢ = s2,b = (s + 1),r =
s+1,k=sA=1 Then [N": (1,411} —T,41)21, 2 1,41 1}] shows
an affine (s, s, 1,....1)-resolvable (2s + p. s + p)-design with ¢ = 1 or
s(s=1),qr=s.s+1,0rs(s+1), for (.6 € {1.2.....p+2} and any
non-negative integer p.

Note that the affine resolvable BIB design used in Methods 2.1
and 2.2 exists if s is a prime or a prime power.

Method 2.3. Let IN be the v x b incidence matrix of an affine
resolvable semi-regular GD design with paramcters 0 = mn.b = v +
r—m,r, kA, A=A +1. Then [N : I, ~ 1, : 1(,1;,] shows an affine
resolvable (r 4+ p + L, p + Ay)-design with ¢, = 0. ¢,0 = k. n, e, k% /e,
or kfm, for £,¢' € {1,2,...,r + | + p} and any non-negative integer p.

Method 2.4. Let N be the v x b incidence matrix of an affine
resolvable semi-regular GD design with parameters ¢ = mn.b= v +
r—m,r.k, A, Ay = Ay + 1 Then [N : (1,1, - 1,,) 1, : 1,17] shows
an affine (I,m—1.1,..., l)-resolvable (r+p+m—1.p+ X, +m—2)-design
with gge =0 or n(m = 2), que =k, von(in — 1) /e or k(m = 1)/ m.
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lor £,0' € {1.2,....r + | + p} and any non-negative integer p. Here
the number of l-resolution sets is p + 1.

Note that there are affine resolvable semi-regular GD designs with
A2 = A, + 1 can be found in Clatworthy [1], i.e., SRI, SR23, SR38,
SR44, SR60, SR71. SR87, SR97, SR105 within the scope of r, & < 10.

Finally, an inner structure property of affine a-resolvability is
given.

Theorem 2.1. The existence of an affine a-resolvable 13IB design
with parameters ¢,b = 3l.r = al, k. X, ¢ = k+ X =r. g, = k0.
implies the existence of an affine (a, ..., a, 3 — a, ..., 3 — a)-resolvable
(r=, A*)-design with parameters v* = v,b" = b,7* = r+¢(.3—20), k" =
korv—Fk X =A+cd—-2a),qu=k+Ar—rorv+Ar—-—r—=k
qer = kv, k= ko or v — 2k 4+ k*[v, where ¢ is the number of
(13 — a)-resolution sets and 1 < ¢ <t - 1.

Proof. In the affine a-resolvable BIB design with parameters v.b =
3t.r = al, kA, ¢4 = b+ X =1, ¢ = k*/v, assume that any ¢ ao-
resolution sets are exchanged into their complementary sets, i.c. (.J—
a)-resolution sets. for 1 < ¢ < ¢—1. Then in the resulting design D it
holds that a replication number r*is r* = r—ac+(3—a)e = r+(4-
2a)c. For counting of coincidence numbers of any two treatments in D.
letting that these two treatments have a coincidence number s in the ¢
setsof D for 0 < s < A, it follows that A* = (A—s)+{fc—s—2(ac—=s)}
= A+ (4 = 2a)e. Furthermore, it can be shown that among block
intersection numbers of D,

0 in non-complementary sets.
Ay = . .
b v =2k + ¢ in complementary scts.
and
¢ in non-complementary sets.
k= ¢, between complementary and
(I“’t =

non-complementary sets.
r— 2k 4 ¢, In complementary sets.
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Heunce the proof is completed. O

Example. Consider an affine resolvable BIB design with parameters
v=9b=1R2r=4k=3A=1la=1,=3t=4,¢ =0, = I,
whose incidence matrix is given by

(10 0L 001001 00]
1 00[0 1 0{010f010
1 0-0f{0 0 1{0o0 1|0 01
01 o[t oofo10fo0oo001
O 1 0l0 1 010 0 111 0 0
01 0/00 1|t 0oo0fo 10
00 L[t 0oofoo1fo10
00 1[0 1 0ft oofoo 1
o0 1foo 1|01 0|t o0o0]

Now exchanging the first and second resolution sets into their com-
plementary sets, we obtain an affine (2,2,1,1)-resolvable (6,3)-design
with parameters v = 9.6 = 12, = 6,k* = 3 or 6, A\ = 3,
a=m=2a=a=LIi=3l=Lg =dqm=2qa=q.=1,
G2 = 3.q3 = 2,q94 = 2, ¢33 = O.q3q = 1., qaqa = 0, whose incidence
matrix is given by

[' O 1 tjo 1 11 0 0|1 0 07
O 1L 1|1 0 1101 0f{0 1L 0
01 111 1 0[0 0 1]0 0 1
L o Lj0o 1 101 0}j0 0 1
L O Lo 1{0 o0 1j1 00
L O |l 1L ojtoo0fo1 0
1L L 0Jjo 1 1{0 0 1|0 L O
L L ojfr o1t 00001

Loyl 1010 1 0t 0 0]

Note that the same design is provided by exchanging any two sets
to their complementary sets.
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