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1 . Introduction

k.
In this paper, we construct the Lucas matrix of order 2 sequence { Lff )}

by use of the Lucas matrixes, and make a study of its properties . Owing to its
recurrence relation similar to the recurrence relation of the Lucas sequence, its
properties similar to some properties of the Lucas sequence too .
It is well known that the Lucas sequence {L ,} is defined forall n=0 by

the recurrence relation

L., = L, + L, (where Lo=2 ,L,=1) (1)
Rule ( 1) can be used to extend the sequence backwards, thus

Li=L-L , Lo=L -L,, ...
and so that

L = Ly - La (2)
This produces (see[1])

n 0 1 2 3 4 5 ..

L, 2 -1 3 -4 7 -1 ...
and generally

L, = (-1)'L, (3)

@
2. _To Construct the Lucas matrix of Order 2* Sequence {I,, }

k,
Now we construct the Lucas matrix of order 2* sequence {Lflz) } by

use of the Lucas matrixes. We let

L(Z)— o b (where n=0) (4)
" T\L L ~
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Then
L(z )+ L(z) - L L + L, L. I Ly« =L(2)
n n-l Lh Ln-l " 1-41-2 . l.,, nt)

Hence, we obtain the Lucas matrix of order 2 sequence{L :2 )}. It is defined
for all n = 1 by the recurrence relation as follows:

)
8 =1P+1L,, (n=1) (5)

where Lf)=(: ::) =(21 j) , L(]2)=(:-: l_o)=<? 2])

Rule ( 5.) can be used to extend the sequence backwards , thus

(2) 2) _(2) ) )

L=L -L , LY =L - Ly

and so that

2) 2) 2)
L-(n+l) = L.(,,.|) - L.” (n = 0) (6 )

This produces

e [l Ly (1 2 @ _ (L L\ _(2 -1
Lo = (Lo L.)-<2 -') b _(Ll L,) _<-1 3) ’

and generally

L. L,
(2)= - 1) -
L, <L" LM) (n=0) (7)

Again, let the Lucas matrix of order 4 L:f ) be equal to a partitioned matrix:

1@, @
(4 ) n+ 'n
L, = 2 19 (n=0) (8)
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Then (2) (2) 2 2 2 2
PRI LY, L, . L L3y (L, LY L@
S ¥ S A7 AR VIR ) BV S
. . 4
Hence , we obtain the Lucas matrix of order 4 sequence { Lf, )}. It

is defined for all n=1 by the recurrence relation as follows:
' “) “4) @)

Ln+|=L,, +L,,.| (n?'l) (9)
@ §@ @ g

@) [LV" Lo @y (L2 Li
where L, =<L {,” L‘.’.’) N A =(L‘|2’ Lo
Rule (9) can be used to extend the sequence backwards, thus

@)
TANEY AN AL RS ALY AN -
and so that
(4) ) )
Ly=Lgy-L, (n=0) (10)

This produces

(O (R e (B LY e (19 LY
A V A ) A V1 O 1 A VA O £
and generally
@ _ (Lay LD -
L, = L2 L9, (n=0) (11)

k,
Thus, and so on and so forth, let the Lucas matrix of order 2* Lf,z)be

equal to a partitioned matrix:

. L(z ) L<2' )
2 '
= (n=0,k=>1) (12)
n (zl-l ) (zk-l )
n Ln-l
Then *h @™ @&t @ @Y @Y
(2") (2") L n+l L n L n L nel L n+2 L n+l (2")
L +L, = &) PO R PO FON bl WS P N =L ..
n n-1l n-1 n-2 n+i n
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3 ‘. .
Hence we obtain the Lucas matrix of order 2" sequence { L:Z’ 3. Itis

defined foralln=1 by the recurrence relation as follows :
@ @ ) @

Lyw=L, +1L,, {(n=zLk=1) (13)
where
k-1 k-1 3 | k-l
@t @ @
(zk) L, Ly L (2k) L, L,
o T\ &Yy @Y L N P
L-l LO

Rule (13) can be used to extend the sequence backwards, thus

(z) @ @9 @b @ @h
,| = Ll - L ’ L = Lo - L-l 3 eereee
and so that
@ @& @5
Ly =Ly - L, (n=z0,k=1) (14)
This produces
o @ ot & @)
(Zk) L 1 Lo L(z ) Lo L. 1 (21') L -1 L .2
0o = ’ 1 = s L, = %1 1
a* ) o ) & @
Lo L. L. L, 2 L
...... and generally
k-1
" @Y
@ [Len La
L, = PO PN (n=1,k=1) (15)
- (r+1)

Now we obtain a basic property of the Lucas matrix of order 2* sequence
{ L:Zk)} by the equation (15)
Theoreml: The Lucas matrix of order2* sequence {Lf,zk)} is satisfied with
L= 1y ey 1B, (n=1,k=1) (16)
where E, is equal to a partitioned matrix
041 Ep

0 1

ko= , whenk=1 E =( ) , w1 1S zero
E: gy O :=\1 o) » G

matrix of order 2*"' .

208



Proof : This is easily proved by induction . When k=1, we have
L(z)_ Loy Lo B 'L, (-1)L, Z 1Y L., L,
" L, Ligs1y -1)’L, (‘1)"“14,»'1 L. -L.
L {0 1\|_ o @)
= ( 1 ){ X LHX_] 0)] _('l ) E:L, E;
Then , when k=1, the formula (16) is true. When k=2 , we have
@ (Lo LY\ 1y BEE BLE
B 2- 0 2+ ELYE, -ELYE,
0, LY LY
(‘Ez o @

)

02 Ez
= (-1 EL, E: , where E.=( )

= (1]

-Ez 02

Then, when k=2, the formula (16) is true. Assume the formula (16) to be true for
k=m-1. In similar manner, we can prove that the formula (16) is true for k=m .
To sum up, the formula (16) is proved .

,

(
3. The Sum Formula of { L,.z : }

.
Theorem 2 : The sum formula of { Lf,z ) } is as follows :

n

(2) (2) (2)

LU= L - L (:=1,k=1)  (17)
Proof'
n+2 n+1 k
E (2)_: ZL(Z) L$2)
Li i=3 ;gz !
n+2

z' 2 (z") @
- (XL L. ‘“)-(EL - Lz )

@ @
= Ln+2 - Lz
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@
4. Other propertiesof { L, }

Theorem 3 :

(2‘“) kel

2
L, =1L,

Le O

where Lx is unit matrix of order 2, Q: is zero matrix of order 2.

Proof :
(3 k k
@ & N\, 1
(ZHI) LMl Ln Ln Ln-l P
L, = * "N &
@) @) @) @)
L, L, Ln-l Ln—2 12* 02"
-2
@& @ "
L; L, 'z" Iz“
k
@) @)
L, L, Li 04
n-1
@™ Iy Iz"
= L]
Iz" 02"
Theorem 4 :
n k k. k.
(v b 2"
YL, =L, -L, @=1,k=1)
i=1
Proof :
n k. n k, n .
@9 4 @)
_ELG=ELzz - YLy,
i=1 i=1 i=1
n k, n-1 £,
29 @
=X Ly- XLy
i=1 i=0
k, k
(e)) 29
=L =Ly
Theorem 5 :
n k k,
@) ey} 24
T Ly =Lun- L (= 1,k=>1)
i=
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Proof :
@Y ey @
z L = ZLzr'n' ,ZILZi-l
i=

i=1 i=1

To@h (2)
_zL;,,,- zL
=

- L
Theorem 6 :

k,
Z(-I)L‘“ —Lif,’, + L?k) L® e=Lk=1) (21)
,'=

Proof: Subtraction of (19) from (20) produces (21)

Theorem 7 :

n k, X k. k,
S =2 L) ez ke (2)

Proof : This is easily proved by induction. Obviously, the formula (22)

k.
is true for n=1. Assume it to be true for 2, 3, ......, n-1. Add L::I’/ 2° on both

sides. The right-hand side becomes

@ n
s W) -l - 1)/

2( 1@ +L(2)) (L (2‘) +Lf,2k) y/2°

- 2(":’2) (. L% qep.
Theorem 8 :
(2) 4
L,, =.% () L, = 1L,k=1) (23)

Proof : Observe that the formula (23) holds for all integer n when p=1.
We shall prove , by induction , that it holds for every positive integer p.
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Let the formula (23) be true up to some value of p. Then
Lf:k,), = ( ) - 2 (p)(Lf,f,’, L)
-L‘:,’ + 2(”)L;’3,+ = ()Ll 41
2 B @) B

(2) ” (p+1) @ (2)
me-l + L m-p-2

_ p+l )
= I=ZO( i )Lm-l-l
Let m=n+1, then
ah ( p1y e h
nipt| —‘.
This is again the formula (23 ), but p is replaced by p+1. Thus the formula
(23) holds for all p.
Theorem 9 :
@ o (nY .Y
= X =1, k=
L’ == ()L @=1,k=1) (24)

proof : Because (p ) = (p . ), the formula (23 ) can also be written

£ = ( [, @=Lk1) (25)

When n=p, then

O €0 V2

Corollary 1: When n=m+(t-l)p the formula (25) can be written

(2 ) @5
Loy = ( ) Loy p+i (k=1) (26)
Corollary 2: When t—2, the formula (26) can be written

@& 2 orpy. @
Luay= ,Z,(§) Ln (k=1) (27)
Theorem 10 : For m=1, p=n, the formula (27) can be transformed into

D=1 E(, LY @=Lk=1)  (28)
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Proof :

L(zi)l - Z( ) @

(z)+ Z( )( (z") {2‘) )

(2)+ E( )L i= (,+1)L

St B( Yo T (e

1
_“‘

Il
~

@h @ & (ntl @ )
- Ll + L" (H‘l ) o

@4 n+l 2%

=L, (x+l )
Theorem 11 :
@ B (P,
L,, = ,20(-1 ) (,. )LW, ®=1,k=1) 29)
'=

Proof : Obviously, the formula (29) holds for p=1. Write

@ p (P @ @
L., = Z ('])(~)(Lmﬂ,+2,- L mipsr.i )

—Lm:,,n + > e ) ot (2 )L, 1+ )

1 2%
= 2 -1y ("” ).,
Let m=n-1, then
@ prl oty @
Ln-p~l = i§0(-l)( i)LmrpH-i
which is the same as formula (29), with p+1 replacing p Hence formula
(29) is proved.

Corollary 3 : The formula (29) can be written

& = >:(1)'”(”)L‘“ ®k=1) (30)

np
Corollary 4 : In the formula (30), let n=m-(t-1)p, then

k p ; @
L) = T (‘,.’)L,,,(,,w &= 1) G1)
,=
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Corollary 5: Inthe formula (31), let t=2, then
PN @
1y (i)Lm-/m

3 k
= £ (7)) k=1) (32)

k

24 4
L= 2%
MEAR =y
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