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ABSTRACT. Let k be a positive integer and let G be a graph.
For two distinct vertices z,y € V(G), the k-wide-distance di(z, y)
between z and y is the minimum integer ! such that there ex-
ist k vertex-disjoint (z,y)-paths whose lengths are at most (.
We define di(z,z) = 0. The k-wide-diameter di(G) of G is
the maximum value of the k-wide-distance between two ver-
tices of G. In this paper we show that if G is a graph with
dr(G) > 2 (k > 3), then there exists a cycle which contains
specified k vertices and has length at most 2(k — 3)(dx(G) —

1) + max {3di(G), | B(Q-19 |},

1 Introduction

We consider finite undirected graphs possibly with multiple edges but with-
out loops. For a graph G, let V(G) and E(G) be the vertex set of G and
the edge set of G, respectively. Dirac [1] proved that a k-connected graph
has a cycle through specified k vertices (k > 2). In [2] Dirac also showed
that a 2-connected graph with minimum degree at least d has a cycle of
length at least min{2d, [V(G)|}. Locke [10] combined these two theorems
of Dirac for 2-connected graphs and proved the following theorem: Every
two vertices in a 2-connected graph G with minimum degree d lie on a cycle
of length at least min{2d, [V(G)|}. Egawa, Glas, and Locke [3] generalized
this Locke’s result for general k-connected graphs. Saito [13] showed some
results for the length of the longest cycle through specified vertices.

On the other hand, long paths and cycles may not be useful in some
situations, so it is natural to consider only paths and cycles of bounded
length. However, few results for the length of the shortest cycle through
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specified vertices are known. In this paper we study the minimum length
of cycles through specified vertices.

Let z,y be vertices of G and let P be an (z,y)-path in G. We denote
the length of P by !(P). Write int(P) = V(P) — {z,y}. Two paths P
and Q are said to be internally vertez-disjoint (or simply vertez-disjoint) if
int(P) N V(Q) =0 and int(Q) N V(P) = 0. Let k be a positive integer and
let z,y be two distinct vertices of G. A set of k vertex-disjoint (z,y)-paths
is said to be a Menger path system of width k between z and y. Let Pi(z,y)
be the collection of all Menger path systems of width k between = and .
We define the k-wide-distance between two distinct vertices x and y by

ita,) = min{ g KP)| {PL P Pe} € Palon)}
(if Pe(z,y) = 0, then we define di(z,y) = oo) and define di(z,z) = 0.
Moreover we define the k-wide-diameter of G by

dx(G) = max {dy(z,y)|z,y € V(G)}.

For example, d.(Qn) =n+1 for n > 2, where Q,, is the n-cube [12]. Note
that d;(z,y) is equal to the distance between z and y, and d,(G) is equal
to the diameter of G. By Menger’s theorem [11], G is a k-connected graph
if and only if 0 < di(G) < oo.

The concepts of Menger path system, k-wide-distance, and k-wide-diameter
arise quite naturally from the study of transmission delay, reliability, and
fault tolerance in interconnection networks for parallel and distributed com-
puter systems. Many sufficient conditions for a graph to have a given k-
wide-diameter were investigated by Faudree, Jacobson, Ordman, Schelp,
and Tuza [6]. These results were extended in [5] where various combi-
nations of connectivity, minimum degree, sum of degree properties, and
neighborhood union conditions implying di(G) < d were studied. Some of
these results are summarized in the next theorem, where §(G) represents
the minimum degree in G, DC(G) > t means that the sum of the degrees of
each pair of nonadjacent vertices of G is at least ¢, and NC(G) > t implies
that the union of the neighborhoods of each pair of nonadjacent vertices of
G is at least ¢.

Theorem A (Faudree, Gould, and Schelp [5]). Let d > 3 and k be positive

integers, and let G be an m-connected graph of order n. Then di(G) < d
if any of the following conditions are satisfied.
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(i) minimum degree condition

> |2k ifm<k
nokiZ k2
5G)§ > min{ E;_k+l)(d_2)+k_2 ifk<m<2gkikp—1
2
>m ifm> "%"+k—1.
(ii) degree sum condition
DC(G)
>n+k-2 ifm<k
n—k+2
>min{ 2 +k-2 ifk<m<Bzk 4 k1
n—(d-3)(m—(k—-1)(d-1))+k
>2m ifm>%;—"’+lc—1.
(iii) neighborhood union condition
NC(G)
>n-1 ifm<k

> min 5n—k d—-4 +2k -2
n-3- (d-3)(m—(k-1)(d-1))
>m ifm>2azk 4 k-1

ifk<m<2zk4k-—1

Let k > 2 be a positive integer and let T1,Z9,... , %k be k distinct vertices
of G. Let ¢(zy,22,... ,xx) denote the minimum integer ! such that there
exists a cycle which contains z;,zs,... ,zx and has length I, namely

c(z1, %2, ... ,zx) = min{l(C)|C is a cycle with {z,z,,... ,zx} C V(C)}.

(If there is not a cycle through x;,z, . .. , Zk, then we define ¢(z1, 2, . . . , Tx)
= 00.) Furthermore we define

ck(G) = max{c(z1,zo, ... ,zk)|z1, T2, . .. , 21 € V(G) (distinct)}.

Note that c(z,y) < 2da(z,y) (z # y) and c(G) < 2da(G). If di(G) =1,
then cx(G) = k. In this paper we prove the following theorem.

Theorem 1 Let d > 2 and k > 3 be positive integers. Let G be a graph and
let z1,zg,... ,xx be k distinct vertices of G. Suppose that di(zi,z;) < d
for 1 <4,5 < k. Then

c(z1,22,... ,zk) < 2(k—3)(d—1) + max {3d, ‘.l-&is;mJ } .

From Theorem 1, we obtain the following corollary.
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Corollary 2 Let G be a graph with di(G) > 2 (k > 3). Then

ck(G) < 2(k — 3)(d(G) — 1) + max {sd,,(a), [wdk(c;*) —16 J } |

From Theorem A and Corollary 2, we can obtain sufficient conditions for
a graph to have short cycles through specified vertices.

Corollary 3 Let d,k > 3 be positive integers, and let G be an m-connected
graph of order n. If it satisfies one of the three conditions (i), (ii), and (iii)
in Theorem A, then cx(G) < 2(k — 3)(d — 1) + max {34, | 18416 |}

This paper consists of three sections. In Section 2, we show preliminary
lemmas to prove Theorem 1. In Section 3, we prove Theorem 1. Note that
if we want to prove only the weaker bound cx(z1, Z3, ... ,zk) < 2(k—1)(d—
1) + 2, the proof becomes fairly short; see the remark following the proof
of Lemma 7 in Section 2.

2 Preliminaries

Let G be a graph and let P = (vg,e1,v1,€2,72,...,6p,7,) be a path of
G, where edge e; joins the vertices v;—; and v; for ¢ = 1,2,...,p. For
v;,v; € V(P), let P[v;,v;] denote the subpath between v; and v; in P. P
is said to be chordless if v; and v; are not adjacent for  and j differing by
more than one. Let G1,Gy, ... ,Gy, be graphs. We denote the union graph
of G1,Ga,...,Gm by G{UGR U --- UG, ie.,, V(GiUG2U---UGp) =
U, V(G;) and E(G1UG2U- - -UG) = 2, E(G;). To prove Theorem 1,
we need a few lemmas.

Lemma 4 Let d be a positive integer. Let G be a graph and let x,y,z be
three distinct vertices of G. Suppose that d3(z,y),ds(z,2) < d. Then there
erist three vertez-disjoint paths P,Q, R of length at most d such that P is
an (z,y)-path, Q is an (z,z)-path, and R is either an (z,y)-path or an
(z, 2)-path.

Proof: By the assumption that ds(z,y),ds(z,2) < d, there exist three
vertex-disjoint (z, y)-paths P;, P2, P3 whose length are at most d and there
exist three vertex-disjoint (z, z)-paths Q1, Q2, Qs of length at most d. We

choose u; € V(P:)N {U?=1 V(Q,-)} so that V(Bi[y, u]) N {U3-=1 V(Q,.)} =
{u;} for i = 1,2, 3. Furthermore, we choose »; € V(Q;)N {U?zl V(P,-)} )
that V(Qj[z, 'u‘,-])r‘\{Uf;1 V(P,-)} = {v;} for j = 1,2,3. Without loss of gen-

erality, we may assume that [(Pi [y, u1]) = min; je(1,2,3} {l(Pi[y, ), UQj 2, v5])}
and u; € V(P;)NV(Q:). Then we obtain I(P[y,u1] U Q1[w1,2]) <
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U Q1[z, n1])+U(@Q1[w1, z]) < Q1) < d. Therefore Py, u1)UQ1 [u1, 2], Q2, Q3
are the desired paths.

Lemma 5 Let G be a graph and let zo,z1,z2,x3 be vertices of G (xg #
z; for i = 1,2,3). Suppose that there exist three vertez-disjoint paths
Py, Py, Ps, where P; is an (zo,x;)-path for i« = 1,2,3. Furthermore as-
sume that there exists an (9, z,)-path Py with zo,z3 & V(Pp) and E(Py)N
{US,E(P,)} =0. Let H=PoUP,UP;UP; and let e, ep be two distinct
edges of H incident to xg. Then H contains two edge-disjoint paths @y, Q2
such that (i) Q; is an (21, Tit1)-path with xo € V(Q;) for i = 1,2 and (ii)
either e; € E(Q1), e2 € E(Q2) or ey € E(Q2),e2 € E(Q1).

Proof: Let f; be the edge of P; incident to zo for ¢ = 0,1, 2, 3. Note that
e, e2 € {fOI fl’ f2a f3}' We choose y € V(PO) n {U?:l V(Pl)} - {xo} so

that V (Ps[zo,y]) N {U?=1 V(R)} — {zo} = {y}. Let o, 8,7 € {1,2,3} be
distinct integers such that y € V(P,) and 8,7 # «. We prove this lemma
by induction on |E(H)|. If | E(H)| = 4, then y = z;, and the conclusion of
this lemma is true. Therefore we may assume that y # z;. We divide our
proof into two cases.

Case 1. V(Pylzo,y]) N V(Po) # {z0,y}. We choose z € V(Pafzo,3]) N
V(Py) — {z0, ¥y} so that V(Pa[xo, y]) N V(Polz1, 2]) — {xo,y} = {2}. Let
P(;:Po[xl,Z]UPQIZ,Zo], Pa[Z’my]UPO[y,-TO] {PI,P2: } { }_
{Py, Py, P3}—{P,}, and H' = PJUP{UP;UP}. Then P{, P}, P§ are mutually
vertex-disjoint paths, zq,z3 € V(Fg), E(P§) N {U 1 E(P} )} 0, er,e2 €
E(H'), and |E(H")| < IE(H )|. Therefore by the mductxon hypothesis, the
result holds in H’, and so in H.

Case 2. V(Pu[zo,y]) N V(Po) = {z0,y}. Let H' be the graph obtained
from H by contracting Pa[zo,y] and Po[ro, ] to one vertex zj. Note that
by y'# z1 and zg,z3 € V(P), 5 # z: for i« = 1,2,3. By the induction
hypothesis, H’ contains two edge-disjoint paths @}, @5 such that (i’) Q}
is an (z1, zi41)-path with =5 € V(Q;) for ¢ = 1,2 and (ii’) either fp €
E(Q1), fy € E(Q5) or fg € E(Q3), fv € E(Q}). Let R; be the subgraph of
H induced by E(Q;) for i = 1,2. Then either R; U P,[zo,%], R2 U Po[zo, ]
or Ry U Pylzo,y], R2 U Pa[zo, y] are the desired paths in H.

By using Lemma 5, we can obtain the following corollary.

Corollary 6 Let G be a graph and let zo,z1,x2,x3 be vertices of G. Sup-
pose that there exist three vertez-disjoint paths Py, Py, P3, where P; is an
(x0,x:)-path for i = 1,2, 3 and there exists an (o, x1)-path Py with z2,z3 &
V(Po). Then PoUPIUP2UP3 contains an (z, :nz)-path Q and an (z1, x3)-

path Qs such that zo € V(Q1) NV(Q2) and Yr, (@Q:) S 5o U(Py).
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Lemma 7 Let d and k > 2 be positive integers. Let G be a graph and
let ©1,%0,... , Tk, 1 be k+ 1 distinct vertices of G. Suppose that there
ezists a cycle C which contains x,,x3,... ,zx. Furthermore assume that
dit1(Ti, zh41) S d for i =1,2,... k. Then there exists a cycle which con-

tains 1,2, . . ., Tk, Tk+1 and has length at most I(C)+2d—min {2, [L(g)-] }
Proof: We may assume that C contains z1, z3, ...,z in this order and
C=P,UPU---U Py, where P; is an (z;,z;41)-path for i =1,2,... ,k—1
and Py is an (zx,z;)-path. Without loss of generality, we may assume
that I(P1) = max;gige I(R). Then we obtain I(Py) > [4R2]. 1f zx41 €

V(C), then C is the desired cycle. Therefore we may assume that z.; ¢
V(C). By the assumption that di41(Z1, Zk+1) < d, there exist k+1 vertex-
disjoint (z1, zk+1)-paths @1, Qs, ... , Qx+1 whose length are at most d. We
choose u; € V(Q;) N V(C) so that V(Qi[zk+1,w)) N V(C) = {w} for
i=1,2,...,k+1.

Case 1. uy,u,...,uk+1 are k+ 1 distinct vertices. In this case, there
are integers &, 8 € {1,2,... ,k+ 1} (« # B) and v € {1,2,...,k} such
that u,,ug € V(P,). Suppose that u, is closer to z, than ug on P,. Let
C!' = PyU. . .UP. _1UP7[:1:7,ua]UQo,[ua,zk.*.l]UQp[zk_,.l, Up]UP7[Up,Z7+1]U
Py 1U---UP;. Then C’ is a cycle which contains z;,zs, ... ,Zk, Zx+1 and
I(C") < UC) + UQalua, Trs1)) + UQplup, Tri1]) — UPyfuas up]) < U(C) +
2d - 2.

Case 2. Otherwise. In this case, there are two vertex-disjoint (z1, Zx+1)-
paths Rj, Ry such that V(R;)NV(C) = {z:} and I(R;) < d for i = 1,2.
Moreover by the assumption that di41(Z2,Zx+1) < d and Case 1 of this
lemma, we may assume that there are two vertex-disjoint (z2, Zx+1)-paths
81, S2 such that V(S;) N V(C) = {z2} and I(S;) < d for ¢ = 1,2. Similar
arguments in the proof of Lemma 4 shows that R;UR3US;US, contains two
vertex-disjoint paths R, S of length at most d such that R is an (z1, zx+1)-
path and S is an (3, T4 1)-path. Let C' = RUSUP,U---UP;. Then C'is
a cycle through 1,22, . .. , Zk, Tk+1 and I(C') < U(C)+UR)+U(S)-U(P1) <
IC) +2d - [Lﬁkﬁ]

Remark. We observe that dn(z,y) < dny1(z,y) and c(z,y) < 2da(z,y)
(z # y). Therefore by Lemma 7, we easily show that if di(z;,z;) < d for
1 <1i,7 <k, where d,k > 2 and z,,%3,...,zx are k distinct vertices of G,
then c(zy,z9,... ,zk) < 2(k—1)(d — 1) + 2.

3 Proof of Theorem 1

By Lemma. 7 together with the fact d,(z, y) < dn+1(z, ¥), in order to prove
Theorem 1, it suffices to show that the conclusion of Theorem 1 is true for
k = 3. We verify that |74-5| < max {3d, | 184-18|}. So, in this section,
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we prove that if ds(x,y),ds(y, z),ds(2,z) < d, where z,y,z are distinct
vertices of G, then the inequality '

o(z, ¥, 2) < max {Sd, l7d2— SJ ’ l18d5— IGJ} (1)

holds. To prove inequality (1) holds, we show that an average of lengths of
some cycles which contain =z,y,z is less than or equal to
max {3d, | 1478 | , | 18418 ]}, |
Suppose that da(z, ), da(y, z),d3(2,z) < d. By Lemma 4, without loss
of generality, there exist a chordless (z,y)-path P and two chordless (z, z)-
paths Qj, @2 such that they are mutually vertex-disjoint and I(P), (Q,),
1(Q2) < d Among such paths, we choose three vertex-disjoint chordless
paths P,Q;, and Q; so that I(P) is minimal possible (if necessary, change
labels in z,y, and z). Moreover by the assumption that dg(y, z) < d, there
exist three vertex-disjoint chordless (y, z)-paths Ry, Ry, Rg with I(R;) < d
for i = 1,2,3. If z € V(R;), then R; U R; is the desired cycle (3,5 €
{1,2,3},4 # 7). Therefore we may assume that z ¢ V(R;) for i =1,2,3.

We choose u € V(P)n{u?'=1 V(R,-)} so that V(P[z, u])n{uft=l V(R_,-)}
= {u}. We choose v € V(Q:) n {U3.=IV(R,-)} so that
V(Qi[z,w]) N {U§=1 V(Rj)} = {v;} for i = 1,2. Furthermore, we choose
w; € V(R;)N {U?:x V(Qi)} so that V(R;[y,w;]) N {U?=1 V(Qi)} = {w;}
for j = 1,2,3. Let h; € {1,2} be an integer so that w; € V(Qs,)
for j = 1,2,3, and let k;,s;,¢; € {1,2,3} be distinct integers so that

v; € V(Rx,) and s;,t; # k; for i = 1,2. Then Q;[x, v;] U Ry, [, 2], Rs;, Ry,
are mutually vertex-disjoint for ¢ = 1,2. Therefore by minimality of I(P),

UP) < YQilz,w]) + URk.[vi,2]) (1=1,2). 2)

Claim 8 If P,R;,R; are mutually vertez-disjoint (i,5 € {1,2,3}), then
oz, y,z) < 3d.

Proof: Suppose that P, R;, R; are mutually vertex-disjoint. Similar ar-
guments in the proof of Lemma 4 shows that Q; U Q2 U R; U R; contains
two vertex-disjoint paths @, R of length at most d such that Q is an (z, 2)-
path and R is a (y, z)-path. Then PU RU Q is a cycle through z,y, z and
oz, y,2) S{PURUQ) < 3d.

Claim 9 c(z,y,2) < 4d — (P, y]) — {(Qi[vi, 2]) for i=1,2.

Proof: We may assume that » € V(R;). By Claim 8, we may assume that

u#y. :
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Case 1. Either k; = 1 or v; = z. Suppose that u is closer to y than v;
on R;. Let C = Plz,u] U Ry[u,y] U Ry U Ry[2,v;] U Q;fvi, z]. Then Cis a
cycle with {z,y, 2} C V(C) and

I(Plz, u]) + ((R1) — 1) + URa) + U(Quvs, 2])
(d - UPlu, y])) +2d — 1 + (d — UQslw, 2)
4d =1 - I(Plu,y]) — UQilwi, 2])-

If v; is closer to y than u on R;, a similar argument leads us to the conclu-
sion.

Case 2. Otherwise. By symmetry, we may assume that k; = 2 and
vi # 2. Let C; = P[a:, 'u.] U Rl['u,,'y] URsU Rz[z,'u,'] U Q.’[‘U{,.’L‘] and Cy =
P[z,u) U Ry[u, 2] U R3 U Raly, %] U Qi[vi,z]. Then C; and C; are cycles
through z,%, z and

1c)

A A

(Ch) +U(Co) 2{(Plz, u]) + UQ:lvi, z]) + URa)} + U(R1) + U(Re)

< 8d—2{(Plu,y]) + UQ:[vi, 2])}-

Therefore, in this case, ¢(z,y,2) < min{l(C}),!(C2)} < 4d — I(P[u,y]) —
1(Qx[uvi, 2])-

Claim 10 If V(R:fy, wi])NV(P) = {y}, then c(z,y, z) < max {3d, | 42|}
for i=1,2,3.

Proof: By symmetry, we may assume that V(Ry[y, w1])NV(P) = {y} and
hi=1. Let C; = PU R1[y, wl] U Q]_[wl, z] U @2. Then C is a cycle with
{xvy) Z} c V(Cl)'

Case 1. Either ky = 1 or v; = z. By inequality (2), we get I(P) <
I(Ql [:c, ’Ul]) + I(RI[’Ul, Z]) < l(Ql[x’wl]) + I(Rl ['wl, 2]). Therefore, in this
case, c{z,,2) < I(C1) < l(Ry) +UQ1) + (Q2) < 3d.

Case 2. Otherwise. If I(Rily, w1] U Qifwy,2]) < d, then I(C)) < 3d.
Therefore we may assume that {(R;[y, w1] U Q1[wi,2]) > d. Since Q; is
a chordless path, !(R[y,uw1]) < d —2. Since, in this case, wy # v1, we
have (Q:[ws, 2]) < 1(Q1[v1,2]) — 1. Therefore we obtain I(C1) < d+ (d -
2) + (U(Q1[v1,2]) — 1) + d = 3d — 3 + I(Q1[v1,2]). By Claim 8, we may
assume that {(P[u,y]) > 2. Furthermore by Claim 9, there is a cycle C;
through z, y, z with I(C2) < 4d—2—1(Q1[v1, 2]), and we get I(C1)+1(C2) <
7d — 5. Therefore, in this case, c(z,,z) < max{3d, min{l(C}),{(C2)}} <
max {34, 245}

Let A; = V(P)N V(R;[y, w;]) for i = 1,2,3. We choose a € U, Aiso
that V(P[z,a]) N {U?=1 A,-} = {a}. Without loss of generality, we may
assume that a € V(R;). By Corollary 6, Ply,a] U Ry[y,a] U Raly, w2] U
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Rs[y,ws] contains an (a,wz)-path S; and an (a,ws)-path Sz such that
y € V(S1)NV(S,) and I(S1)+U(S2) < I(Ply, a])+U(Ry[y, a])+ U Re[y, wa])+
I(Rsly, ws]). We denote @; = Q; and Q2 = Q;. Let C; = P[z,a)U S; U
Qhipr [Wit1,2) U 6’2;.: for i = 1,2. Then C; and C, are cycles through
z,y,z and

UC1)+UCa) < 2U(P)-UPly,a]) +U(Rily.a)
3
+ 3 {URdy wid) + U@niws, ) +1@R)} - (3)
i=2

Claim 11 If I(Ry[a,2]) <1, then I(P) < 2.

Proof: Suppose that [(R;[a,z]) < 1. Then Rz, a] U Pla,y], @1,Q2 are
mutually vertex-disjoint. Hence by minimality of I(P), we obtain I(P) <
(R [z, a]) + I(P[a, y)]) and I(P[z,a]) < I(Ry[2,a]) < 1. So Pz, a]URy[a, 2},
Rj, Ra are mutually vertex-disjoint. Therefore by minimality of [(P), {(P) <
[(P[z, a]) + l(Ry[a, 2]) < 2.

From Claim 10 and 11, we may assume that
I(Ply,a) = 3, (4)
URifa,2]) 2 2. (5)

Claim 12 If I(Ra[ws, 2]), !(Rs(ws, 2]) < 1, then c(z,y, 2) < max {3d, | 142 |}.

Proof: Suppose that I(R;[w;, 2]) < 1 for i =2, 3. Since Qx, is a chordless
path, we obtain I(R;[y, w;]) + {(Qn,[ws, 2]) < d for ¢ = 2,3. Therefore by
inequalities (3),(4), and (5), {(C}) + {(C2) < 7d — 5, and the conclusion of
this claim is true.

From Claim 12, we may assume that
l(Rplwa,2]) 22 or I(Rafws,2]) > 2. (6)
Claim 183 If ki, # ks, then c(z,y,2) < max {3d, | 43| }.

Proof: By symmetéry, we may assume that Ay = 1 and hg = 2. Let
m = U(Rly, a]) + 3", {l(Rir1ly, wis1]) — UQi[vs, wiy1])} . By inequalities
(2),(3), and (4),

2
UC)+UC2) < D {UQilm,v]) + U(Ris[vs,2])} —3+m

=1
2
+ 3 {UQilvi, 2]) + UQ:)}
i=1

2{i(@1) +U(Q2)} — 3+ m + URi, [v1, 2]) + U R, [v2, 2]).
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Let n stand for m+ 32, IRy, [v:, 2]). If n < 3d — 2, then I(C1) + U(C2) <
7d — 5 and the conclusion of this claim is true. So we show that n < 3d—2.

Case 1. Either ky = 1,v, % z or k; = 1,v3 # 2. By symmetry, we may
assume that k; = 1 and v; # z. Then {(Q[vy, w2]) > 1 and I(R;[e,v;]) > 1.
Hence by the assumption that k; # k2, n < (I(R1) —1)+I(R2)+I(R3)—1 <
3d-2.

Case 2. Otherwise. By inequality (5) and ky # ko, n < I(Ri[y,a]) +
l(Rz) +{(Rs) < 3d-2.

Claim 14 If hy # ha, then the inequality (1) holds.

Proof: By symmetry and by Claim 13, we may assume that hy =1, kg =
2, ki = ki, and v1,v2 # z. Similar arguments in the proof of Case 1 of
Claim 9 shows that there is a cycle C3 through z,y, z with I(C3) < 4d—1—
(Q1[v1, 2)— UQzlv2, 2]). Let m = U(Rufy,a]) + Ti {I(Ris1ly, wiza])—
1(Q;i[vi, wi+1])- Then by inequalities (3) and (4), we obtain I(C1) + I(C2) +
l(C3) < 8d —4 + m. Arguing as in the proof of Claim 13, we get I(Cy) +
1(C3) < 4d — 3+ m + (R, [v1, 2]) + {(Rx, [v2, 2]). Therefore,

2{U(Cy) + U(C2)} + U(C3) < 12d = T + 2m + IRy, [v1, 2]) + U(Ri, [z, 2]).

Let n stand for 2m + 2| I(Ry, [vs,2]). If n < 6d — 9, then 2{l(C)) +
[(C3)} + 1(C3) < 184 — 16 and the conclusion of this claim is true. So we
show that n < 6d—9. We divide our proof into two cases depending on the
value of k;. )

Case 1. ky = 1. In this case, !(Q1[vi,w2)]),(Q2[v2,ws]) > 1 and
a, v, vz are distinct vertices. Then by inequality (6), n < (2l(Ry) — 3) +
2{l(Ray, w2)) + I(R3[y, ws]) — 2} <2d—-3+2(2d -4) =6d—11.

Case 2. k; = 2 or 3. By symmetry, we may assume that k; = 2. By
inequality (2), we obtain !(P) < I{Q1[z,v1]) + I(Rz[v1, 2]) < I(Qi[z, wa]) +
I(Rawe, 2]). So if I(Rsly,ws)) + (Q2[ws,2]) < d, then by inequalities
(3),(4), and (5), I(C1) + (C3) < 7d — 5. Therefore we may assume that
I(Rsly, ws)) + {(Q2[ws, 2]) > d. Since Q2 is a chordless path, we get
I(Rs[y,ws]) < d — 2. Furthermore, in this case, v2 # wa, w3. Hence
by inequality (5), n < (2U(R2) — 1) + 2{{(R1ly, a]) + i(Rsly, ws]) — 1} <
2d — 1+ 2(2d — 5) = 6d — 11.

By Claim 14 and inequality (6), we may assume that hy = h3 =1 and
v1 # z. We choose b; € V(Q;) N {V(Rs,) UV (Ry,)} so that V(Q;[z, b;]) N
{V(Rs,) U V(R,)} = {bi} for i = 1,2. Moreover we choose b €

(UL V(@ilz b } nV(Ry,) s0 that (UL, V(@ile, i)} NV (R o) =
{b}. There are two cases b € V(Q1) and b € V(Q2). Proofs of these two
cases are almost similar, and we show only that if b € V(Q:), then the
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inequality (1) holds. Suppose that b € V(Q). Let o, 8 € {1,2,3} be in-
tegers so that by € V(R,) and B # kj,a. Let C3 = Q,[z,b]U Ry, [b,3] U
Rg U R, [2,b2) U Q2[b2,z). Then C3 is a cycle which contains z,y,z. Let
m = l(R1[y, a]) + {(Re[y, wa]) + I(Rsly, ws]) — I(Q1[v1, wa]) — I(Q1[b, ws)).
By inequalities (2),(3), and (4),
UC1) + ()
< 2{UQi[z, n1]) + UR, [v1, 2])} = UPly, a]) + m
+ U(@1[v1, 2]) + U(Qu[b, 2]) + 21(Q2)
< 2{U(@1) +U(Q2)} - UP[y,a]) + m + 2l(Ry, [v1, 2])
< 4d -3+ m+ 2l(Rg,[v1,2])

and

{(C1) + UC) +U(C3)

< UP)+ {i(@1[z,v1]) + U(Rx, [v1,2])} — U(Ply, a]) +m
+ U(Q1[v1, 2]) + UQ1[b, 2]) + 2U(Q2) + I(C3)
I(Pz, a]) +2{{(Q1) + {(Q2)} + U(Rx,) + U (Rg) + m
+ [(Ralz, ba]) + {(Q2[b2, 2])
7d — 3+ m + [(Ra[z, b2]) + 1(Q2[b2, 2]).

IN

IA

Therefore,

2{l(Cl) + 1(02)} +l(C3) <11d-6+2m+ 2l(Rk1 ['vl, z])
+H(Ralz,b2]) + 1(Q2[b2, z]).

Let n stand for 2m + 2l( Ry, [v1, 2]) + I(Ral2, b2]) + (Q2[b2, z]). In order to
prove the inequality (1) holds, it suffices to show that n < 7d — 10. We
divide our proof into two cases depending on the value of k;.

Case 1. ky = 1. By symmetry, we may assume that o = 2. In this case,
1(Q1[v1, wa]) + U(Q1[b, ws)) > 3. Then by inequality (6), n < 2(I(R;)—1)+
I(Rz) + {i(Raly, wa]) + 2U(Raly, wa])} — 6 + (Qafbe, ) < 2(d— 1) +d+
(8d-2)-6+d="7d-10.

Case 2. k) = 2 or 3. By symmetry, we may assume that k; = 2. By
similar arguments in the proof of Case 2 of Claim 14, we may assume that
{(R3[y, ws]) < d — 2. In this case, {(Q1[b,ws]) > 1. Suppose that & = 1. If
by # 2, then I(Ru[y, a]) + I(Ra(z, ba]) + I(Qalbz, ]) < (I(Rx) — 1) + (1(Q2) —
1) < 2d—2; otherwise, by inequality (5), we obtain (R, [y, a])+1(Q2) < 2d—
2. Therefore we get {(R;[y, a]) + {(R1[z, b2]) + (Q2[b2, z]) < 2d — 2. Hence
by inequality (5), n < 2I(Ra) + {I(Ruly ) + (R [z, ba]) + UQalb2, 2} +
{i{(R1[y, a]) + 2l(R3ly, ws])} -2 < 2d+ (2d = 2) + 3(d — 2) — 2 = 7d — 10.
Similarly, we can show that if & = 3, then n < 7d — 10.

We have completed the proof of Theorem 1.
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