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Abstract

We prove that all cycles are edge-magic, thus solving a problem
presented by [2]. In [3] it was shown that all cycles of odd length are
edge-magic. We give explicit constructions that show that all cycles
of even length are edge-magic. Our constructions differ for the case

of cycles of length n = 0(mod4) and n = 2(mod4).

1 Introduction

Let G = (V, E) be a graph, where V = {v1,v3,...,v,} is the set of vertices,

and E = {ej, e,...,en } is the set of edges of the graph.

Our goal is to label the vertices and edges of G with distinct labels,

where S = {1,2,3,...,n + m} is the set of possible labels.

Definition 1 Let L be a labeling of the vertices and edges of G using the
set of labels S. Denote by {(v) the label given by L to vertez v, and by £(e)
the label given to edge e. Let L(V) be the set of n labels given by L to the

vertices, and L(E) the set of m labels given to the edges of G.

Definition 2 Let L be some labeling of G. The valence of edge e = (u,v) €

E under the labeling L is val(e) = £(u) + £(v) + £(e).
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Definition 3 A graph G is called edge-magic if there ezists a labeling L,
for which all edge valencies are equal. In this case denote the value of all
edge valencies by val(L). The labeling L will be called a magic labeling,
and val(L) will be called the valence of L.

In fact if L is a magic labeling, then it is enough to state the labeling
of the vertices under L. Then there is exactly one possible way to label the
edges which will result in equal edge valencies val(L). In order to see this,
note that if L is a magic labeling then:

Ve = (u,v) € E, £(u)+£&(v) =val(L) — L(e). 1)

Therefore the sums of labels of adjacent vertices and the value of val(L),
determine the labels of all edges. Denote by Sum(L(V)) the set of sums of
labels of adjacent vertices. Using Eq 1, we get that:

Sum(L(V)) = {val(L) - &(e)}ecE (2)

Thus, in order to prove that a labeling L is magic, we will have to show
only that Sum(L(V)) is as claimed. Note also that if L is a magic labeling
then the valence of L should satisfy the following equality:

val(L) = iz 60 d(:’;) + i, Hes)

(3)

where d(v) is the degree of vertex v. This expression should of course be
an integer.

Previous Work: The notion of an edge-magic graph was introduced
in [1] and [2]. In [2] it was proved that all caterpillars are edge magic and it
was conjectured that all trees are edge-magic. The authors noted that the
cycles C, 3 <n <7, are edge-magic, and asked whether all cycles C, are
edge-magic. In [3] it was proved that all odd cycles are edge-magic. Some
examples of even edge-magic cycles were introduced, as well.

We solve this problem completely for cycles and prove:

Theorem 1 All cycles C,, n > 3, are edge-magic.
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2 Proof of Theorem 1

In case G = C, is the cycleon n > 3 vertices, the label set is § =
{1,2,3,...,2n}, and Eq. 3 simplifies to the following equation:

val(L) — 2 E?:l e(vi)n'*" E'::l e(ei) (4)

We prove Theorem 1 by presenting an explicit magic labeling for each cycle
Cr. The labeling differs for an even and odd cycle, and for the even case -
it differs for n = 0(mod4) and n = 2(mod4).

2.1 0dd Cyecles

The following magic labeling for cycles of odd length n appeared in (3]
The labeling presented, is such that:

L(V)={1,2,.,n}, LE)={n+1,n+ 2,...,2n}.

By Eq. 4, the valence should be:

val(L) = gn + g

Therefore, by Eq. 2, any magic labeling L should satisfy:

Sum(L(V)):{n+3 n+5 n+7 3n+1}

27 27 2 7 2

We now present the magic labeling L. Start at any vertex and label the
vertices in a consecutive cyclic way as follows:

n+3 n+5 n+7 n-—1 n+1
1- 3 —)2—)7—)347—)...—)7—>n—>—2——>1.

This labeling can also be represented by the following simple recursion:

f(’l)l) = 1, (5)
vi1) = 1+ (L(vi)+ 23 ) modn, 1<i<n.

It is easy to verify that Sum(L(V)) is as claimed. Thus, L is a magic
labeling.

!In fact, the dual labeling which will be presented shortly is given there.
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Note that the dual labeling in which a vertex that was labeled ¢ will now
be labeled i+n, and an edge that was labeled ¢ will be labeled by i—n, is also
magic. In this case L(V) = {n + 1,7 +2,...,2n} and L(E) ={1,2,..,n}.

Another interesting fact about the above labeling is that if we rotate all
labels by one position, i.e. the edges will receive the labels of the vertices
and vice versa, then the resulting labeling is edge anti-magic, that is all
edge valencies are distinct. In fact in (2] it was proved that all graphs are
edge anti-magic.

2.2 Even Cycles

First note that in this case there is no magic labeling L for which L(V) =
{1,2,...,n}, because then by Eq. 4, the valence would be:

5 3
L)=-n+ 2
val(L) 5" + 27
and this is not an integer when n is even.

Since this is the lowest valence possible for a cycle, we must increase
the label of at least one vertex, so that the resulting valence is an integer.
In general by Eq. 4, we must increase the sum Yoiq L(v;) by § + kn for
some k > 0. In this case the valence will be

val(L) = gn +k+2.

We present an explicit labeling for even n in which k& = 0, that is
val(L) = 3n+ 2. The vertices will be labeled with the set of labels L(V) =
{1,2,3,..,n - 1,2n}. Thus,

Sum(L(V)) = {-g +2,.,n,n+1,n+3,n+4,.., gn, gn +1, gn + 2}

We show a different labeling for cycles of length n = O(mod4) and n =
2(mod4).

A labeling for n = 0(mod4)

Start at any vertex and label the vertices in a consecutive cyclic way as
follows:
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1-3n-2.

3 3
2929392 +1342..28-12m-32F3m-2-
T+l

e2+1a3na3n-1-4n+1

e 3n+192+253In+23+3> .. 9n-3253-223n-2-

A labeling for n = 2(mod4)

Start at any vertex and label the vertices in a consecutive cyclic way as
follows:

e13n—-2

.2_,%_,3_,%_,_1_,4_,_"_)&44-_2_1_,;%1-_2_3_,%2_,
3n4j;2_2

° 3n4i2_2_)3n4i2_)3n4i2_1_)nT+2+1

o Bd2 4] y3nt2 4] 522 42 M2 49 5 -2m-2
2-1-n-1

en—1-1.

It is easy to verify in both cases that Sum(L(V')) is as claimed, and therefore
both labelings are magic. See for example Figure 1.

3 Extensions

There are many more magic labelings for cycles, and it seems that the
number of solutions grows exponentially with n.

For example here is another magic labeling for a cycle of even length n,
where n = 2(mod4). In this case L(V) = {1,2,...3,2+2,..,n,n+ 1},
and Sum(L(V)) = {2n+ 1,2 + 2,2 +3,.., 3n}. Again, start at any ver-
tex and label the vertices in a consecutive cyclic way as follows:
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1958429253483 9244 5. 5072, 302, ni2
2 2
° E}'——)%’—-’-l.

. &j{—z-i-l—)‘”;i-i-l—)'ﬂl—fl+2—)°’—";*'—2+2—>...—)g—1—>n—l—>
5—n

sn—n+1-—1.

As claimed above, it seems that the number of magic labelings of C,, grows
exponentially with n. It would be interesting to find the number of magic
labelings for C,, and to characterize these solutions.

Some magic labelings for C,, can be transformed easily into a magic
labeling of a path on n vertices. For example, if the label 2n appears on
an edge, simply delete this edge and its label to get a magic labeling of
the resulting path. If the label 1 appears on an edge, then we can delete
this edge and its label, and decrease all other labels by 1. The resulting
labeling is again a magic labeling of the resulting path. If both labels 1 and
2n appear on vertices, it is not clear whether it is possible to transform a
magic labeling of C, into a magic labeling of the path.

val(L) = 37 val(L) = 42

Figure 1: A magic labeling of Cy4 and Cig.
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