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ABSTRACT. An Sp-set (mod m) is a set S of integers such that
the sums a; +az2+---+a, of elements a; < az < -+ < gy, from
S are distinct (mod m). A multiplier u of S is an integer such
that uS = S (mod m).

We observe that z > h is necessary for a multiplier u > 1
and prove that equality is possible at least when h = p is a
prime (Theorem).

Sp-sets (mod m) are sets S of integers such that all sums of h elements
from S, with repetitions permitted, are distinct (mod m). Classical exam-
ples are the Bj-sets of Bose and Chowla [1] of size ¢ = p* and m = ¢* — 1.
Only recently I could prove in [2] that a translate of Bs-sets has multiplier
p. A multiplier p of an Sp-set S (mod m) has the property that uS =S

(mod m). Modified Bose-Chowla Sp-sets S (mod p* — 1) of prime size p
have multiplier p when A divides p — 1 by Theorem 1 in [3]. In this case
the multiplier is p > h + 1.

We obscrve that i > h is necessary when g > 1 is multiplier of a Sp-set

S

For, assume that u < h and a € S, hence ua, u2a € S. Then we have

pa+---+ pa(h terms) = a+ - - + a(u terms) + pa + ...
+ pa(h — p — 1 terms) + p2a

and S is not an Sj-set.

ARS COMBINATORIA 59(2001), pp. 193-194



I will prove that the equality u = h is possible (Theorem 1).

Consider the equation X9 = X + 1 over GF(p), ¢ = p*. We find by
induction over v > 1 for any root X

X? =X+ (1)

When v = p we have X% = X and X belongs to GF(qP). Let 4 be a
primitive element in this field and define

S(g)={a:1<a<q¢g?—-1,00=0%+1} (2)
(i.e., 8%, a € S(q), are the roots of X7 — X —1).
Observe that a € S(g) implies pa € S(g) (mod ¢” —1), i.e., p is multiplier
of S(q), since 6% = @9 + 1.
Theorem 1. S(q) is a Sp-set (mod ¢? — 1) of size ¢ with multiplier p.
Proof: It remains to prove that S(g) is an S,-set. Let a1,...,a, € S(q)

and write X; = 6% (i = 1,...,p). | will prove that the product ¥, =
Xy... Xp =0%1""*% determines {X},..., X} uniquely. Write

P
[IX - X) = XP -1iXP~l 40— Y, (3)
i=1
ie., Y1,...,Y, are the basic symmetric functions of X},...,X,. We have

then, by (1) and (3), for v > 1

P P
vg =[x =[[(Xi+v) =P+ YieP " 4 4 W,
i=1

i=1
Hence, forv=1,2,...,p—1,

Yok ' + YpoP 2+t Yoo = Y Y, — P (4)
This is a linear system of equations in Y3, ..., Y,_; the determinant (almost

a “Vandermonde” ) of which is £(p—1)!(p—2)!...! £ 0 in GF(p). It follows
that Y3, Ys,...,Y,_1 are uniquely determined by Y, = X1X,... X,. We
conclude that a; + - - - +a, determines {ay,as,...,ap} (mod ¢? —1), which
was to be proved.
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