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1. Introduction
In this paper, we construct the generalized Fibonacci matrix of order
2"sequence {Gf,zk)} by use of the generalized Fibonacci sequence {G,}, and
study its properties.
The generalized sequence {W,} is defined for all integers n by the
recurrence relation (see[1])

Woi2 = pW, + qW, (1)
in which Wo=a, W,=b, where a,b,p,q are arbitrary integers. Special
cases of {W,} which interest us are

1> The Fibonacci sequence {F,} : p=1,q=1,a=0, b=]
2> The Lucas sequence {L.} : p=1,q=1,a=2, b=I (2)
3> The Pell sequence {P.} : p=2,q=1,a=0, b=1
4> The Pell-Lucas sequence {Q.} : p=2,q=1,a=2,b=2
They have something in common, this is qg=1 . When q=1, the formual (1)
can be written

Gon = pGa+ Gooy (3)

in which Go=a, G,=b.
Then, this {G,} is called the generalized Fibonacci sequence, and it is
defined for all integers n by the recurrence relation (3). Rule (3) can be
used to extend the sequence backwards, thus
G.=G,-pGy, G.=G,-pG,, and so that
G0y =G.ony - PGan (4)
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This produces

oo 6 5 -4 3 2 -1 0 1 2 3 4 5 6
Fpt woeeee 4 5 3 2 -1 1 0 1 1 2 3 5 8-
Lot seeeee 18 ;11 7 -4 3 -1 2 1 3 4 7 11 18 ==
Pz 70 29 <12 5 2 1 0 1 2 5 1229 70
Qu: -+ 198 -82 34 <14 6 -2 2 2 6 14 34 82 198 -

and generally
-1y'G, , when a=0

G. = )

-1G, , when a#0

2. To Construct the Generalized Fibonacci Matrix of Order 2* Sequence
@

G, }

Now we construct the generalized Fibonacci matrix of order 2" sequence

2+ . . . . 2), .
{G; )}by use of the generalized Fibonacci” matrixes. We let G :, is a matrix

of order 2 as follows:
@) (G G
G, = (where n=0) ©6)
Gn Gn-l

then
Gﬂ’ Gn G" G"' Gué Gn +
PG;Z)"‘ G:fl)=p 1 + U 2 1 =Gf:_|)
G,, G,,.l Gn-l Gn-2 Gn+ 1 Ga
Hence , we obtain the generalized Fibonacci matrix of order 2 sequence

@)y 1t is defined for all n=1 by the recurrence relation as follows:

6%
6ol =pe®'+ %) (n=1) (7)

where
¢ = G G ¢ = G, G
¢ o G ’ ' G, G,

Rule (7) can be used to extend the sequence backwards, thus

(2) (2) (2) (2) 2) )
G, =G, -pG, » G, =Gy -pG., , Ut ., and so that
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@) @) @)
Gy = G ) - PG,

This produces

Gf?) _{Go G. ’ Gf;)= G, G, e
G. G, G2 Gy

(n=0) (8)

and generally

G G
) _[ e - >
G-n ( G.,, G-ln-o-l)) (n/o ) ( 9 )

Again , we let the generalized Fibonacci matrix of order 4 Gf: is equal

to a partitioned matrix :
2) 2)
6= Gﬁ;,‘ G(",, (n=0) (10)
then
@, wr_ (G G\ (G G\ [GR, G\ )
PG, + G, =P G G + G2 G2 = GO, G¥ =G
Hence , we obtain the generalized Fibonacci matrix of order 4 sequence

{G:‘“}. It is defined for all n=1 by the recurrence relation as follows :
4) “4) “4)

Gn+| = pGn + Gn-l (n?] ) ( ll )
2) )
where G\¥'= G(lzn G(nz) , ¢W = GP GV
[} Gu G.| ! G(]Z) G(on

Rule (11) can be used to extend the sequence backwards, thus

4)
T L ———

)

(4)
G “(n-1)

AP G + PG‘“ (n=0) (12)

-n

This produces
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G“) _ G? G% G(a) - ¢ 6%\ ...
ToNe® 6 T T \6® 69

and generally @ "
G(4'= G‘(ﬂ;l) Gz"’ (n?O) (13)
" GT GGl

Thus, and soon and so forth, let the generalized Fibonacci matrix
N ‘ - (R 3
of order2* G :'2’ is equal to a partitioned matrix :

(2k-l ) (zk-l \

@) _ [Gar G

n 1 £ (n=20,k=1) (14)
@) @)
G,, Gu-l
k-1 t1 - . .
thel‘l . . G(z ) 0(2 (zl-l ) (Zt.l (zl-l ) (2“' .
¢+ g% = n+l " % G | _[Gre2 Cunr | _ ¢
PG, P 4 G(z"", I &y @ n+l
n -1 a-l Gn-Z ’ Gﬂ#l Gn

Hence , we obtain the generalized Fibonacci matrix of order 2* sequence

k
{Gf‘z’}. 1t is defined for all n=1 by the recurrence relation as follows:

3 & &
2 _ _A(2) )
G, =pG, +G,, n=1,k=1) (15)
&1 k-1 -1 k-1
@ @ . @y @)
@ _ |G, Go @h _[G. G,
where G, = , G, =

k-1 &1 ke | k-1
&y @h ah ah
Co G, G Go

Rule (15) can be used to extend the sequence backwards, thus

k. k. '3 k. I3
@H 2" ok - (2) 2 )
G, =G, - pG; Y, G, =G, - PG, ,>+=>+and so that
& - L@ ah -~ -
Gy = Gy~ PG, (n=20, k=1) (16)
This produces
k-1 k-1 k-1 k=1
27 ) Q) @ @)
G(Zk) _ Gy G, G(Bk) _ G, G., .
N} (ZL-I ) (zk-l ) y -2 (zt-l ) (2‘ 1 )
G 1 G ., G-Z G

and generally
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k-1 A-1
@Y @)
24 Gy Go,

" @ "
G. G ~@r+l)

£, e
Special cases of {G :2 )} which interest us are
&
1> The Fibonacci matrix of order 2" sequence {F ;2 )}, when p=I, a=0, b=1.
k.
2> The Lucas matrix of order 2* sequence {L :z ! }, when p=1, a=2, b=1.
&
3> The Pell matrix of order 2* sequence {)"f,2 ! }, when p=2, a=0, b=1.
k.
4>The Pell-Lucas matrix of order 2" sequence {0 :'2 '}, when p=2, a=2, b=2,
Now we obtain a basic property of the generalized Fibonacci matrix of
&,
order 2 sequence {G’:,z)} by the equation (17) and (5).
k.
Theorem 1: The generalized Fibonacci matrix of order 2* sequence {fo ) }is
satisfied with
. @ ot (2
> ifG=a=0, then G, =(¢1)"ExG, E; , (18)
£, £,
2> ifGy=a% 0, thenG, =(-1YE; G’

v Ea (19)
where Ex is equal to a partitioned matrix
02"-] Ezlr-l 0 1 .
Ex = , when k=1 E, = » Qi is a zero
-E o 'l 0
2k-l zk-l :

matrix of order 2*" .
Proof: We prove (18) by induction.

If Ge=2=0, and when k=1, we have
G.,. G, i -Ga. G,
e =iyt
G G-(ml) Gn 'Gnﬂ
0 1YG..w G, Y0 1 ntl @)
= (-1
[(-1 OXG" Gn..X-' 0)] D EG, E

Then, when k=1, the formula (18) is true. When k=2, we have

=
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ay [G%n GT -E,GDE, EGVE,
G = (_1 )n*l
G?® G%., EGPE, -E,GP\E,

n+l 02 z
=(-1) E, G(z) G(z)
0, E,

= (-1 E G(4 'E where E, =
'EZ 02
Then, when k=2, the formula (18) is true. Assuume the formula (18) to be
true for k=m-1. In a similar manner, wecan prove that the formula (18) is
true for k=m.
To sum up, the formula (18) is proved .
The formula (19) can be proved with the same method .

Corollary 1: When p=1, 2=0 and b=1, the formula (18) can be written

Fab= 1" E; FOE, (20)

Corollary 2: \i’hen p=1, a=2 and b=l, the formula (19) can be written
LeY = 1) Ey 1 Ey @1)

Corollary 3: i"\'/hen p=2, a=0 and b=l, the formula (18) can be written
-( ™Ey, P" "Ey (22)

Corollary 4: When p=2, a=2 and b=2, the formula (19) can be written
0= 1YEL0 By @3)

24
3. The sum formula of {G :,_i

Theorem 2: The sum formula of {Gt,“} is as follows:

n ,,k
Z @2 G‘;’+ . 6¢P- 6™y (n=1,k21) @)
&

n+l

Proof: Because

n+l (,) k. (3
P56 =E ¢17- Lo =6 el - 60 6l
i=1 i= i=
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therefore 3 G:Z = —(G +Gm| G:)Z) _G(z) )

i =1

Corollary 5: When p—l,. a=0 and b=1, the formula (24) can be written

zp‘“ = p‘“ - p‘j’ (n=1,k=1) (25)
i=1
Corollary 6: When p—-l, a=2 and b=1, the formula (24) can be written
‘.
S =1 - (=1,k21) (26)
i=|

Corollary 7 When p=2, a=0 and b=1, the formula (24) can be written

n
Z P = 2(P By pB PP p)  (nz1,k21) @7)
Corollar’yus

‘ When p=2, a=2 and b=2, the formula (24) can be written
n .
2 (2)__(Q(2)+Q(2) (2) Q(IZ‘)) (n?l,k?l) (28)
@
4. Other properties of {G, }

Theorem 3: ' 1. 1., n-l
b Lol p PR
G, =6V’ (n=1,k=1)  (29)

where Ly is a unit matrix of order 2", Q: is a zero matrix of order 2*.

Proof :
" ath Q™! G(’“’ &'\ fpr, 1,
(2 )_ Gn‘l Gn " "I —1 seee
n - (] k-1 @) (z ) -
" @
. el Gne1 n:2 Iy 0
& n-2
ng) G(ZZ) pl, 1,
= ¢ &
@) )
G, G, I, 0,
2 2
n-1
ol 1,
PN
_ G(zbl)
o\ ey,
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Corollary 9: When p=1, a=0 and b=1, the formula (29) can be written

I n-1
@™ IR Te Ly
F, =F, = 1,k=1) (30)
Ii 04
Corollary 10: When p=1, a=2 and b=I1, the formula (29) can be written
n-1
@™y et e Ly
L. =1L, (= 1L,k=1) (31)
I, 0,

Corollary 11: When p=2, a=0 and b=I, the formula (29) can be written

Lo 0
Corollary 12: When p=2, a=2 and b=2, the formula (29) can be written

-1

@™ LN LR ¥
o, =0 n=1,k=1) (33)
lz" 02"'
Theorem 4 :
S A 1 ah o
_Z?zm =7(Gs -G, ) (n21,k=1) (34)
i-

s NNy SN
i i= i=

n-1

n & ,
=L 9. g
i 2

-

i=1 ¥ i=0
£, k
=~ @ 29
G, - Go
Hence R
Z ) 1 h 24

G o,y =‘E(Gg,, 'Go )
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Corollary 13: When p— , =0 and b=1, the formula (34) can be writte

k k.
leii,’ FELFD  az1,k=1)  (35)
Corollary 14: When p- , a=2 and b=1, the formula (34) can be written
81 ez e

r=1

Corollary 15: When p =2, a=0 and b=1, the formula (34) can be written
zp‘zi,’——( p‘“ P (a=1,k21) (7

i=1

Corollary 16: When p=2, a=2 and b=2, the formula (34) can be written
k. 3
LoB=2(0%-0%) (z1k21)  G8)

i= 1 2i-1
Theorem 5: .
& 1 & &
L6y =2(65)- 6 @=1k=1)  (39)
i= 1
Proof :
k 4 &
L6y = L Gy Z 6ol
i=1 i= =
n i n-1 3
= LGy~ L G
i=1 i=0
_@h @
- szl - Gl
Hence "
k 1 k.
DA AR
i= 1

Corollary 17: When p=1, a=0and b=1, the formula (39) can be written

";lp" FOUFD  @=Lkz1)  (40)
Corollary 18: Wgen p— , a=2and b=l, the formula (39) can be written
E:IL(Z,)—L,:,H-L D asLk=1) (4l)
Corollary 19: When p—2 a=0and b=1, the formula (39) can be written
i P = (P‘,f,,’. P =1k=1) (42)

Corollary 20: When p=2, a—2and b=2, the formula (39) can be written
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ZQ(z)__(Qm %)  @=1k=1) (43)

2n+ |

Theorem 6:

2(1) c‘“

i=1

1 £, k. &
S@D 62 -6+ 6T) 621k 1) (#)

Proof : Subtraction of (34) from (39) produces (44) .
Corollary 21 When p=1, a-—O and b=1, the formula (44) can be written
z( 1y F= p‘“ FOLF®  mzLk=1)  (45)
Corollary 22 When p~ , a=2 and b=1, the formula (44) can be written
Z( 1y = L,,,, - 19 @Lk=1)  (46)
Corollary 23 When p=2, a=0 and b=1, the formula (44) can be written
2(1)p‘“~—(p‘zfﬂ’, - p‘“ P‘2’+ pf’) M= 1Lk=1) (47)
Corollary 24:  When p=2, a=2 and b=2, the formula (44) can be written

i(l)Q‘“~ (Q‘;,,’, Qf’-Q‘f">+Qf,’k’) @=1L,k=1) (48)

i=1
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