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Abstract
This paper gives constructions of balanced incomplete block de-
signs and group divisible designs with £ = 7, 8, or 9, and A = 1.

The first objective is to give constructions for all possible cases with
the exception of 40, 78, and 157 valucs of v. Many of these initial
cxceptions have now been removed by Abel. In an update scction,
more arc removed; group divisble designs with groups of size k(k—1)
are constructed for k£ = 7 and 8 with 124 and 87 exceptions; it is also
established that v > 294469 and v = 7 mod 42 suffices for the cxis-
tence of a resolvable balanced incomplete block design with k = 7.
Group divisible designs with group size k and resolvable designs are
constructed.
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1 Introduction

This is the third paper in a scrics on BIBD constructions. In [25, 26, a
number of direct constructions were given for BIBD’s with A = 1, including
cascs where 7 < k£ < 9. The object of this paper is to use those direct
constructions, together with recursive teclhimiques, to produce constructions
for the remaining valucs of v as far as possible. If & is a prime power, then
the necessary conditions for a BIBD with A = 1 arec v = 1 or & mod k(k—1).
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These conditions are uot, in gencral, sufficient, but the ouly known non-
existence result is 43 € B(7,1).

A first draft of this paper was informally circulated some tiwe ago,
and since then, the status of the cxistence problew that is the main topic
of this paper has been improved upon, primarily by Abel (L, 2], but also
in collaborative work. (For a recent published status of the problem, see
[7).) Howcver, this paper does form the basis for the later work, and is
being published in something close to its original form. Oue objective is to
provide sowe designs so that this paper, in conjunction with [2], establishes
the relevant results in [7]. The main changes made to the earlier draft arc
in two of the secondary appendices, which detailed the smaller mewbers of
RB(k,1) and GD(k,1,k(k — 1)). Also, a new update sectiou (Section 12)
has been added, wherein we give a sufficient bound for the existeuce of
RC(7), as well as cstablishing small possible exception lists for D(7) and
D(8). Sowe improvements to (7] that appear in (8] are also included here.
Also, some improvewments resulting from some recent small constructions
given in (3, 19, 20, 33] are noted or cstablished.

The basic organization of the paper is to give the theoretical construc-
tions in the body of the paper, together with a letter code and the paraw-
cters, typically m and n, used in the derivation. The actual constructions
arc usually performed in the tables in the appendices, and there numerical
values arc substituted for m and n. This cnables a complete presentation
of a rather large munber of constructions to be given cowpactly. vet al-
lows the reader interested in any particular value to readily ascertain its
coustruction.

2 Notation

The notation is largely taken from Hanani [30], but in order to compress
the tables, and in view of the fact there are two classes of » modulo k(A —1).
some additional notation is cmployed. We iutroduce the class A(4) through
E(k), and the pscudo class F(k), by

te A(k) < k(k-1t+1€ B(k,1),
= k(k-1)eGD(k,1,k-1),
te Bk) < k(k-1)t+keB(k.1).
< kk-t+k—-1€GDk.1.k=1).
teCk) <= k(k—=Dt+keGD(k.1,k).
te RC(k) <« k(k—1)t+ke RGD(k,1.k),
< k(k—1)t+ke RB(k.1),
te D(k) <= k(k-1Dte GD(k 1.k(k—-1)),



te E(k) <= te A(k)nB(k).

The pseudo-class F(k) is used in some theorcms as a substitute for any
arbitary onc of the above classes (except RC(k)). All occurrences of F(k)
in the theorem, both in the hypothescs and the conclusions, may be replaced
by any ouc of the above classes (except RC(k)), and the theorem will still
be valid.

The above definitions also incorporate {30, Lemna 2.12]. In a siwmilar
vein, we have from [30, Lemina 2.10]:

Theorem 2.1 RC(k) C C(k) C B(k).

3 The Basic Constructions

Our main recursive tool is the following special case of Wilson’s Fundamen-
tal Construction (scc c.g., [13, IX.3.2]).

Theorem 3.1 (Link Theorem) Ifv € GD(K,\,M) and mK € GD(K’,
X,m), then mv € GD(K', AN, mM).

Proof: (17, Lemma 2.27]. [ |

Remark 3.2 This theorem is invoked so often in the rest of the paper that
it warrants a shorthand for its use, and so in the remainder of this paper
I will implicitly invoke this theorem merely by giving the first desigu on
v points and refering to the sccond design(s) on mK poiuts as the link
dosign(s).

The next two theorews (the Fill Theorems) cnable the groups of a design
to be filled in to some extent.

Theorem 3.3 If M’ C GD(K.\. M), then GD(K. )\ M’) C GD(K .\ M).
Proof: [17, Lemuma 2.28]. [ |

Theorem 3.4 If ve GD(K,A\,M) and M + m C GD(K,\,m), then v+
m € GD(K, A\, m).

Proof: [17, Lennna 2.29). [ |
Remark 3.5 Iu the rest of this paper these two theorews are used heavily,

usually with m. =1, m =k~ 1, or . = k. Note that a GD(k. A. 1) is, by
definition, a B(k, A).



4 Further Constructions

Oue obvious set of constructions is to take a known B(k. 1), in the GD form,
(the 7n parameter below), and usce a transversal design as the link, and fill
appropriately using Theorems 3.3 and 3.4. As an illustration, consider code
b in Table 4.1 below.

Lemma 4.1 If m € A(k), n € F(k), and kn € T(k,1), then kmn € F(k).

Proof: Use the transversal design as the link on k(k—1)m € GD(k,1,k—1)
to give k(k — 1)kmn € GD(k,1,k(k — 1)n). If F = A, apply Theorcm 3.3
with M = {k — 1}; if F = B, apply Theorcm 3.4 with m = k — 1 if
F = C, apply Theorew 3.4 with i = k; if F = D, apply Theorc 3.3 with
M = {k(k—1)}; if F = E, then the result follows from the proof for F = A

and F = B. |
Table 4.1
Code me ne Link Result
a  A(k) A(k) kn—1€T(k,1) (kn — L)m € B(k)
b A(k) F(k) kn € T(k,1) knm € F(k)
¢ A(k) B(k) kn+1€T(k,1) (kn+ 1)ym € A(k)
d B(k) A(k) kn—1¢€ T(k,1) (kn—1)m +n € A(k)
e B(k) F(k) kn e T(k,1) knm +n € F(k)
f B(k) B(k) kn+1e€T(k,1) (kn+ 1)m +n € B(k)
g Clk) F(k) (k—1meT(.1) (k=1lnm+nePF(k)
h C(k) Bk) (k—1n+1eT(k1) ((k—1)n+1)m+ne€ B(k)
h C(k) Ck) (k=-Un+1eT(k,1) ((k—Ln+1)m+neC(k)

Remark 4.2 For case h, with n € B(k), use Theorem 3.3 with M = {1}.

Simpler constructions result from using the fill theorems alone.

Table 4.2

- Code m € Condition Result
HA A(k) k(k—Dm—(k-1)eT(k,1) km—1¢€ B(k)
HB B(k) k(k—1m+k—-1€T(k,1) km+1eA(k)
He B(k) k(k—1Vm+keT(k,1) km+ 1 € B(k)
HC C(k) k(k—LDm+ ke T(k,1) km+1eC(k)
HD A(k) k(k—1)ym+1eT(k1) km € B(k)
HF F(k) k(k—1)yme T(k,1) km € F(k)

Remark 4.3 For cases Hec and HD, use Theorem 3.3 with M = {1}. For
7 < k £ 9, the relevaut transversal desigus all exist, now the former possible
T(7,1) exceptions of 36, 42, and 48 arc known.



Since {1} € B(k) for 7 < k < 9, we can start with designs on larger
blocks.
Table 4.3
Code m e Link Fill Result

i A(k+1) {1}eB(k) {1} e F(k) (k+1l)me F(k)

j Bk+1l) {l}eB(k) {1}eFk) (k+1)m+1€ F(k)

Up to now, we have used input desigus with a uniform block size, but

this is too restrictive. The following provides constructions for all k, but is
cspecially useful for k= 7.

Theorem 4.4 If © € GD(K.1.M), K C D(k). and M C F(k), then
v € F(k).

Proof: Usc K C D(k) as links on the v point design. [ |

Remark 4.5 If 7 < k <9, then D(k) contains at least a pair of adjacent
values from {k,k + 1,k + 2}. Sowmec constructions of the classes D(k) arc
given in Appendix B and in Section 12.

There are four general basic methods we use to exploit this, and simi-
lar, theorems. These are truncating a group of a GD design, especially a
transversal design; adding points to a resolvable design; the last spike con-
struction, which deletes all points from several groups of a design, with the
cxception of those contained in the last block; and the complete or partial
deletion of a block in a GD design.

Lemma 4.6 (Code T) If{d.d+1} C D(k), m € T(d+1,1), n < m, and
{m.n} C F(k), then din +n € F(k).

Lemma 4.7 (Code R) Let {d.d+ 1} C D(k) and m € RB(d,1):

a) ifn<(m-1)/(d-1), and {1,n} C F(k), then m +n € F(k);

b) if n < (m—1)/(d—1), and {d,n} C F(k), then m +n € F(k).

Proof: For the sccond part, we add poiuts to the resolution classes of the
RGD|d,1,d;m]. [ |
Lemma 4.8 (Code ZR) If {d,d + 1} C D(k), mn € RC(d), n < dm. + 1,
and {1,d — 1,n} C F(k), thend(d—1)m+d+n—1¢€ F(k).

Proof: This variant. of the first part of Lenuna 3.4 removes once original poiut
of the RB(d, 1) design, together with the wnaugmented blocks in which it
occurred, thus producing groups of size d — 1. [ ]



Lemma 4.9 (Code L) If {d,d + 1,m} C D(k), m € T(n,1), n > d, and
{1,n} C F(k), then d(m — 1) +n € F(k).

Proof: Since m. € T(n, 1), we can perform a last spike constructiom to give
din+n—de GD({d.d+1,n*}. 1. {1l.m}). We now fill in the groups of size
m. and remove the single block of size n, and apply Theorem 4.4, [ |

Lemma 4.10 (Code BD) Let {d,d+ 1} C D(k) and m € T(d + 1,1);
a) if m—1€ F(k), then (d+1)(m—1) € F(k) (withn=d+1);
b) if {m—1,m} C F(k), then (d+1)(m—1)+1€ F(k) (withn=4d).

Proof: Delete n points from a single block of the transversal design to give
(d+1)ym—-ne GD({d,d+1,d+1—n*},1,{m —1,m}). Notc that, if
n = d + 1, then there will be no groups of size m.

This has covered most of the counstructions for the & = 7 casc. For
8 < k <9, wehave {1} € E(k), and this yields more powerful constructions.
In genceral, if {z} € E(k), then (k — 1){kz,kx + 1} C GD(k,1,k — 1), and
this allows a lot of additional flexibility.

Lemma 4.11 Ifkm+u € T(ka+1.1), kn+0¢ < ki +u, and {x} € E(F),
then k(k — 1)(xz(km + u) + n) + v(k — 1) € GD(k. L. {k(k — L) + u(k —
1),k(k - )n+v(k—1)}).

Proof: This is a truncated transversal design construction, using {z} € E(k)
as the links.

Remark 4.12 The interesting applications follow by taking —1 < (u,v) <
1, with |z — v| < 1. Taking = = 1 gives us Table 4.4,

Table 4.4
Code me ne€ Conditions arc {1} € E(k) and: Result

A(k) Ak) kim—1e€T(k+1,1) 1<n<m km—14+n¢€ A(k)
A(k) B(k) kim—1€T(k+1,1) n<wmm km—1+n¢€ B(k)
B(k) A(k) kmeTk+1,1) 1<n<m km+ne Ak)
F(k) F(k) kmeT(k+1,1) n<m km+neF(k)
A(k) B(k) kmeT(k+1,1) n<m km+né€ B(k)
B(k) A(k) km+1€T(k+11) n<m km+1+n¢€A(k)
B(k) B(k) km+1eT(k+11) n<m km+l+neBk)

Q" ok E -



If we delete a group in the constructions of Table 4.3, we get:
Table 4.5
Code me Link Fill Result
Zi A(k+1) {1}e E(k) {l1}e F(k) (k+1)m—1€ F(k)
Zj Bk+1) {l}e E(k) {1}e F(k) (k+1)yme F(k)

We can also delete n points from the same block of a transversal design.

Table 4.6

Code me =n Transversal Link  Result
Ba A(k) k+1 kmeT(k+1,1) {1}e E(k)(k+1)m—1€ A(k)
BA E(k) &k kmeT(k+1,1) {1} e E(k) (k+1)m —1€ B(k)
BB F(k) k+1 km+1€T(k+1.1) {1} € E(k) (k+ 1)m € F(k)
BC B(k) k+1kn+2e€T(h+1.1){1} € E(k) (k+1)m+ 1€ B(k)

Remark 4.13 For the application of construction BC, the transversal de-
signs of possible future interest require 26 € 7'(9. 1), and {29, 38, 56, 173,
191} C T(10,1). Of thesc values, only the primes 29, 173, and 191 arce
known, and only 191 (and now 173) can be used currcutly.

We can also add poiuts to a resolvable design.

Lemma 4.14 (Code r) Ifm € RC(k), n <m, {1} € E(k), and {1,n} C
F(k), then (k —1)m +1+n € F(k).

Proof: Add kn points to the RGD(k, 1, k), and use {1} € E(k) as the links.
il

5 Standard Designs (Code S)

Having given most of the constructions we will be using, in the next two
sections we look at what desigus are available as input for those construc-
tions. The next sct of constructions are based on projective geomectries, or
on coufigurations that arc found in them.

Lemma 5.1 If ¢ is a prime or prime power, then
1. 1€ A(g+1), and
2. 1€ RC(q), and
3. g—1€ RC(q+1), and
4. g€ RC(g+1).



Proof: The first two are the usual PG(2.q) and AG(2, q) desigus. The third
is the unital design (sce (14, 32]). Lorimer [37] has shown the resolvability
in the fourth design. |

Lemma 5.2 If q is a power of 2, then 2" € RC(q).

Proof: The designs were constructed by Denniston [22]. The resolvabilty in
the case of n = 1 was shown by Sciden [44]. She also found it necessary to
dualize, but the basic technique in the proof consisted of using the points of
a deleted line to exhibit the resolvability and is more generally applicable.

We do not insist on the incompleteness of BIBD's, nor do we cxclude
trivial desiguns.

Lemma 5.3 For any k, we have
1. 0€ A(k), and
2. 0€ RC(k), and
3. {0,1} C D(k).

6 Previously Constructed Designs (Code P)

The first sct of (cyclic in the case of primes) constructions were given in
[25]. The relevant results can be sununarized bricfly.

Lemma 6.1 If 42t + 1 is a prime power, t < 780, and t & {1, 3, 4, 5, 13,
35, 145, 159, 209, 224, 266, 268, 306, 360, 365, 372, 379, 383, 390, 403, 460,
476, 509, 605, 609, 619, 625, 645, 649, 664, 680, 681, 684, 730, 734, 744},
then t € A(7).

Remark 6.2 No coustruction, whether cyclic or not, is known for + C
{1,3,5}, (and £ =1 is known as a non-existant design).

Lemma 6.3 If t € {8, 18, 56, 66, 111, 113, 147, 173, 242, 260, 278, 348,
356, 446, 467, 555, 573}, then t € A(8).

Remark 6.4 No construction, whether cyclic or not, was known for ¢ C {2,
3.5, 6, 11, 12, 13, 23, 38, 45, 47, 48, 53, 60, 75, 126, 182, 188, 192}. For
these values 56¢ + 1 is a prime power. Constructions are now known for all
but the first four of these, and for t € {6,8, 14} in the next lemma.

Lemma 6.5 If 72t + 1 is a prime power, t < 455, and t & {4,5,6,8, 14},
then t € A(9).

10



Lemma 6.6 If90t+ 1 is a prime power, t < 364, and t & {2. 3. 4.6,7, 9.
11, 17, 24, 25, 26, 55, 88, 356}, then t € A(10).

Corollary 6.7 If t € {13, 18, 20, 28, 31, 33, 34, 37, 39, 41, 45, 47, 51, 54,
56, 62, 65, 68, 69, 70, 72, 73, 74, 76, 84, 86, 89, 90, 91, 94, 96, 97, 98}, then
t € A(10).

Remark 6.8 The only other small ( < 100) designs I originally knew of
were the values {1,81,82} C A(10). These follow from Lemmma 5.1. 1 and
Table 4.1 (c 1.8, d 9.1).

The next set of constructions were given in [26]. The constructions for
k odd are cyclic, (at least for primes), whilst those for k even have a fixed
element. The relevant results can again be sununarized briefly.

Lemma 6.9 If 6t + 1 is a prime power, 4 <t < 832, t # 6, and t is even,
then t € RC(6).

Lemma 6.10 If 6 + 1 is a prime power, t < 512, and t & {3.4.6}, then
te C(7).

Remark 6.11 The exceptions 4 and 6 have now been removed by Janko
and Tonchev [33] and Abel [3].

Lemma 6.12 If 8t + 1 is a prime power, 5 < t < 512, and t # 11, then
t € RC(8).

Lemma 6.13 If8t+1 is a prime power, t < 729 and t ¢ {2.3.5. 10, 12. 14},
then t € C(9).

Lemma 6.14 If 10t + 1 is a prime power, 8 < t < 729, t is even, and
t & {10,12, 18,24}, then t € RC(10).

Corollary 6.15 Ift € {8, 28, 36, 40, 42, 46, 52, 54, 60, 64, 66, 70, 76, 82,
84, 88, 94, 96}, then t € RC(10).

Remark 6.16 The only other small ( < 100) desigus 1 knew of were 9 €
RC(10), (by Lemuna 5.1. 4) and {80,81} C C(10) by Table 4.2 (HF 8, HC
8).

The next coustruction is a modification to a design of Mills [38], (also
given in (13, p. 313).

Lemma 6.17 4 € A(6).

Proof: In Zy, x Zy,, take as basc blocks (0(), 04.03.1,. 17.45), (05 07.210.44.
85. 69), (01 . lﬁ. 21, 42. 73, 61) (02‘ 12.41()597. 3(). 6‘5)

The final construction is due to Hanani [31).

Lemma 6.18 4 € A(7).

11



7 Some Resolvable Design Constructions

Theorem 7.1 (Code RW) If v is an odd prime power, and there is a
(v, k,1) difference family {B\, Ba,...,B:} in GF(v) such that the base
blocks are mutually disjoint, then kv € RB(k,1).

Proof: See Ray-Chaudhuri and Wilson [43]. (Also in [L3, p. 356]). |

Corollary 7.2 Ifv = 30m+1 is a prime power, m < 67, and m # 2, then
6m € RC(6).

Proof: For m. = 4, we take the modified Mills’ design given in Lenuna 6.17.
For the other valucs, use the constructions given by Wilson [45, p. 45],
(and Mills [39] for the omitted v = 841); finally, use Theorem 7.1. |

Corollary 7.3 {56,70,77} C RC(7), and 9 € RC(9).

Proof: For k = 7, usc the constructions given by Wilson [45], and for k = 9,
use the Singer difference sct.

Ray-Chaudhuri and Wilson [43] give some coustructions that parallel
some of those given in Table 4.1. Taking vp = k and vs = 1 in their
Theorem 4, and using their Theorem 3 gives:

Table 7.1
Code me ne Link Value € RC(k)
E RC(k) RC(k) kneT(k+1.1) knm +n

F RC(k) RC(k) kn+1eT(k+1,1) (kn + L)ym +n

H RC(k) RC(k) (k—1)n+1€T(k+1,1) ((k—Ln+Lm+n

The PBD closurc result for RB(k, 1) desigus 43, Theorem 1] has conse-
quences that parallel the constructions of Table 4.3. Notice that 1 € RC(k)
cnsures that k + 1 is the replication number of a RB(k,1) design.

Table 7.2

Code me€e Coudition  Value € RC(k)
I A(k+1) {1}€ RCK)  (k+ Lym
J B(k+1) {1} €RC(k) (k+1)ym+1

Lemma 7.4 (Code RT) If {1,m,n} C RC(k), {1} € E(k+1), n < m,
and m € T(k +2,1), then (k + 1)m +n € RC(k).

Proof: The values given by this construction arc already covered by con-
struction T, but with the exception of the resolvability. Use {1} € RC(k+1)
as the link on a truncated transversal coustruction: since {1} € RC(k), the
value k& 4 1 is the replication count of a RB(k, 1) design, and PBD closure
gives the result. [ |
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Appendix C gives constructions of the smaller resolvable designs for
k=06, 7, and 9. The smaller constructions for & = 8 arc incorporated into
Tablec A.6.

8 Transversal Designs

In this section, I collect together previously constructed designs for later
usc. The first four lenmnas are in [30, Lemmas 3.1, 3.4 3.6].

Lemma 8.1 If ¢’ < s, then T(s,)) C T(s'.\).

Lemma 8.2 Ifr € T(s,A) and v’ € T(s,X'), then rr’ € T(s, AXN).
Lemma 8.3 If q is a prime or a prime power, then g € T(q + 1,1).
Lemma 8.4 RT(s,1)=T(s+ 1,1).

The existence of the transversal designs given above and in the follow-
ing lemmas is taken from (4], with improvements from [21]. Their weaker
original versions, which were used to generate the desigus in this paper were
wostly taken from [15], with amendwments from [11, 16, 18, 47).

Lemma 8.5 Ifny is such that v > ny impliesv € T(k+2,1), thenng < 62,
ng < 79, ny < 780, and ng < 2774.

Lemma 8.6 We have v € T(7,1) for v & {2,3.4,5,6,10, 14, 15, 18, 20, 22,
26,30, 34. 38. 46, 60. 62}.

Lemma 8.7 If v € {7.40,50.63. 69,70}, then ¢ € T(8,1).

Lemma 8.8 If v € {8,56,57,65,72,80,82,88,91,96,99, 100}, then it fol-
lows that v € T(9,1).

Lemma 8.9 Ifv ¢ {111,119,123,159,175,183,291, 295, 303,335} and v is
odd and v > 100, then v € T(9,1).

Remark 8.10 A construction of Brouwer [16] partitions PG(2,23) into
7 disjoint B[{0,3,5},1;79] desigus, and 4 of these give a B[{9,11,16},1;
316] design; a conscquence of Lemma 5.1.4 is 585 € T'(10,1). The only
transversal desigus we use that are not covered by the above lenunas are
{435,519, 792,892} C T(10, 1); note that 435 = 16-27+3 (and 16+3 = 19),
519=16-31+23,792=231-25+17, and 892 =81 -11 + I.

Sowme results for v of special forms are given in Tables 8.1 and 8.2.
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Table 8.1

Table of unknown T'[k, 1;v]

v k Parity Valuc of m
6 7 all m. 1,3.5,9,10
6m + 1 7 all 2 none
Tm—1 7 all 1,3,5,9
m 7 all m 2
8 allmm  2,3,4,5,6
™m+1 7 allm 2,3
8 alm 2,3,5
8m—1 8 allm 2,5
9 allwn  1,2,5,7,8, 11, 12, 14, 15, 20, 22, 23, 37, 38, 42
8m 8 all'n  none
9 allm 3
8m+1 8or9 allm 4
9mn —1 9 m cven 4
10 m cven 4, 18, 24, 32, 44, 54
9 9 modd 5,7
10 modd 9,7, 15, 45, 55, 63, 215
9 +1 9 m ecven 6
10 m oven 6, 10, 16, 26
Table 8.2
Table of known T'[k, 1;v] with v < 780
v k  Parity Value of m
9n—-1 9 wmodd 1,917, 25,33, 39, 41, 45, 49, 57, 65, 67,
69, 73, 75, 77, 79, 81, 83
10 wmodd 9, 25,39, 41, 45, 57, 67, 73
9m 9 moeven 8,16, 24, 32, 38, 40, 46, 48, 56, 58, 60, 64,
68, 72, 74, 76, 80, 82, 84
10 wm cven 16, 32, 38, 46, 48, 58, 60, 64, 80, 82
9n+1 9 modd 7,9, 11, 15,17, 23, 29, 31, 33, 35, 39, 47, 55,
57, 63, 65, 67, 71, 73, 75, 77, 79, 81, 83, 85
10 modd 7,9, 11, 17,23, 29, 33, 39, 55, 71, 81
9 The Incomplete Transversal Design Con-
struction

In this section, we deal with a coustruction given by Mullin et al. [40,
Theorem 1.1). This construction requires an incowmplete transversal design
as a componcnt, and establishing this makes the coustruction too lengthy
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to be given in main tables in Appendix A; the full construction is given in
Appendix D, and only a bricf reference is given in the main Appendix A
tables. A more up-to-date list is given in [5], with anunendwments in [21].

Theorem 9.1 Suppose there exists a Tk, 1;v — f + a] — T[k,1;a], and
v € B({k, f*},1), and that f > a, and f + (k — 1)a € B(k,1). Then
kv — (k — 1)(f — a) € B(k.1).

Proof: Take the blocks of the given incomplete transversal design, and use
the B[{k, f*},1;v] to start filling in the groups with f—a points at infinity;
label the points so that the flat of size f covers the infinite points and the
wissing subgroup. Finally, use the B[k, 1; f — a + ka] to fill in the flats. [}

For the incomplete transversal designs we have:

Lemma 9.2 [fO<a<mand0<t<m, and {s.s+1.5+2,t} C T(k,1),
and m € T(k + 2,1), then there exists a Tlk,1; sm +t + a] — Tlk. L;a.

Proof: Scc Wilson (46, Theorem 2.4]. [ |

Remark 9.3 This is the lemma that Mullin et al. use, but further lemmas
arc also useful.

Lemma 9.4 If0<t<m and {s.s +1} C T(k,1), and m € T(k + 1,1),
then there ewists a T(k,1;sm + t] — T[k,1;t]. If, in addition, t € T(k, 1),
then there exists a T(k, 1; sm. + t] — Tlk, 1;m].

Proof: See Wilson [46, Theorem 2.3). [ |

We even have occassion to use the more basic MacNeish construction.
Lemma 9.5 If {m.n} C T(k.1), then there exists a Tk, 1;mn]—T[k, 1;n].

Lemma 9.6 If there erists GD[K,1,{M,a*};v+a], and K C T(k+1,1),
and M C T(k,1), then there erists a T[k,1;v + a] — T[k, 1;q].

Proof: Sce Hanaui (30, Theorem 3.2). [ |

Corollary 9.7 The design T7,1;179] — T[7, L; 23] ewists.
Proof: Cousider T'(9, 1;23]; truncate two groups to size 9, and fill in all

groups except for onc of size 23, to give 179 € GD({7,8,9,23}, 1, {1,23*}),
and apply the lemma. [ |
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Lemma 9.8 Ifm € T(t,1), and s <t and {s.s+1,m} C T(k+1,1), then
there exists a Tk, 1;sm+1t—s] — Tk, 1;t]. If further, t € T(k+1,1), then
there exists a Tk, 1;sm +t — s] — Tk, 1;m).

Proof: This is really a corollary to Lemma 9.6. We may perform the
last spike construction to show sm +t—s € GD({s,s + L,#*},1,{1,m}).
Lemnma 9.6 establishes the further part of this lemmna. To establish the
main part we fill in the groups and delete the spike to give s+t — s €
GD({s.s+ l.m}.1.{1.#'}), and then apply Lemumna 9.6. [ ]

For clarification, we state:

Lemma 9.9 Ifm € T(k,1), and r € {0,1}, then there exists a T[k,1;m]|—
Tk, 1;7).

Proof: This follows by removing 7 blocks from the original transversal de-
sign. |

Having dealt with some methods for constructing incomplete transversal
designs, we now turn to some methods for constructing designs with flats.
These constructions arc sununarized in Table 9.1. The constructions IA
through IF parallel those of Tablc 4.2, and we partially fill in a transversal
design, possibly with the aid of some infinite points; for IG, we use &k €
T(k,1) as a link on the D(k) design; for the Ir construction, we add points
to every resolution sct of a resolvable design; for IR, we use k € T'(k. 1) as a
link on this. Note in constructions Ic and IF, that if 1n € C(k), rather than
m € B(k), then n € C(k) yiclds a result in C'(k). Siwilarly, in constructions
IG and IR, since T[k, 1; k] was used as the link in constructing the » point
design, it is casy to sce that n € C(k) yiclds a result in C'(k).

Table 9.1
Code m e f v Conditions

1A A(k) k(k—1Dm+1 k(f-k)+k [f-—keT(k1)

1B B(k) kk—1m+k k(f-1)+1 f-1e€T(k1)

Ic  Bk)  klk—m+k kf f € T(k,1)

ID A(k) k(k—1)m+1 kf fET(k,1)

If  A(k)  k(k—Lm+1 k(f=1)+1 f—1eT(k1)

IF  B(k) klk—Um+k k(f—k)+k f—keT(k1)

IG  D(k) k? k(k—1)m+k keT(k1)

Ir RC(k-1) (k=Lm+1 (k—12%m+k

IR RC(k-1) k(k—=1ym+k (k-1)f+k keT(k]1)

In the tables in Appendix A, the parameter . is as given in Table 9.1;
the paramcter n is the integer part of (f + (k— 1)a)/(k(k — 1)), and appli-
cation of Theorem 9.1 will show (v — f)/(k— 1) +n is in A(k) or B(k) or
C(k).
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10 The Special Constructions (Code ZZ)

In this scction, sowme wiscellancous constructions for special values are
given.

Lemma 10.1 45 € GD(7,1,3).
Proof: See Baker [10]. [ |

Theorem 10.2 Ift € {7, 121, 122, 133, 134, 145, 152, 231, 347, 517, 795},
then t € A(7).

Proof: For 7; note that 8 € RC(6). Add a point at infinity to cach reso-
lution set of the RB(6,1) to give 42* 7 + 1 € GD(7,1,{1,49}), and usc
the AG(2,7) design to fill in the flat. For {121,122}; consider a Dennis-
ton arc in PG(2,16). Delete all the off-arc points except for those in the
last secant; delete some of these only. Thus 120 + ¢ € B({8,9, (8 +1)*},1)
for 8 +¢ < 17. Now dclete an off-arc point ou the big block, and all its
blocks to give 120+ —1 € GD({8,9},1,{8,(8 + t —1)*}) for t < 9. We
can take t = 2 or 3, and apply Theorcm 4.4. For 133; usc 124 € T(7,1)
as a link on Lemma 10.1, and fill with the aid of 7 infinite points. For
134; a variant of Leunna 4.8 is obtained by adding points to 15 of the
resolution scts in the Seiden design, and then deleting onc of the original
120 points to give 134 € GD({8,9,15"},1,{7,8}). Finally, apply Thco-
rem 4.4. For 145; note 17 € RT(9,1). Deleting 8 points from a group
gives 145 € RGD({8,9},1,{17,9}). Now fill in groups and deletc one
resolution set to give 145 € GD({8,9,17},1,{8,9}). Finally, apply The-
orem 4.4. For 152; note 17 € T(9,1). Now fill in groups and delete
one point to give 152 € GD({9,17},1,{8,16*}). Finally, apply Thco-
rem 4.4. For 231; note that 4 € B(8), hence 231 € GD(8,1,7); apply
Theorem 4.4. For 347; use Lemma 4.11 with 2 = 7, m = 7, n = 4,
u = v = 0. For 517; dclete 29 points from a single block of T[57,1;64],
to give 517 € GD({28*,56,57},1, {63,64}). Usc 4 € A(7) with 8 € E(7)
as links, and 9 € E(7) for the fill. For 795; use Lemma 4.11 with = = 7,
m=16,n=4,u=1,v=0. [ |

Theorem 10.3 Ift = 24, then t € B(7).

Proof: Note that 28 € RC(6), so adding a poiut at infinity to cach resolution
sct (of the RB(6. 1)) gives 422447 € GD(7, 1. {1,169*}). Usc Lewmuma 6.18
to fill the flat. [ |

Theorem 10.4 Ift € {31,75,157}, then t € C(7).
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Proof: For {31,157}; note that {5,26} c RC(6). If m € RC(6), then
adding a point at infinity to each resolution set (of the RGD(6,1,6)) gives
6(6m + 1) € GD(7,1,{6,6m*}). Use AG(2,7) for the link, and fill with 7
points at infinity. For 75; use 70 € T(7,1) as a link on Lemma 10.1, and
fill with the aid of 7 infinite points. [ |

Lemma 10.5 If q is a prime power, and 0 < t < q+1, theng*+q+1—t €
B({q_ 11q1q+ 1}’ l)'

Proof: Form an oval in PG(2,q), and delete £ points of the oval. [ |

Corollary 10.6 {83,84,87} C B({8,9,10},1).
Lemma 10.7 {92,98} C B({8.9.10}.1).

Proof: Delete onc block of T10, 1;11] to give a GD[{9, 10}, 1, 10; 100]. For
92, delete 8 points from a block of size 9; and for 98, dclete a single point.
In either case, the result is a GD({8,9,10}, 1, {9, 10}), so the result follows.

Lemma 10.8 If q is a prime power, and0< s < q, and0<t < qg+1-3s,
then sq+t € GD({s,s + 1,5+ 2},1,{q,1}).

Proof: Form an oval in PG(2, q), pick a point on the oval and remove it and
usc its blocks to definc groups in GD[g + 1,1, ¢;q(g + 1)]. The rcmaining
q oval points fall in g distinct groups of this design, and there is (at most)
onc group (arising from the tangent through the chosen point when g is
odd), that has no oval points. Retain this group, and s — 1 others, and the
oval points of ¢ of the remaining groups. |

Corollary 10.9 Ifm € {132, 133,140, 141, 236, 237, 238, 244, 245, 308}, we
have m € GD({8.9.10},1,{1.16,17,29,37}).

Proof: With ¢ € {16.17}. take # € {4,5}. With ¢ = 29, take t € {4, 5, 6,
12, 13}. With ¢ = 37, take £ = 12.

Lemma 10.10 If t € {124,125}, then t € B({8,9,10},1).

Proof: Consider a Seiden’s design cmbedded in the (dual) plane PG(2,16).
This plane contains a block oval, with the blocks spanning 153 points, and
cach of those points falls on two blocks of the block oval. The remaining
120 points form an RB(8,1) design, and cvery line of the plane is cither a
block of the block oval, or a sccant to this 120 point arc. We wish to adjoin
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n. points to this arc, giving a B({8,9, 10}, 1;120+ n] design. By picking two
off-arc points on a secant, we clearly could add two points to the design.
Suppose we have added z points, with z < 4. We wish to show a further
point can be added. We already have z{z — 1)/2 blocks of size 10, so there
arc at wost 7z(x—1)/2 further points on these blocks which arc forbidden to
us. Our z points fall on 2z blocks of the oval. These 22 blocks have 2(22—1)
intersections amongst themselves, and so thesc blocks cover 34r — 2(2x—1)
poiuts, including our set of = points, and these are forbidden to us. The
nunber of forbidden points is at most 34z — z(2z — 1) + 7z(z — 1)/2, which
evaluates to 69, 108, and 150 for =z = 2,3 and 4. Since these valucs are less
than the number of points available (153), we way increment z from 2 to

3,4 0rb. [ |

Theorem 10.11 If ¢ € {83, 84, 92, 124, 125, 132, 133, 140, 141, 172, 236,
237, 238, 244, 245, 308}, then t € A(8).

Proof: For 172; delete one block of T[10,1;19], then delete 8 wmore points
from one group, to give a GD[{8,9,10},1,{10*,18};172]. Thus, noting
Corollaries 10.6 and 10.9, and Lenunas 10.7 and 10.10, we have shown, for
all the t of concern, that ¢+ € GD({8,9,10},1, M), where M C A(8), so our
result follows from Theorem 4.4.

Theorem 10.12 Ift = 147, then t € C(8).

Proof: Deletc one block of T[10,1;16], then delete 3 more points from one
group to give a GD|[{8,9,10},1, {12*,15}; 147); apply Theorcm 4.4. [ |

Theorem 10.13 Ift = 69, thent € B(9).

Proof: A GDI[{9,10,55}, 1,{1,64};622] may be constructed by using the
last spike construction on 7T'[55, 1;64]. Note 8-{9, 10,55} C GD(9,1, 8); use
these as links to give 622 = 8-(9-64+55—9) € GD(9,1,{8,(72-7+8)*}),
and fill with a point at infinity. [ |

11 The Larger Designs

In this section, we give recursive proofs that the designs larger than the
range covered by the tables in Appendix A all exist. Note that this is not
established here, (nor was it known to be true), for the class C(9). The
results for this class were more sporadic, and so we will deal with B(9)
instead, judging that the importance of the results that we could obtain for
C'(9) did not warrant the increase in length to the paper they would cause.
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Theorem 11.1 If ¢ > 1095, then t € A(T).

Proof: If > 15, then 8z € T(9,1) and 8z € A(7), so for r < 120, we
can construct 64z + r € GD({8,9},1,{8x,7}), and apply Theorem 4.4.
Noting that 64 * 15 + 120 = 1080, and that the Appendix Table A.1 covers
values up to 1095, we sce we only need concern ourselves with the mod(64)
residues that do not occur in A(7) before 120. These missing residues are
2, 3,19, 43, 59, 61, and 62. Note that if z > 15, then 8z + 1 € T(9,1) and
8z+1 € A(7). This provides an alternative construction, using the residues
58, 7, 11, 35, 51, 53, and 54. For the residue 3 mod(64), we will use the
value 131 with 8z € T(9,1), and note that 1155 = 8 - 143 + 11 which fills
the gap between the end of the table and the first valid construction for
this residue. |

Theorem 11.2 Ift > 591, then t € C(7) and t € B(7).

Proof: If x > 7, then {8z,8z+1} C T'(9,1), and if z # 3, then {8z,8x+1} C
C(7). Now, if 0 < r < 63 and r # 34, then either r or r + 8 are in C(7),
and, if ¢+ > 584, then we can write t as t =64z + 7 + 8 with 0 < r < 63
and x > 9, so that 8z +1 > 8¢ > r + 8. Using the two transversal
designs mentioned above, we can show that + € GD({8,9},1,{8z + 1,7})
and t € GD({8.9}.1, {8x,7+8}). Now, if t # 42 wod 64 and ¢ > 584, then
for at lcast onc of these forms the group sizes are good, so we can apply
Theorem 4.4 to yield a design for ¢. If £ = 42 mod 64, then ¢t = 64z + 42 =
64(z — 1) + 106 and for > 15 we have 8(z — 1) > 106, and noting that
106 € C(7), we ounly have to worry about £ = 64z + 42 for 9 < z < 15.
These missing values of ¢ are 8- 71 + 50, 8- 79 + 50, 8 -91 + 18, 8- 101 + 2,
8-109+2, and 8-117+ 2, so these values are also constructable. The result
for B(7) follows from Theorem 2.1. [ |

Theorem 11.3 Ift > 319, then { € A(8).

Proof: If m # 4, then 8m + 1 € T(9,1). If m > 29, and m # 191,
then m € B(8). Let S = {0,1,10,43,36,29,30,15} and n € S. Then
{n,n + 120} C A(8), and 120 + n < 163. Now, if t # 4 mod 8 and ¢ > 320,
then we can write ¢ as £ = (8m + 1) + n with »n > 36, and so m > n.
Coustruction p from Table 4.4 now yiclds a construction for most of the
values of . If + = 41mod 8 and . > 43, then the above construction
works, so we only have to worry about 324 < t < 380 with + = 4 mod 8,
and 1 = 191. For the first sct of cases we can write ¢+ = 8m + 36, with
36 < m < 43, and use construction 1 to give a successful construction. For
m = 191, we replace m by 176 and n by » 4 120 and apply counstruction p.
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Theorem 11.4 Ift > 263, then t € C(8) and t € B(8).

Proof: f x > 7, then 8z € T(9,1). If x > 29, then either z or £ 4+ 1 is in
C(8). Let S = {0,1,2,35,4,21,6,7} and r € S. Then {r,r + 8} C C(8).
Now, if £ # 3mod 8, and ¢ > 9 x 29 = 261, then we can write £ as either
t=8(z+1)+rort=8x+(r+8). If x> 29, then z > r+8, so for at least
one of these forms we can apply construction n from Table 4.4 to yield a
design for ¢. If t = 3 mod 8 and z > 43, then the above construction works,
s0 we only have to worry about 267 < ¢ < 379 with £ = 3 mod 8, but in
these cases we can write £ = 8z + 19, with 31 < z < 45, and construction
n again yields a successful construction. The result for B(8) follows from
Theorem 2.1.

For the k = 9 cases, we intend to apply the constructions of Table 4.4.
Since the needed T°(10. 1) arc more readily available with odd group sizes,
the first step is to look at the residues mod 18. We want a pair of consecutive
residues that are in the respective scts A(9), B(9), C(9).

Table 11.1
res A(9) B(9) Cc(9)
mod 18
0 18 36 36 54 36 54
1 1 19 56 73 55 73
2 146 164 56 74 56 74
3 39 57 21 39 21 39
4 112 130 112 130 490 508
5 23 41 77 95 77 95
6 240 258 6 24 6 24
7 169 187 79 97 295 313
8 26 44 80 98 152 170
9 81 99 45 63 45 63
10 10 28 64 82 64 82
11 65 83 1 29 I 29
12 30 48 66 84 66 84
13 85 103 175 193 463 481
14 104 122 32 50 32 50
15 33 51 51 69 87 105
16 70 88 70 88 70 88
17 71 89 17 35 17 35

The residues for C(9) arc distressingly large in some cases, so we will
no longer deal with C(9), and will concentratc on B(9) instead. We now
state some preliminary lemmas that summarize the existence of transversal
designs and features of the Appendix Tables A.7 and A.8.
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Lemma 11.5 If x > 70 is even, then 92 — 1 € T(10,1).
Lemma 11.6 If x > 70 is odd, and x # 215, then 92 € T(10,1).
Lemma 11.7 If xz > 70 is even, then 9z + 1 € T(10, 1).

We now look for values m and m + 2 that are “not suitable”, cither
because they are not in the appropriate set, or because the appropriate
transversal design is unknowi.

Lemma 11.8 If m > 70 is odd, and m ¢ {75,113,195,201,245}, then
either m € A(9) and 9m € T(10,1), or m + 2 € A(9) and 9(m + 2) €
T(10,1).

Lemma 11.9 If m > 70 is odd, and m # 203, then either m € B(9) and
9m € T(10,1), or m + 2 € B(9) and 9(n. + 2) € T(10,1).

Lemma 11.10 If . > 70 is even, and in. & {76, 84, 92, 94, 174, 192, 194,
204}, then either m € A(9) and 9 — 1 € T(10,1), or m + 2 € A(9) and
9(m+2)—1€ T(10,1).

Lemma 11.11 If m > 70 is even, and m. & {92,146}, then either m €
B(9) and 9 +1 € T(10,1), or m+2 € B(9) and 9(m +2)+1 € T(10,1).

In the remaining discussion of & = 9 coustructious, it is sowctimes
convenient. to divide numbers by 9. When this is done, we will write the
result in mizred radiz notation, with the integer part in the usual base 10
and the fractional part in base 9. The maximum value in the appendix
tables is 728, which when divided by 9 yields 80.8.

The next two tables outliue the approach we will adopt. We can deal
with most cases using the constructions given in the following tables using
one of the constructions of Table 4.4 and with m and n + 18 or with n + 2
and n. For the A(9) residucs of 0 and 7, use construction k for the swaller
values, and then use coustruction n for £/9 > 110.0 and 98.7.

Theorem 11.12 Ift > 728, thent € A(9) and t € B(9).

Proof: The main part of the proof of the theorem follows from the con-
structions outlined in Tables 11.2 and 11.3. There are some messy details
of providing constructions for tlic exceptional cases of Lennnas 11.9, 11.10
and 11.11, and also of cnswring that the gaps between the end of the ap-
pendix tables and the first valid construction cau be filled. Gaps between
the end of Tables A.7 and A.8, (at 9 x 80.8), and the first valid construction
appear for the A(9) residues of 5, 8, and 15, and for the B(9) residues of 6,
11, and 14. These messy details arc given in Appendix E.
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Table 11.2
Coustructions for A(9).
Res Constr. n n+18 n+18 First First valid

mod 18 +9 goodm t+9
0 k 1 19 2.1 70 72.0
n 81 99 11.0 99 110.0

1 n 10 28 3.1 71 74.1
2 P 1 19 2.1 70 72.2
3 n 30 48 5.3 71 76.3
4 p 39 57 6.3 70 76.4
5 p 112 130 14.4 130 144.5
6 n 33 51 5.6 71 76.6
7 k 26 44 4.8 70 74.7
n 70 88 9.7 89 98.7

8 n 71 89 9.8 89 98.8
9 n 18 36 4.0 71 75.0
10 n 1 19 2.1 71 73.1
11 p 10 28 3.1 70 73.2
12 n 39 57 6.3 71 77.3
13 P 30 48 5.3 70 75.4
14 n 23 41 4.5 71 75.5
15 k 70 88 9.7 88 97.6
16 p 33 51 56 70 75.7
17 n 26 44 4.8 71 75.8

Table 11.3

Constructions for B(9).
Res Constr. n n+18 n+18 First First valid

mod 18 +9 goodm t<+9
0 n 45 63 7.0 71 78.0
1 q 36 54 6.0 70 76.1
2 n 11 29 3.2 71 74.2
3 q 56 74 8.2 74 82.3
4 q 21 39 4.3 70 744
5 n 32 50 5.5 71 76.5
6 q 77 95 10.5 96 106.6
7 6 24 2.6 70 72.7
8 n 17 35 3.8 71 74.8
9 n 36 54 6.0 71 77.0
10 n 55 73 8.1 73 81.1
11 n 56 74 8.2 75 83.2
12 n 21 39 4.3 71 75.3
13 1 32 50 5.5 70 75.4
14 n 77 95 10.5 95 105.5
15 n 6 24 2.6 71 73.6
16 1 17 35 3.8 70 3.7
17 1 36 54 6.0 70 75.8
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12 Update

The objective of this section is to provide some designs so that this paper,
in conjunction with [2], establishes the relevant results in [7). We also
either note, or cstablish further results, so that this section, in conjunction
with [7] gives the current status of the existence problem for B[k, 1;v] for
k € {7,8,9}. Also, we give a sufficient bound for the existence of RC(T7),
as well as establishing small possible exception lists for D(7) and D(8).

12.1 Designs with Block Size 7

The values in Theorem 12.2 and 12.3 were constructed in (8], and arc in-
cluded here for cowpleteness. The key design is the T[7,1;42] which is
given in [4]; it is actually given as a T(7,1;42] — T'[7, 1; 7], which fact we use
later.

Lemma 12.1 {61,66,67,83} C B({7,8,9},1,{4,7,8,9,10}).

Proof: For 61: take two lines in PG(2,8), and remove their point. of inter-
section, plus 7 other points from the first line and 4 other points from the
second line; use lines through onc of thesc last 4 points as groups. For 66,
67: delete 7 or 6 oval points from PG(2,8) and use lines through onc of
these deleted points as groups. For 83: delete 8 poiuts cach from two par-
allel lines in 779, 1; 11], with cvery group having at least one point. deleted.

Theorem 12.2 {61,66,67,83} C A(7)

Proof: Essentially this is a corollary of Lemma 12.1, and follows by Theo-
rem 4.4, [ |

Theorem 12.3 44 € C(7)

Proof: Coustuction 1G 7.2. [ |

Remark 12.4 In [3], Abel showed that {29,43} C A(7) and {4,6, 29} C
C(7) as a consequence of the designs noted in Remark 6.11. .

12.2 Designs with Block Size 9

Our first aim is to show that A(9) contaius 17, 176, 215; that B(9) contains
166, 191; that C(9) contaius 19, 173; and that RC(9) coutains 37. This
will validate (7].



The result for 17 and 19 follows by using the appropriate fill theorem on
Theorew 12.17; we can then get 173, 176, and 191 by constructions L 19.11,
L 19.14, and BC 19.10. For 215, a variant of the code L construction re-
woves all but onc point from 8 groups of a T[17, 1;23], with the 8 singleton
points being collincar, giving a GD[{9.10,17*}.1. {1.23}; 215]; the result
unow follows from Theorem 4.4. For 166, start with a TD[10.1;17] and
fill in 6 groups; take a block, and delete its four points from the remain-
ing 17-groups, then remove the 6-block to give a group; this shows 166 €
GD({9,10,17},1,{1,6,16}); the result now follows from Theorem 4.4. For
the last result, we take Mathon's RGD|9, 1, 3; 99] (sec (34, Lemma 3.5)),
and use a RT[9,1;27] as the link design, then use a RT[9,1;9] as the fill
design.

Theorem 12.5 8 € A(9)

Proof: Buratti gives a difference fawmily in GF(577) in [19]. We take the
cube roots (1, 363, 213), multiply cach by 1, 8, and 208 to give a base block;
form a second by multiplying by 46 (= 5¢ and 5 is a primitive clewment);
wultiply this pair by 513° for 0 < i < 3 (note 513 = 524) to get the required
8 base blocks. Since 8 = 5% and 208 = 53 we also sec that these base
blocks are disjoint. [ |
We have several designs as a consequence of Theorem 12.5; these are
given in Table 12.1, with further details in Appendix D. The TD[9,1;740)—
TDI[9, 1;60] nceded to show 93 € A(9) follows from a coustruction of Abel
(2, Lemma 5.7] and relies on the existence of TD[9,1;56 + hy + hg] —
TD[9,1;h1] — TDI[9, 1; hy) for hy € {0,8} and hy € {0, 1,8}.
Table 12.1
Coustructions for t € A(9).
t constr. t constr. t constr. t constr.
72 b81 93 Ir128 97 k108 107 Ir14.8
128 Ir17.8 197 m21.8 212 Ir29.8 219 Ir30.8
Theorem 12.6 {20,48,60} C B(9).

Proof: For 48, usc constuction a 6.1; the other two values arc given in [20].

Remark 12.7 Hanaui’s purported GD[9,1,9;153], given in Hall [29], is
flawed. I can sec no way to correct it, although one can adapt it to give a
GD[9,2,9;153].

This flawed design affects (23, 24], and no further valid designs arc to
be found there. However, (distinguishing methods from results), I did learn
from [24] the power of nou-coustant weightings in Wilson’s Fundamental
Coustruction, and Lemuma 12.11 is modelled after that paper.
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12.3 Resolvable Designs

The improvements that follow from recent work are the result of having new
small BIBDs to usc recursively, from a result of Abcl’s given below, and
the following use of frames. (For the definition of a frame, see [6, 1.6.1]).

Theorem 12.8 57 € RC(6)

Proof: Removing a sub-T'[7,1;7] from a T(7,1;42] gives GD[6, 1, 35; 245];
this GDD is also a frame (by [42, I11.6.10]); now use this design as the link
design on a GD[7,1,7;49] to produce a GD[6,1,35*7 = 245;245%7 = 171§]
which is also a frame by [6, 1.6.10]; fill the groups with the aid of an infinite
point, using [6, 1.6.12], to get 1715 + 1 € RB(6,1), (i.c., 57 € RC(6)).
Replacing the 49 point design by other designs in C(7) shows that t € C(7)
implics 492 + 8 € RC(6). [ |

One problem with using Theorem 7.1 with a difference family is ex-
hibiting a set of suitable shifts so that the shifted base blocks of the family
arc disjoint; wmany difference families are formed by considering multiples
of a “master” basc block, and Abcl exploited this structure rather nicely
to cxhibit a systematic set of shifts; the following is a slight expansion of
Abcl’s construction [2, Theorem 2.2].

Theorem 12.9 Let g = k(k — 1)t + 1 be a prime power. Given we have a
difference family over GF(q) for Blk,1;q), with blocks Bg, By,...,B;_1, of-
the form B, = a™By. If k > 2, then there is a disjoint difference family.

Proof: Shift the n-th base block by a™y. Let By = {b1,bs,...,bx}. Now
if a™(b; +y) = a™(b; + y) for m < n, then (b; + y) = " ™(b; + y); (so
if v is bad, it is recally bad). The systematic shift, and this consequence,
arc the key clements of the proof; we now show a suitable y exists; note
we nced only look at disjointedness of By with the other blocks. Since
A = 1, we may note that o™ # 1 (except for n = 0 of course). If we fix
i# jand 0 < n < t, then b; + y = a™(b; + y) has a unique solution in
y; this climinates at most k(k — 1)(¢ — 1) values of y; if we fix 7 = j and
0 < n < t, then b; + y = a™(b; + y) implies b, + y = 0 (independent of
n > 0); this climinates at most k more valucs of y; there remain at least
q—k(k—1)(t = 1) — k= k(k — 2) + 1 possible choices of 3. [ ]

Remark 12.10 For k=7 and ¢ ¢ {43, 127,211}, suitable diffcrence fami-
Kes exist for ¢ < 6007 (and in particular, for ¢ = 1597), and for £ =9 and
q & {289,361} suitable difference families exist for ¢ < 32767 [25, 2, 19]
(noting the disjointness exhibited in Theorem 12.5).
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We now look at an application of Wilson’s Fundamental Construction,
of which our link Theorem 3.1 is a special case. (See [13, Theorem IX.3.2]
or [41, II1.2.7]).

Lemma 12.11 If a T[10,1;mn] exists, 0 < u<m and 0 < x4y < m, then
t € GD({8,9},1, {8m,8u,(7z + 8y)}) and Tt + 1 € B({8,56m + 1,56u +
1,7(7z + 8y) + 1}), where t = 64m + 8u + Tr + 8y.

Proof: We require GD({8,9},1, {7,8}) designs, with group types of 8°, 8%,
810 g87L 8971 The first two of these are TDs, the next is a punctured
AG(2,9), and the last two are the previous two with a point removed. We
next weight a 7710, 1;mn)], giving all 7 points of 8 groups a weight of 8; we
give v points a weight of 8 in the next group, and give x points a weight of
7 and y points a weight of 8 in the last group. Using 7%{8,9} C GD(8,1,7)
as links on the ¢ point design just constructed gives the sccond result. [ |

Theorem 12.12 Ift > 7011, then t € RC(7); equivalently, if v = 7 mod
42 and v > 294469, then v € RB(7,1).

Proof: First, note that if n € RC(7), then that design has a replication
number of 7n + 1. The basic aim of the proof is to use Lemma 12.11,
express t as t = 64m + 8u + 7z + 8y for suitable m, v, z and y; then from
the second part of Lemma 12.11, we have 7t + 1 € B(7- RC(7) + 1, 1), so
the result will follow by PBD closure.

Now, from the Appendix C coustructions, and Remark 12.10, note that
R = {0,49,266,91,28,77,70,63} C RC(T7); these values are all multiples of
7, and distinct modulo 8. Also, note {m,u} C A(8) for m > u > 68 (using
the updated results), and so {8m,8u} C RC(7) by construction I. Given
t > 7011, we can set ¢ = r mod 8, with 7 € R, express 7 as r = 7Tx+8y, with
0<z<7andye€ {0,0,28,7,0,8,8,8}, pick 7n such that 64m < t—r—8+68;
we pick the maximum value for 7 that also satisfies 1 € T(10,1); finally,
let . = (t — r — 64mn)/8. Note that any 10 consccutive integers contain at
least one that is not divisible by any of 2, 3, 5 or 7, and hence is in T'(10, 1);
this means that we will only pick » in the range 68 through 147; clearly
the construction works once we have m = 149 > 147, but the members
of T(10,1) in the range 97 through 149 are close enough together that the
range for u of 68 through m suffices. Finally, 7010 = 64 %97 + 867 + 266 is
the largest inapplicable casc below our range (duc to 67) in the worst (i.c.,
largest R member) modulo 8 class.

12.4 The Set D(k)

The sct D(k) is the number of groups in a GD(k, 1, k(k — 1)) design, and
is PBD closed. With Abel’s coustruction of a TD[7,1;42] design, it is
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casy to show {k,k + L,k + 2} C D(k) for k € {7,8}. Ling, Zhu, Col-
bourn and Mullin [36] show B({7,8,9},1) contains all munbers with at
wost 251 exceptions, and Ling and Colbourn [35] establish a similar result
for B({8,9,10},1) with 380 possible cxceptions, (a minor flaw was corrected
in [9]); the detailed results are given in [12, 111.3.2], and quoted below. Us-
ing these results together with some recursive constructions detailed in the
Appendix (which can be exploited through PBD closure), it is possible to
give reasonable list of possible exceptions to inclusion in D(k) for k € {7,8}.
The list of possible exceptions for B[{7,8,9}, 1;v] due to Ling et al. [36]
is: 2 6, 10 48, 51 55,59 62,93 111, 116 118, 132, 138 168, 170 216, 219
223, 228 230, 243 279, 283 286, 298 300, 303 307, 311 335, 339 342.
Abel [3] has since removed 175, 176, 259 and 260 using Remark 6.11.

Lemma 12.13 Ifv e {132, 141 145, 149 151, 153, 190, 196 198, 202 206,
210- 214, 220, 222, 223, 243 266, 268, 271, 273, 274, 279, 284, 298 325, 327
333, 335, 340, 341}, then v € B(Q,1) where Q = {7, 8, 9, 15, 17, 28, 33,
36, 41).

Proof: For 287 322, we can use Lemma 10.8 with s = 7 and ¢ = 41.
The B(8,1) Deuniston arc designs on 120 points in PG(2, 16) and on 232
points in PG(2,32) contain ovals on 18 and 34 points; add an cxternal
line on 17 or 33 points, thereby incrementing all blocks by one, and delete
some oval points, to get 132 and 243 265. The complement of the 120
poiut arc in PG(2,16) is a B[{9,17},1;153] where the 17-blocks are an
oval in the dual plane; delete three non-collincar points whose pairs lic on
17-blocks to get a B({8,9,15,17},1;150]. Most of our designs come from
truncating up to two groups of a T'(9, 1;1] design, and filling in the groups,
possibly with the aid of an iufinite point, for + € {16,17,27,32,40,41}.
For 274 = 6 * 32 + 3 x 27 + 1, we use the Wojtas wethod of truncating
three groups to get 274 € B({7,8,9,28,33},1); (see [13, Theorem X.3.8]).
We can use a spike and a group to get v € B({7,8,9, g*, h*,41},1) for
v="T%4l+g+ (h—7) with g < 40 and A < 41; suitable triples arc
(v,9,h) = (325,36,9), (333,36,17), (341, 33, 28). [ |

Remark 12.14 In the Appendix Table B.1, we establish that Q ¢ D(7),
aud so the constructions of Leimua 12.13 can be used to remove those values
from Ling et al.’s exception list using PBD closure. Appendix Table B.1
also removes further values from Ling ct al.’s exception list. A cowplete
list of # for which £ € D(7) has not been shown is given in Appendix B;
uote the values 2 through 6 (= k& — 1) arc impossible.

The list of possible exceptions for B[{8,9,10}, ;] duc to Ling and
Colbourn [35] is: 2 7, 11 56, 58 63, 66 71, 75 79, 101 109, 111 113, 115
119, 126, 127, 133 135, 155 160, 166, 167, 173 231, 239, 247 287, 290 295,
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299 343, 346 351, 355 399, 403 407, 411 423, 426 431, 435 439, 443 448,
452 455, 472 497, 499 503, 507 511, 580 582.

Lemma 12.15 If v € {127, 133 135, 155 160, 166, 167, 239, 247 287,
290 295, 299 343, 346 351, 355 399, 403 407, 411 423, 426 431, 435 439,
443 448, 452 455, 472 497, 499 503, 507 511, 580 582}, then v € B(Q, 1)
where @ = {8, 9, 10, 15, 16, 17, 29, 30, 33, 36, 37, 41, 43, 44, 49, 50, 53,
54, 71}.

Proof: Applying Lemma 10.8 with s = 8, and taking ¢ € K = {16, 29, 37,
41, 43, 49, 53, 71}, we can show v € B({8,9,10} U K,1) for v values of
128 137, 232 254,296 326, 328 380, 392 470, 568 632. We can also delete
oval points from PG(2,16) and AG(2,17) to show v € B({15,16,17},1)
for 255 < v < 289. The Dcuniston arc on 120 points in PG(2,16) has
intersections of size 0 or 8 with the lines of the plane; extending one 8-line
to size 15 shows 127 € B({8,9,15},1). Asin Lemma 10.8, we may construct
a T[10,1;16], where each group contains an oval point; remove up to five
oval points to show v € B({8,9,10,15,16},1) for 155 < » < 160. For the
rewmaining values, we can use the truncated transversal design construction,
truncating two groups of a T'D[10,1;¢q] for ¢ € {17.37.43} U {29, 32,53},
filling in the groups with the aid of au infinite point for the latter three
values. [ |

Remark 12.16 In the Appendix Table B.2, we cstablish that Q@ c D(8),
and so the constructions of Lemma 12.15 can be used to remove those values
from Ling and Colbourn’s exception list using PBD closure. Appendix
Table B.2 also removes further values from Ling and Colbourn’s exception
list. A complete list of ¢ for which ¢ € D(8) has not been shown is given in
Appendix B; note the values 2 through 7 (= k — 1) are impossible.

Theorem 12.17 {17,19,72,82} C D(9)

Proof: [27] The coustructions for the values 72 and 82 arc given in the
Appendix; they arc included here primarily to highlight their absence from
[7, 1.2.22]. For ¢ =17 and 19: construct an oval in PG(2,q), and note the
sct of g(q — 1)/2 points that do not lic on any tangent intersect secants in
(g9 — 1)/2 points, and external lines in (g + 1)/2 points; use these points
(plus 17 oval points for ¢ = 17) to form a design, with the lines through
an unused oval point as groups, to get {153,171} ¢ GD({9, 10}, 1,9); use
L € E(9) as link designs for the result.
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13 Summary

The 1ain results of this paper is the construction of B(k,1) designs with
some exceptions. These results are summarized in the table below. Lists
of the exceptions are given in Appendix F.

Table 13.1
Summary of BIBD Exceptions.
Established in this paper Current best known
Class Number not Largest Largest Nuwmber not Largest Largest
constructed t v constructed t v
A(7) 31 117 4915 18 62 2605
B(7) 9 82 3451 4 39 1645
c(n) 18 203 8533 5 39 1645
A(8) 67 231 12937 28 67 3753
B(8) 11 191 10704 10 28 1576
C(8) 13 195 10928 10 28 1576
A(9) 89 372 26785 47 209 15049
B(9) 68 454 32697 4 229 16497
Cc(9) 213 1726 124281 55 229 16497
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Appendices

There are six appendices. The first covers the main constructions for the
classes A(k), B(k), and C(k). Subsequent appendices cover D(k), RC(k),
the incomplete transversal design construction, and the completion of The-
orem 11.12 for £ = 9. The final appendix lists the unconstructed cases of
Appendix A, and shows the current unconstructed cases.

Code Authority

a Table 4.1
b Table 4.1
Ba Table 4.6
BA  Table 4.6
BB Table 4.6
BC Table 4.6
BD Lemma 4.10
c Table 4.1
d Table 4.1
e Table 4.1
E Table 7.1
f Tablc 4.1
F Table 7.1
g Table 4.1
A

Kcy to appendix tables

Code Authority

h Tablc 4.1
H Table 7.1
HA  Table 4.2
HB ' Table 4.2
Hec Table 4.2
HC  Table 4.2
HD  Table 4.2
HF  Tablc 4.2
i Tablec 4.3
I Table 7.2
IA Tablc 9.1
IB Table 9.1
Ic Table 9.1
ID Table 9.1

Code Authority

If Table 9.1
IF Table 9.1
IG Table 9.1
Ir Table 9.1
IR Table 9.1
i Table 4.3
J Table 7.2
k Table 4.4
1 Tablc 4.4
L Lemma 4.9
m Tablc 4.4
n Table 4.4
o Table 4.4
p Table 4.4

The Main Constructions

Code Authority

P
q

r

R
RT
RW
S

T
X
Zi
Zj
ZR
77

n*

Section 6
Table 4.4
Lemma 4.14
Lemma 4.7
Lemma 7.4
Theorem 7.1
Section 5
Lemma 4.6
Another table
Tablc 4.5
Table 4.5
Lemma 4.8
Section 10
Uncounstructed

This appendix covers the coustructions for the small and medium values
for the classes A(k), B(k), and C(k).

Table A.1
0
0 0 S
8 1 P
16 2 P
24 3 P
32 4 c4.l
40 5 P
48 6 P
56 7 HF 8
64 8 P
72 9 T 8.8
80 10 P
88 11 P
9% 12 T 118
104 13 **104**
112 14 HF 16
120 15 P
128 16 T 16.0
136 17 T 16.8

Table of Coustructions for A(7)

1 2

Rk Rk dokkgkokk
P P

sk ] 7K P
P P

Aok gephok P
P RHkgokk

HF 7 HB 7
HB 8 P

P *¥rgEr*

P P

T Q.9 *Hkgors

P BD 119
T11.9 T 11.10
HF 15 HB15
HB 16 P
ZZ ZZ

P R 120.10

T 169 T 16.10

3 4
***3*** P
S P

*kk] gk P
WAQTH* HF 4
Ir64 HB 5
***43** P
P ***52**
***59** P
***67** P
***75** T 94
***83** P
P TI14

P P
**107**  Ir 20.7
P IG174

P P

P T164

P P

31

5 6 7
***5*** ***6*** ZZ
***13** ***14** P
P ***22** P
*eROGEE Iy 5.4 £
***37** P #**39**
Ir 84 | " i
Icl4 P P
***61** ***62** P
Ir 12.8 HF 10 T 8.7
HF 11 HB 11 P
P P d1l.11
P IB24 TI11.7
P Ir18.11 P
Ir 20.8 P P
bt B P P
Ir244 HF18 R 120.7
ZZ ZZ T 16.7

P Ir26.11 P



46
47
48
49
50
51
52
53
54
59
56
57
58
59
60
61
62
63

T 16.16

c 20.1

o Je ]

T 23.0
T 23.8
T 23.16

T 25.16
T 25.24
R 232.0
R 232.8

T 31.0

T 31.16
T 31.24
T 32.24
P

P

P

R 288.24
P

T 41.0
T 41.8
P

T 41.24
T 41.32
T 41.40
R 344.32
P

T 49.0
T 49.8
P

T 49.24
T 49.32
T 49.40
P

T 56.0
T 56.8
P

T 56.24
P

T 56.40
T 56.48
P

T 57.56
P

T 64.16
T 64.24
T 64.32
T 64.40
T 64.48
P

ZZ

P

P

HB 24
ID 4.8
ID 4.16
T 23.9
P

T 25.9
HF 31
T 25.25
P

R 232.9
P

T 31.9
P

P

T 32.25
Ir 52.28
R 288.9
ID 7.10
P

Ic 7.20
Ic 7.28
T 41.9
c2.23
P

BD 41.8
T 41.41
Ic 8.34
R 34441
HB 56
P

R 400.9
T 49.25
P

T 49.41
P

P

T 56.9
P

P

T 57.25
T 56.41
T 56.49
P

T 57.57
T 649
T 65.9
T 64.25
T 65.25
P

P

P

P

P

HB 23
IA 4.8
P

If 4.18
T 23.10
T 23.18
P

P

Ic 5.9
P

R 232.10
P

P

T 31.18
T 31.26
T 32.26
Ir 56.9
P

R 288.18
R 288.26
R 288.34
HB 47
P

P

P

T 41.34
P

P

HB 55
Ic 8.51
T 49.10
T 49.18
T 49.26
T 49.34
P

T 53.18
R 400.50
P

T 56.18
T 56.26
T 56.34
T 57.34
T 56.50
T 57.50
P

T 64.10
T 64.18
T 64.26
T 64.34
P

T 64.50
T 64.58

HF 21
HB 22
d2.11
1A 4.9
ID 4.10
ID 4.18
P

P

P

P

Ic 5.10
P

R 232.11
Ir 46.20
T 31.11
T 32.11
P

P

Ir 56.10
R 288.11
Ir 56.26
HF 45

P

P

T 41.11
ZZ

R 344.11
T 41.35
P

R 344.35
Ic 8.44
Ic 9.10
T 49.11
R 400.11
P

T 49.35
T 53.11
Ic 9.58
R 400.51
T 56.11
T 57.11
T 53.51
P

T 57.35
P

T 57.51
Ic 11.46
T 64.11
P

P

T 64.35
P

T 64.51
T 65.51

32

" e~ e ]

If44

P

T 234

P

T 23.20
Ir 38.21
P

c4.8

R 232.4
IB 5.28
T 314
T 324
T 31.20
P

T 32.28
R 288.4
P

R 288.20
R 288.28
R 288.36
T 41.4

P

T 41.20
T 41.28
P

R 344.28
R 344.36
R 344.44
P

R 400.4
T 49.20
T 49.28
P

P

R 400.44
T 56.4
T 574
T 56.20
T 56.28
T 56.36
T 56.44
P

ID 11.45
P

T 65.4
T 64.20
T 64.28
P

T 64.44
P

T 64.60

Ir 26.18
Ir 28.16
e211
ID 44
P

ID 4.20
HB 28
T 23.21
IR 5.31
P

P

Ic 5.20
HF 35
P

Ir 46.30
P

T 32.21
P

Ir 52.32
d11.4
P

Ic 7.16
g225
Ic 7.32
P

T 41.21
HF 51
R 344.21
P

Ic 8.38
P

Ic 8.54
P

T 49.21
P

Ic 9.44
T 49.45
P

R 400.53
Ic 10.34
P

T 57.21
Ic 11.16
P

T 56.53
T 57.53
ZZ

P

T 64.21
T 65.21
P

T 64.45
T 64.53
T 65.53

P

P

IA 44

P

HF 26
HB 27

P

Ir 38.15
Ir 38.23
Ir 38.31
P

HF 34

P

Ir 46.23
R 232.30
c2.18

P

T 32.30
Ir 54.23
ID 7.7
Ic 7.9

R 288.30
P

P

Ic 7.41
HF 50

T 41.30
P

R 344.30
R 344.38
R 344.46
Ic 8.55
P

P

T 49.30
P

P

R 400.46
P

T 53.38
T 53.46
T 56.30
T 56.38
P

T 56.54
T 57.54
P

P

Ic 11.65
T 64.30
T 64.38
T 64.46
P

P

P

d 1.20
d1.21
P

P

T 23.7
T 23.15
T 23.23
T 25.15

T 41.23
T 41.31
R 344.23
R 344.31
d 1.48

d 5.11

P

T 49.15
P

T 49.31
R 400.31
P

T 53.23
T 56.7
P

T 56.23
T 56.31
T §7.31
BD 56.9
T 56.55
T 57.556
P

T 64.15
T 64.23
P

P

d 1.70
T 64.55
P
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T 64.64
T 65.64
T 71.24
T 71.32
P

P

P

T 71.64
P

T 72.72
T 73.72
T 79.32
T 79.40
T 79.48
T 79.56
T 79.64
P

T 80.72
P

P

T 88.32
T 88.40
T 88.48
T 88.56
P

T 88.72
T 88.80
T 88.88
T 89.88
T 91.80
T 91.88
T 96.56
T 96.64
T 96.72
T 96.80
T 96.88
T 96.96
T 97.96
T 99.88
T 99.96
T 100.96
T 101.96
T 103.88
T 103.96
T 105.88
T 105.96
T 112.48
T 112.56
T 112.64
T 112.72
T 112.80
T 112.88

T 65.57 T 65.58 T 71.11

P T71.18 T 7211

P T7126 T73.11

P T7134 T7135
T 71.41 P T 7235
T 7149 T 7150 T 71.51
T 71.57 P T 7251
T 7165 T 7258 T 73.51
T 7265 T 73.58 T 79.11
T 7365 T 79.18 T 80.11
T73.73 T79.26 T81.11
T 8025 T 79.34 T 79.35
T 7941 P P
T 79.49 T 79.50 P
T 79.57 T 79.58 P
T 7965 T 81.50 T 81.51

P T 79.74 HF 101

P P T&88.11
T 8173 T 81.74 P
T 81.81 T 88.26 P
T 89.25 T 88.34 P
T 88.41 P T 89.36

P T 88.50 T 88.51

P T&88.58 T 89.51

P P R 680.91
T 88.73 T 88.74 P
T 8881 T&8§9.74 T 97.11
T 89.81 T 96.26 ZZ
T 89.89 T 91.74 T 99.11
T91.81 T 97.34 T 100.11
T91.89 T91.90 T 91.91
T 96.57 T 96.58 T 97.51
T 86656 T97.58 T 103.11
T Y6.73 T 96.74 T 99.51
T 96.81 T 97.74 T 100.51
T 9689 T 96.90 T 96.91
T9789 T97.90 T 97.91
T 97.97 T 100.74 T 103.51
T 99.89 T 99.90 T 99.91

T 101.97 T 101.98 T 101.99
T 103.89 T 103.90 T 103.91
T 103.97 T 103.98 T 103.99
T 105.89 T 105.90 T 105.91
T 105.97 T 105.98 T 105.99

33

T 65.60 R 512.69 R 512.70

P

P
T 71.36
T 71.44

P
T 71.60

P
T 72.68
T 73.68
T 79.28

P

P
T 80.44
T 79.60

P
T 79.76
T 80.76
T 81.76
T 88.28

P
T 88.44
T 89.44

P
T 88.68

P
T 88.84
T 89.84
T 91.76
T 91.84
T 97.44
T 96.60
T 96.68
T 46.76
T 96.84
T 96.92
T 97.92
T 99.84
T 99.92

T 71.21
T 72.21
T 73.21
P

P

T 73.45
T 73.53
T 72.69
P

P

P

T 79.45
P

T 81.45
P

T 79.77
T 80.77
T 81.77
T 89.21
P

T 91.21
T 89.45
T 89.53
P

T 88.77
T 88.85
T 89.85
T 91.77
T 91.85
T 100.21
T 101.21
T 99.45
T 96.77
T 96.85
T 96.93
T 97.93
T 99.85

P

P

P
T 71.46
T 71.54
T 72.54
T 71.70
T 72.70
T 73.70
T 79.30
T 79.38

P

P
T 80.54
T 79.70
T 79.78
T 80.78

P
T 88.30
T 88.38
T 88.46
T 88.54

P
T 88.70
T 88.78
T 88.86
T 89.86
T 91.78
T 91.86
T 96.54
T 97.54
T 96.70
T 96.78
T 96.86
T 97.86
T 99.78
T 99.86

T 99.93 T 100.86

T 99.97 T99.98 T 99.99 T 100.92 T 100.93 T 101.86
T 100.97 T 100.98 T 100.99 T 101.92 T 101.93 T 103.78
T 103.84 T 103.85 T 103.86
T 103.92 T 103.93 T 105.78

T 115.4 T 105.85 T 105.86
T 105.92 T 105.93 T 112.38
T 115.20 T 115.21 T 112.46
T 11249 T 112.50 T 112.51 T 115.28 T 112.53 T 112.54
T 112,57 T 112.58 T 113.51 T 112.60 T 109.85 T 115.38
T 11265 T 113.58 T 109.91 T 112.68 T 11545 T 112.70 T 112.71
T 112.73 T 112.74 T 115.51 T 112.76 T 112.77 T 112.78 T 112.79
T 11281 T 113.74 T 121.11 T 112.84 T 112.85 T 112.86 T 112.87
T 112.89 T 112.90 T 112.91 T 112.92 T 112.93 T 113.86 T 112.95
T 112.96 T 11297 T 112,98 T 112.99 T 120.36 T 115.77 T 115.78 T 115.79
T 113.96 T 115.81 T 121.34 T 113.99 T 120.44 T 115.85 T 115.86 T 115.87

T 65.63
T 71.23
T 71.31
T 72.31
T 73.31
T 71.55
T 71.63

T 72.71
T 73.71

T 81.31
T 79.55
P

P

P

T 80.79
T 81.79
P

T 89.31
P

T 88.55
T 88.63
T 88.71
T 88.79
T 88.87
T 89.87
T 91.79
T 91.87
T 96.55
T 96.63
T 96.71
T 96.79
T 96.87
T 96.95
T 97.95
T 99.87
T 99.95
T 100.95
T 101.95
T 103.87
T 103.95
T 115.7
T 105.95
T 115.23
T 112.55
T 112.63



1008 126 T 115.88 T 115.89 T 120.50 T 11591 T 115.92 T 115.93 T 120.54 T 115.95
1016 127 T 115.96 T 115.97 T 115.98 T 115.99 T 120.60 T 121.53 T 121.54 T 120.63
1024 128 T 12064 T 120.65 T 121.58 T 127.11 T 120.68 T 120.69 T 120.70 T 120.71
1032 129 T 120.72 T 120.73 T 120.74 T 128.11 T 120.76 T 120.77 T 120.78 T 120.79
1040 130 T 120.80 T 120.81 T 127.26 T 129.11 T 120.84 T 120.85 T 120.86 T 120.87
1048 131 T 120.88 T 120.89 T 120.80 T 120.91 T 120.92 T 120.93 T 127.38 T 120.95
1056 132 T 120.96 T 120.97 T 120.98 T 120.99 T 121.92 T 121.93 T 127.46 T 121.95
1064 133 T 127.48 T 127.49 T 127.50 T 127.51 T 128.44 T 131.21 T 127.54 T 127.556
1072 134 T 127.56 T 127.57 T 127.58 T 128.51 T 127.60 T 129.45 T 128.54 T 127.63
1080 135 T 127.64 T 127.65 T 128.58 T 129.51 T 127.68 T 129.53 T 127.70 T 127.71
1088 136 T 127.72 T 127.73 T 127.74 T 135.11 T 127.76 T 127.77 T 127.78 T 127.79
0 1 2 3 4 5 6 7
Table A.2
Table of Constructions for B(7)
t constr. t constr. t constr. t constr. t constr.
22 Ir4l 24 ZZ 42 Ir81 43 Ir82 53 Ir10.2
59 Ir10.8 174 HA 25 179 Ir32.18 203 Ir38.12
Table A.3
Table of Constructions for C(7)
0 1 2 3 4 5 6 7
0 0 S P P ***3*** ***4*** P ***6*** P
8 1 P jl P P P P HF 2 c2.1
16 2 P P P ¥¥x g%+ P P ¥x22%* P
24 3 g P P P P *xogx* P ZZ
32 4 P P ¥¥¥3q* P HC5S P | S {!
40 5 P ,] 5 **#42** ***43** bt ¥ Lo P P P
48 6 P HF7 HC 7 P P *r¥53%* Ic 1.5 P
56 7 P P P kxx50%* P P P P
64 8 T80 T&.1 P h 5.2 P T&85 P T 8.7
72 9 P P T 9.2 ZZ P P HCI11 T 9.7
80 10 T 9.8 P kkg2¥* P HF12 HCI12 g7.2 P
88 11 P TI11.1 P P HC13 T11.5 IF 2.10 P
96 12 P T119 T11.10 T11.11 P P P P
104 13 P P TI13.2 P BD139Y T 135 P T137
112 14 P T139 T13.10 P T 13.12 T 13.13 P HF17
120 15 R 120.0 P P P ZR25 P P R 120.7
128 16 P T161 T16.2 P R 120.12 T 16.5 R 120.14 P
136 17 T 16.8 P P T16.11 P T 16.13 P P
144 18 T 16.16 T 17.9 P P T17.12 T17.13 T 17.14 P
152 19 T 17.16 P IR47 c¢221 P ZZ gl32 IR4.12
160 20 P P HC23 IR4.16 IR4.17 P P IR 4.20
168 21 P j21 P h2i3 P P ¥¥174%* P
176 22 HC 25 P P **179%* c2.12 P P HC26
184 23 T23.0 T23.1 P P P T235 HC27 T23.7
192 24 P T239 T23.10 P T23.12 T23.13 T 23.14 T 23.15
200 25 P T 23.17 P **203** T 23.20 P P T 23.23
208 26 P T259 T2510 T 25.11 T 25.12 P T 25.14 P
216 27 P P T25.18 IF59 P P h 5.7 T 25.23
224 28 T 278 T2525 T27.10 T 27.11 P T 27.13 P T27.15
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T 27.23
P

P

P

P

T 31.31
P

R 288.7
T 37.7
P

T 37.23
T 37.31
P

T 41.15
T 41.23
T 41.31
P

P

T 47.7
P

T 47.23
T 47.31
T 49.23
P

R 400.31
T 49.47
P

P

T 56.15
T 56.23
T 56.31
T 57.31
P

P

P

T 61.31

T 65.7

T 61.47
T 61.55
T 65.31

T 64.47
T 64.55
T 64.63
T 65.63
T 67.55
7

7

r2.0

232 29 T 27.16 P T27.18 BD 278 T 27.20 P P
240 30 R 2328 P P P R 232.12 P R 232.14
248 31 P T31.1 T31.2 ZR4.20 R23220 T 315 g21.2
256 32 T 31.8 P P T 3111 T 31.12 P T31.14
264 33 T 31.16 T 31.17 P T 3211 P T 31.21 P
272 34 T 32.16 T 31.25 T 31.26 T 31.27 P P P
280 35 P T 32.25 P P T 32.28 1G41.5 T 32.30
288 36 T 32.32 R 288.1 P P P P ZR 5.7
296 37 P P P R 288.11 P T 37.5 R 288.14
304 38 T 37.8 P T3710 T37.11 P T 37.13 P
312 39 P P T37.18 HF45 T 37.20 T 37.21 R 288.30
320 40 R 288.32 T 37.25 P T3727 T37.28 P T37.30
32841 T3732 T3733 T41.2 P P P L4l1.14
336 42 P T41.9 P T41.11 TA41.12 T 41.13 P
344 43 T 41.16 T 41.17 T 41.18 P P T 4121 HF 50
352 4 P T 41.25 T 41.26 P P P T 41.30
360 45 P T 41.33 R 344.18 P T 41.36 T 41.37 P
368 46 P T 4141 P R 344.27 R 344.28 P R 344.30
376 47 T470 T47.1 P R 344.35 P P P
384 48 T 47.8 P T47.10 T47.11 T47.12 T 47.13 P
392 49 T 47.16 T 47.17 T 47.18 P P P P
400 50 P T4725 T 47.26 T 47.27 T 47.28 T 49.13 P
408 51 T 47.32 T 4733 T 49.18 P P T4737 T 47.38
416 52 T 47.40 P T 4926 T 49.27 P T 4745 T 47.46
424 53 T 49.32 P P T49.35 T 49.36 T 49.37 T 49.38
432 54 P T 4941 HF 62 R 400.35 P T4945 T 49.46
440 55 T 4948 P HCE63 P ZR 7.45 P P
448 56 P T56.1 T56.2 P P P ZR 7.55
456 57 T 568 T 56.9 P T 56.11 T 56.12 P T 56.14
464 58 T 56.16 P P P P T56.21 T 57.14
472 59 P T56.25 T 56.26 P P T 5721 T 56.30
480 60 T 56.32 P T5726 T556.35 T 56.36 T 56.37 P
438 61 T 5640 T5641 T61.2 T 57.35 P T56.45 T 56.46
496 62 T 56.48 T 56.49 T 56.50 T 56.51 P T 5745 T 57.46
504 63 T 56.56 T 57.49 P T 5751 P Té61.21 P
51264 T 5756 T57.57 T64.2 T 6127 T61.28 T64.5 T 61.30
52065 T61.32 T61.33 T652 T6135 T61.36 T61.37 T 61.38
52866 T 6140 T61.41 T 6510 T 65.11 T6512 T61.45 T 61.46
536 67 T 6148 T6149 T61.50 T61.51 T61.52 T6521 T61.54
544 68 T 64.32 T64.33 T 6526 T 64.35 T 64.36 T 64.37 T 64.38
552 69 T 6440 T 6441 T67.18 T65.35 T6536 T 6445 T 64.46
560 70 T 6448 T 6449 T 64.50 T 64.51 T 64.52 T 6545 T 65.46
568 71 T 64.56 T 64.57 T 64.58 T 65.51 T 64.60 T 64.61 T 64.62
576 72 T 64.64 T 65.57 T 6558 T 71.11 T 65.60 T 6561 T 65.62
584 73 T 6564 T6565 T67.50 T67.51 T67.52 T71.21 T 72.14

0 1 2 3 4 5 6
Table A.4

Table of Coustructions for A(8)
0 1 2 3 4 ) 6
0 0 S S FREQEKK RRKPRRK  RRRLRRK KRRGHREK RRKGREE FRKTHAR
8 1 P pl0 P L1 *HE]IRE  REKIORK KKK Rk Kkk ] gk
16 2 ra2.1 p 2.0 P RER]QRK  RRRQ(EE KkkQ] kK HkKQDRK RRKQIRK

35



04 3 RRRQARK KKRQEEK KERQGRE KRKQTRE  kkQgEH r4.0 £ d.] kg Ex
32 4 ***32** m 4.1 t**34** ***35** r 5.0 r5.1 **1&38** ***39**
40 5 *¥xqv* p50 ps.l r 6.0 T 6.1 *REQG** KkkgGrE Kkk TR
48 6 *¥w4g¥* p60 p6.1 r 7.1 RRRG2EE RNkG PRk Zj6 jé
56 7 P PT7.0  p 7.1 *AKGQRE  KEMGQEK KXKGIRE KRKGIXX Zj 7
64 8 n 8.0 p 8.0 P FRRGTEX RRAGRER RAAGQEE Rdk7O** 1 10.0
72 9 n 8.8 p 8.8 p 9.1 ¥FX7H**  REXFERE bkkgpEx KkkygkE k 9.8
80 10 n 9.8 p98 p99 2Z 2Z r120 rl121 k1038
88 11 nl08 p10.8 p10.9 p10.10 ZZ r128 rl129 ri210
96 12 ***g6** p120 p1l121 r14.0 r 14,1 **1Q1%* **]102%* **103**

104 13 m128 pl128 p1l129 p12.10 r 14.9 r 14.10 **110** P

112 14 Ir17.9 P pl4l rl159 1r15.10 il3 Ir17.15 **119**

120 15 nl50 pld8 pl49 pl4.10 ZZ ZZ **126** r 18.0

128 16 nl1l5.8 p158 p159 p15.10 ZZ ZZ r 190 n 15.15

136 17 p 1515 pl68 pl6.9 p16.10 /A ZZ k16.15 n 16.15

144 18 p16.15 p16.16 p17.9 P r21.0 ri19.15 k17.15 n17.15

152 19 p17.15 p17.16 p 17.17 p 18.10 r21.8 r219 k18.15 n18.15

160 20 p18.15 p18.16 p18.17 p18.18 r21.16 r21.17 r21.18 m 19.15

168 21 p19.15 p19.16 p19.17 p 19.18 2z P **174%* **175%*

176 22 w218 p21.8 p2l9 p21.10 BD 19.10 **181** **182** m 21.15

184 23 p21.15 p21.16 p21.17 p21.18 **188** Zj 21 j 21 *¥*191%*

192 24 **192*%*  p 24.0 p 24.1 *FLY5**  FEIGE** R YTRE KR ggEE kx]ggex

20025 m248 p248 p249 p24.10 r29.0 r29.1 Zi 23 m 24.15

208 26 p24.15 p24.16 p24.17 p 24.18 r298 r299 r29.10 Ir 33.16

216 27 Zj 24 j24 d31.1 r29.15 1r29.16 r29.17 r 29.18 **223**

224 28 Zi25 r32.0 r3015 r30.16 r30.17 r 30.18 **230** **231**

232 29 n29.0 p29.0 p291 r3210 ZZ Y4 ZZ k298

240 30 n29.8 p298 P p 29.10 ZZ ZZ k 29.15 n 29.15

248 31 p29.15 p29.16 p 29.17 p 29.18 i28 r36.0 k3015 n 30.15

256 32 p 30.15 p 30.16 p 30.17 p 30.18 P n2929 p29.29 m 31.15

264 33 p3l15 p31.16 p31.17 p3L18 k3029 n 3029 p 3029 p 30.30

272 34 p 3215 p32.16 p32.17 p32.18 r 35.30 m 31.29 P p 31.30

280 35 p33.15 p33.16 p33.17 p33.18 r39.10 m 32.29 p32.29 p 32.30

288 36 p34.15 p34.16 p34.17 p34.18 k33.29 n 33.29 p 33.29 p 33.30

296 37 p35.15 p35.16 p35.17 p 35.18 BD 31.10 m 34.29 p 34.29 p 34.30

304 38 p36.15 p36.16 p36.17 p 36.18 ZZ m 35.29 p 3529 p 35.30

31239 p3715 p37.16 p37.17 p37.18 k36.29 n 36.29 p 36.29 p 36.30

Table A.5

Table of Constructions for B(8)
t coustr. t coumstr.
53 q64 195 q24.2
Table A.6
Table of Constructions for C(8)

0 1 2 3 4 5 6 7
00 S S S i i S P P S
8§ 1 S P )l § G P wxx13** P P
16 2 S P E112 F 2.1 *%20** ) i’ il X Sl
24 3 P ***25** ***26** ***27** ***28** P P rd.2
32 4 P H41 E22 P P F41 rb52 P
40 5 r54 HS.1 P r 6.0 P P F 5.1 r64
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48 6 r6.5
56 7 P
64 8 S
72 9 P
80 10 P
88 11 RT 9.7
86 12 P
104 13 n 128
112 14 n 14.0
120 15 P
128 16 S
136 17 n 168
144 18 P
152 19 P
160 20 n 19.8
168 21 =n 19.16
176 22 P
184 23 n 21.16
192 24 n 24.0
200 25 P
208 26 n 24.16
216 27 n 24.24
224 28 Zi 25
23229 10290
240 30 n 29.8
248 31 n 29.16
256 32 S
0

Table A.7
0
00 S
9 1 n 1.0
18 2 P
27 3 *R2TH*
36 4 P
45 5 **45**
54 6 P
63 7 **63**
72 8 RRT2**
81 9 n 9.0
90 10 P
99 11 P
108 12 m 119
117 13 n 130
126 14 n 139
135 15 P
144 16 P
153 17 n 169
162 18 m 179
17119 1190
180 20 =n 19.9

HB 6
p70

p 8.0
n9.1
P

p 11.0
p 119
n 13.1
n 13.10
HB 15
n 16.1
n 16.10
m 17.10
n 19.1
P

P
n72
P

P

RT 9.1
RT 9.9
E6.2
n 12.10
n 14.2
P

n 15.10
n 16.10
n 17.10
n 19.2
P

P

n 21.10
P

P

n 24.10
P

r 29.14
r 30.15
P

n 29.10
n 29.18
n 30.18

2

P
r8.2
ZR 14
P

RT 9.2
P

r 14.0
P
r15.9
r 16.10
P

r 19.5
Z2Z
r21.7
r21.15
P

P

n 21.19
**195**
g4.7

n 24.19
P

r 30.16
r 32.10
r 32.18
n 29.19
n 30.19

3

T 7.2 *RkG3EE

nv74
E24

u 94

P

H 26
nl24
n 12.12
P

n 14.12
n 15.12
n 16.12
n17.12
P

n 19.12
n2l4
n 21.12
r24.19
n 24.4
n 24.12
P

r 29.16
r29.24
P

n 29.12
P

P

4

n7%

n 8.5
P

RT 94
r12.8
P

r 14.10
P

n 15.5
n 16.5
P

P

n 19.5
P

n 21.5
r 24.12
n 21.21
n 24.5
r29.1
n 24.21
r 30.10
r 30.18
n 29.5
n 30.5
n 29.21
P

5

Table of Constructions for A(9)

o

***2**
**ll**

*k ok
P

**38**
**47**

*#56**
p71
P

p 9.l
**92**
pll.l
P
*119*#
*128**
d17.1
P

P

p 17.10
P
Ir24.13

3
AR TEE
LD
x|k

P
P
P
r7.0
r8.l1

**75**

*RGgHk
ok gk
*102%*
P

P

Zi 13
*]3g%*
*147**
k 16.13
P

*] 74k
P

37

4
Rk YRR
P
*KQQHkK
k) ko
kg wk
P
P
*kGTRR
il (i
P
**94**
P
Ir14.13
P
n 13.13
P
P
n 16.13
P
P
P

5

oA 5k
*t14*t

P
**32**
P
**50**
**59*#
**68‘*
**77**
**86##
P
P
*113%*
Ir 16.9
P
Ir18.13
P
*158**
p 17.13
*176**
Ir24.16

P
H24
F 4.2

P

RT 9.5
rl12.9
n12.6

P

n14.6

P

n 15.14
n 16.14
P
n19.6
n 19.14
n 21.6
n 21.14
r 24.21
n 24.6
n 24.14
r 29.10

P
r 32.5
n 29.6

n 29.14
n 30.14
n 32.6

6

6
EHRGRE
L lia
ok Lk

P

T Ve
P
xRGOR*
P
KRRk
RGTRE
*RQGHE
P
P
Ir16.10
*] g%
*141**
*]150%*
P
P
S b
*]186%*

F 6.1
E 17
P

n 9.7
RT 9.6
P

n 12.7
r 14.12
P

n 15.7
n 16.7
u 16.15
n17.15
n 19.7
n 19.15
n 21.7
n 21.15
**lglt*
n 24.7
P

P

r 30.12
P

P

n 29.15
n 30.15
n 32.7

7

7

AR R

P
P
**34**
**43**
**52**
**61**

P

P

P
HRQTRE
*106**
*] 5k
P

*]1 33k
*142**
*]15]1%*
n 16.16
m 17.16
Ir 24.9
n 19.16

8
HARGHR
Y

P
P
P

**53**
*#62**

P
Zj 8
d11.1
P
*107*#
P

P

P
Ir18.16
k 16.9

U'U U



189 21
198 22
207 23
216 24
225 25
234 26
243 27
252 28
261 29
270 30
279 31
288 32
297 33
306 34
315 35
324 36
333 37
342 38
351 39
360 40
369 41
378 42
387 43
396 44
405 45
414 46
423 47
432 48
441 49
450 50
459 51
468 52
477 53
486 54
495 55
504 56
513 57
522 58
531 59
540 60
549 61
558 62
567 63
576 64
585 65
594 66
603 67
612 68
621 69
630 70
639 71
648 72
657 73
666 74

n 19.18
m 21.9
n 23.0
n 23.9

n 23.18
n 25.9

P

k 26.19

n 46.28
n 48.19
n 46.46
n 49.28
n 48.46
n 49.46

p 54.9
n 51.46

n 57.1
n 57.10
n 57.19
n 57.28
p 55.54
n 57.46
n §57.55
n 58.55
n 64.10
n 64.19
n 64.28
p 64.36
n 64.46
n 64.55
n 64.64
n 69.28
n 71.19
n 69.46

*191**
P
*209**
p 24.1
p 24.10
P
*245#*
P

p 29.1
p 29.10
P

n 29.29
P

p 32.19
m 32.29
P

P

n 35.29
p 36.28
p 39.10
P

P

p 42.10
P

p 42.28
p 44.19
p 44.28
P

n 46.29
p 50.1
n 48.29
n 49.29
p 50.28
n 51.29
p 50.46
p 54.19
p 54.28
p 55.28
p 54.46
n 57.29
p 55.556
p 56.55
p 58.46
p 58.556
p 64.10
p 64.19
n 64.29
k 64.39
p 64.46
p 64.55
p 64.64
n 69.29
p 70.28
n 71.29

*192**

d 24.1

*201** m 21.13

P
*219**

P
n 23.13

P Ba23.10

Ir30.26
P
Ir34.16
P
Ir37.13
k 30.13
p 29.29
P

Zi 31
m 32.30
n 33.30
k 36.13
P

p 36.29
k 39.13
*372**
n 39.30
P

P

n 41.39
IR 6.30
p 44.29
P

n 46.30
n 46.39
n 48.30
n 48.39
n 48.48
n 49.48
n 51.39
n 51.48
p 54.29
p 55.29
p 56.29
n 57.30
n 57.39
n 57.48
n 57.57
k 58.58
k 64.13
r71.28
n 64.30
n 64.39
n 64.48
n 64.57
k 66.49
n 69.30
n 69.39
un 69.48

38

P
*247**
P

P

n 29.13
Ir36.30
k 30.23
P

n 33.13
p 32.30
n 35.13
d 42.1
k 36.23
P

P

k 39.23
n 41.13
p 39.39
Zj 40
p 42.30
P
n46.13
P

P

n 49.13
Ir62.28
n 51.13
p 50.30
n 49.49
p 50.48
n 51.49
p 54.30
n 57.13
p 54.48
p 55.48
p 56.48
n 57.49
p 58.48
p 58.57
n 64.13
k 64.23
p 64.30
p 64.39
n 64.49
n 64.58
p 66.48
n 71.13
p 70.30
n 69.49

*194**
*203**
*212**
P

P

P

n 25.23
d 32.1
Ir36.13
P

n 29.23
1r39.19
p 32.13
m 32.23
P

P

P

IR 5.23
P

p 39.13
n 39.23
k 39.33
n 41.23
k 41.33
n 41.41
P

P

n 46.23
k 46.33
P

n 49.23
n 48.41
n 49.41
Ir66.28
n 51.41
p 55.13
p 56.13
Ir70.36
n $7.23
p 55.49
n 57.41
k 57.51
p 58.49
p 58.58
p 64.13
n 64.23
k 64.33
n 64.41
k 64.51
p 64.58
n 69.23
p 71.13
n 69.41
L 73.23

*195**
*204**
Ir 29.9
*222**

P
p 24.23

P
k 26.25
k 28.16
k 28.25

P

P

P
p 32.23
Ir41.33

P
k 36.16

P
Ir49.13
k 39.16
p 39.23
n 39.33

P
n 41.33
Ir55.25

P
k 46.16
p 44.41
n 46.33
k 48.25
n 48.33
n 49.33
IF 6.51
n 51.33
Ir70.10
n 51.51
p 55.23
p 54.41
p 5541
n 57.33
n 58.33
n 57.51
n 58.51
r71.13
k 64.16
p 64.23
n 64.33
k 66.25
n 64.51
p 66.41
k 70.16
n 69.33
p 71.23
n 69.51

*196**
m 21.16
Ir29.10
P
1r29.28
n 25.16
n 25.25
k 26.26
Ir34.29
n 29.16
P

k 30.26
m 32.16
n 33.16
n 33.25
P

P

k 36.26
p 36.33
n 39.16
P

n 41.16
n 41.25
P

p 42.33
P

n 46.16
n 46.25
P

n 48.25
n 49.25
n 51.16
n 51.25
Ir66.30
1r66.39
1r66.48
p 54.33
n 57.16
n 57.2%
p 55.51
p 56.51
k 58.44
p 58.51
1r78.36
n 64.16
n 64.25
p 64.33
k 64.44
k 66.35
n 69.16
n 69.25
n 71.16
n 71.25
n 73.16

*197**
*206**
*215**
P

d 29.1
k 26.9
k 26.18
k 28.9
k 28.18
p 29.16
n 29.26
P

P

m 32.26
n 33.26
k 36.9
n 35.26
n 35.35
P

P

n 39.26
P

p 42.16
n 41.35
p 44.16
p 44.25
P

n 46.26
n 46.35
n 46.44
n 48.35
u 48.44
n 49.44
n 51.35
n 51.44
p 55.16
p 55.25
p 56.25
n 57.26
n 57.35
n 57.44
k 57.54
k 58.54
k 64.9
p 64.16
n 64.26
n 64.35
n 64.44
k 64.54
k 70.9
n 69.26
n 69.35
n 69.44
n 71.35



675 75 1n69.54 n69.55 p 70.46 n 69.57 169.58 u 7141 p71.41 n 73.25 n 71.44
684 76 m 759 n69.64 n69.65 n69.66 n71.49 p 70.58 n69.69 m 75.16 n 73.35
693 77 n71.54 n71.55 p 70.64 n 71.57 n 71.58 n 73.41 k 70.70 m 75.25 n 73.44
70278 m779 nv7164 n71.65 n71.66 n73.49 p72.58 n71.69 n 71.70 n 71.71
711 79 n 73.54 n 73.55 p 7264 n 73.57 n 73.58 m 75.41 L 73.69 m 77.25 m 75.44
720 80 n799 n73.64 n7365 n73.66 n79.13 p74.58 n 7369 n 73.70 n 73.71

0 1 2 3 4 5 6 7 8
Table A.8
Table of Constructions for B(9)

0 1 2 3 4 5 6 7 8
O 0 X x ***2** ***3** ***4** t**s** X x x
9 1 X X D Gt b il K Al U b X Ir21 X
18 2 **18** **19** **20** X **22** **23** X **25** **26**
27 3 **27** **28** X x **31** X **33** **34** x
36 4 X **37** **38** X **40** **41** X **43** X
45 5 X **46** **47** **48** X X X **52** **53**
54 6 x X x x X *#59** **60** **61** **62**
63 7 X X X X RXET** wrpgE* YA X X
72 8 X X X X k*76%* X X X X
81 9 X X q91 X kRgo* X X X X
90 10 X X RRQEX KEGPRE REGgER X X 1108 1109
99 11 X X X *102**  *103** a 13.1 X X X
108 12 X X X q 1111 Ir 156 Ir 15.7 *114** *115** X
117 13 X 0131 X X X X 0136 013.7 0138
126 14 X 013.10 0 13.11 X X X *132*%* Ir 18.6 Ir 18.7
135 15 X X X Irl8.11 *139** Ir 19.6 X Ir18.15 116.0
144 16 X X *146** *147%*  *148%* X X o016.7 X
153 17 X X o016.11 X *157** 116.15 X X X
162 18 X X X X *166%* *167** X X X
171 19 X 019.1 *173** *174** Ir 24.6 X 0196 0197 X
180 20 X 019.10 0 19.11 *183** a23.1 X X 019.16 o 19.17
189 21 X X *191%* *192%* X X X X X
198 22 X X X X *202%* *203** X *205** X
207 23 X 023.1 *209** X BC21.10 X 0236 0237 X
216 24 X X 023.11 X Ir 309 Ir30.10 X q24.6 o023.17
225 25 X 025.1 q24.10 023.21 *229%* *230** X 0257 X
234 26 X 025.10 X *237** q 24.21 X X X o0 25.17
243 27 126.10 126.11 Ir 346 o 25.21 Ir 34.8 126.15 X 126.17 128.0
252 28 X *253*%* 126.21 Ir34.16 Ir34.17 X 1287 1288 X
261 29 X X q291 X *265%* X X X X
270 30 X X X q29.11 1Ir36.21 |28.24 X q29.15 X
279 31 X X X X q29.21 X X q29.24 X
288 32 X X X X q30.21 X X X X
297 33 X X X X q30.30 X X 0337 X
306 34 0-33.9 0 33.10 o 33.11 X X *311%* X X o0 33.17
315 35 X X X X q32.30 X X X X
324 36 X X X X adll X X X X
333 37 X X X X X 136.15 X X X
342 38 q36.17 X X X q36.21 X X X X
351 39 X X X X q36.30 1396 X X X
360 40 X X X q39.11 Ir51.6 139.15 X q 39.15 X
369 41 X X X X q39.21 139.24 X 0417 o418

39
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Table A.9

0

S
P

**18**
**27**

r76

w»

2]
COIRAU AW —O

o]

n 9.0
90 10 n 9.9
9911 nll0
108 12 nll9

135 156 HF 15
144 16 P

3

e I I e R

nl.l
ok gk

**28**
**37**
**46**
HC 6
r7.7
r8.8
n9.1

nl1l.1
n11.10
*118**
*127**
HC 15
cl6.1

q 54.

q 56.

R I I e -

o 46.

I T R - P R

Tablc of Constructions for C(9)

2

***2**

P

T
P
ko
Rk g koK
P
P
P

**83**
#*92**

P
P
P
*]9g**
P
*146**

3
***3**
**12**

P
P
P
Rk gk
P
P
P
P
TRk
*] 02**
P
P
*]38%*

40

q39.30 X 04115 q426 X

q39.39 X X X X

X X X q42.24 X

X X X q44.15 1460

q 42.39 X X X X

q44.30 146.15 X 146.17 X

X 146.24 X X X

146.32 o 46.32 X X X

*454** X X X X

X X X X X

q 50.21 X X q50.24 X

X X X Ir66.21 X

X X X X X

1r66.36 X X q 54.15 X

X X X X X

q54.30 X X X X

q54.39 X X X X

q55.39 X X q54.51 X

X X X X X

q 58.30 X X X X

X X X q58.42 X

X X X q 58.51 X

X X X X X

1r78.42 X X X X

X X X X X

q64.30 X X 16435 X

X X X X X

X X X X X

X X X q70.6 X

X X X X X

q70.21 o 69.32 X X X

X X X X X
4 5 6 7 8
***4** ***5** P s S
**13** **14** P **16** P
**22** **23** P **25** **26**
**31** P **33** **34** P
**40** **41** P **43** P
g6.1 P 7 T
r 7.1 **59** #*60** **61** **62**
AHGTEE  *RGEE®  ¥*GQF* BBR7.10 P
*a7Ge* P P r96 P
**85%* ZR16 n96 197 198
**94** P P **97** **98**
*103** *104** P ull7 P
FLIZ*F FLLZF* K114*F *115% P
g15.1 P *123** *124** *125%*
i13 P *132%* *133**  *134%*
*139%*  *140%* P *142%*  *143%
*148** P P *151* P



153 17
162 18
171 19
180 20
189 21
198 22
207 23
216 24
225 25
234 26
243 27
252 28
261 29
270 30
279 31
288 32
297 33
306 34
315 35
324 36
333 37
342 38
351 39
360 40
369 41
378 42
387 43
396 44
405 45
414 46
423 47
432 48
441 49
450 50
459 51
468 52
477 53
486 54
495 55
504 56
513 57
522 58
531 59
540 60
549 61
558 62
567 63
576 64
585 65
594 66
603 67
612 68
621 69
630 70

n 17.0

il8
HF 21
n21.9
P

HF 24
P

P
*243**
P

P

P

Zi 28

n 32.0
P
*306*#
P

P

IR 5.9
*342**
P

n 39.9
P

HF 42
n 39.36
P

HF 45
P

IR 6.36
P

P

n 49.9
P

n 51.9
n 49.36
P

n 51.36
n 51.45
n 57.0
P

n 58.9
i 54

n 57.36
n 57.45
n 57.54
n 58.54
n 64.9
r73.9
L 64.36
n 64.36
P

P

nl7.1
n 17.10
*172*#
*181**
HC 21
Zi 20
*208**
HC 24
*226**
*235**
*244**
*253**
n 29.1
n 29.10
i28

n 32.1
n 32.10
*307**
n 35.1
n 35.10
IR 5.10
6.7

n 39.1
n 39.10
i37
HC 42
*388**
HC 44
HC 45
*415**
*424**
g 94.1
n 49.1
n 49.10
n 51.1
n 51.10
*478**
HC 54
HC 55
HC 56
n 57.1
n 57.10
n 58.10
j 54
BB55.10
Zi 56

n 57.55
n 58.55
n 64.10
r 73.10
r71.35
r71.44
L 64.55
n 64.55

*155**
n17.11
*173**
*182**
*191**
P
*209**
*218**
*227**
P
*245**
*254**
*263**
n 29.11
j28

n 29.29
P
*308**
n 32.29
P

IR 5.11
P

g 44.1
P

P

P

Zi 39

h 6.8

*425%*
*434%*
L 49.11

j 46

n 51.29
*497**

*515**
n 57.11
n 58.11

P

P

P
n 57.56
n 58.56
n 64.11
r73.11
n 64.29

P
r 71.54
n 64.56

*174**
*183**
*192**
P

P

P
*Qogk*
*237**
*246**
*255**
P
*273**
n 29.21
IR 4.30
P

P

n 32.30
P

P

n 35.30
P
*363**
n 39.21
P

P

g7.7
IR 6.21
IR 6.30
IR 6.39
P
*444**
L 49.21
P

P

n 49.39
n 51.30
n 51.39
P

P

P

P

n 57.30
n 57.39
P

P

n 58.57
L 64.21
n 64.21
n 64.30
n 64.39
P

n 64.57

*157%*
*166*‘
*175%*
*184**
£24.1
*202**
*211**
*220**
*229**
*038%k
* g7k
*O5GH*
*265**
*274**
*QQPk*
xQQoKk
*301%*
i3l
*319**
#328**
g42.1
*346%*
*355%%
*3G4%*
*373**
*3gx*
*30]%*
Zj 40
Zi 41
*q]8**
*QO7Hk
IR 6.49
*445%*
*454%*
h 7.8

* 7ok
L 49.49
n 49.49
*499**
n 51.49
t517**
*526**
*535**
ZR 7.32
*553**
n 57.49
n 58.49
n 58.58
*589**
r71.29
*GOT**
ZR 8.32
n 64.49
n 64.58

41

*158##
*167**
P

P

P
*203**
P
*221**
*230**
P
*248**
g 32.1
P
*275**
P

IR 4.32
P
*311**
n 32.32
P
*338**
P
*356**
*365**
*374**
n 39.32
P

P

id4l

IR 6.32
*428**
*437**
*446**
g 8.7

L 49.32
n 49.32
L 49.50
P

P

P

ZR 7.6
P

P

n 57.32
n 58.32
n 57.50
n 58.50

n 17.6
n 17.15
*177**

P

n 2.6
n 21.15
#213**

P

P
BB24.10
P
*258**
P

P

P

n 32.6
n 32.15
n 32.24

n 35.6
n 35.15

P

IR 5.24
P

n 39.15
P
*384**
g49.1
P

IR 6.24
P

P

IF 6.6

n 49.6
n 47.15

P
P
n 49.42
IG 55.6
n 51.42
n 51.51
P
n 57.15
P
n 58.24
P
P
n 58.51
P
P
P

r 73.24
n 64.42
n 64.51
r 73.51

n 17.7
g21.1
*178**
*187**
u21.7
*205**
*214**
*223**
*232**
g 30.1
*250**
*259**
n 29.7
>Rk
*286**
n 32.7
*304%*
£39.1
n 35.7
IR 5.7
i34

h 6.7

n 39.7
*367**
*376**
*385%*
IR 6.7
*403**
*q]Q%*
j 42
*430**
IF 6.7
n 49.7
g57.1
n 51.7
*475**
*484**
IG 55.7
*502**
g9.7

n 57.7
n 58.7
*53g%*
ZR 7.35
ZR 7.44
*5G5**
*574**
n 64.7
r73.7
r71.32
*G10%*
r 71.50
ZR 8.44
*637+*

*gqkk
g29.1
*0 40Kk
*251**
P

P

n 29.17
P

n 32.8
P
*3]4%*
n 35.8
P

P

P

n 39.8
n 39.17
*ITTRK
P

IR 6.8
IR 6.17
*4] 3%+
IR 6.35
P
BB44.10
P

n 49.17
n 51.8
n 49.35
P

n 51.35
n 51.44
c78

n 57.8
P

n 58.17
n 57.35
P

n 58.44
r71.6
P

n 64.17
P

P

un 64.44
r73.44
ZR 8.54



639 71 P n6464 r 73.56 r 73.57 r 73.58 P n716 nf7l7 n?718
648 72 n719 n71.10 n71.11 P *652** *653** P r73.70 n71.17
657 73 n730 n731 P P j66 P n7124 n737 n738
666 74 P n73.10 n71.29 n 71.30 r81.21 n71.32 n73.15 r81.24 P
67575 n71.36 n75.1 P n71.39 r81.30 P P n7.7 n7l.4
684 76 n71.45 n 75.10 n 73.29 n 73.30 n 71.49 n 71.50 P r8l42 n73.35
693 77 n 71.54 n 71.55 n 71.56 P n7158 r8149 n7342 n77.7 n7344
702 78 n 71.63 n 71.64 n 71.65 P n 73.49 P n7351 n71.70 n71.71
711 79 P 17355 n 7356 n 73.57 n 73.58 IR10.77 P n797 nv7544
720 80 n 7363 n 7364 n73.65 n73.66 n 75.49 P n7551 n73.70 n73.71

0 1 2 3 4 5 6 7 8

B Constructions for D(k)

In this appendix, we give the details of some coustructions for the class
D(k).

In Table B.1 we cstablish @ C D(7) for the @ of Lemma 12.13. We also
construct D(7) desigus for other values in Ling ct al.’s exception list.

Table B.1
Constructions for t € D(7).
t constr. t constr. t constr. t constr. t coustr.

0 S 1 s 7 4 8 ec11 9 j1
15 e21 17 j2 28 b4l 33 j4 36 eb.1
41 j5 9  i12 97 j12 99 cl4l 104 i13
105 b151 106 e151 140 b20.1 147 b21.1 148 e21.1
155 ¢22.1 161 b231 162 e23.1 168 b241 175 b25.1
176 251 182 b26.1 183 c26.1 184 i23 193 j24
267 e 38.1

All values of ¢ safisfy £ € D(7) with the possible exception of the fol-
lowing values for ¢#: 2 6, 10 14, 16, 18 27, 29 32, 34, 35, 37 40, 42 48,
51 55, 59 62, 93 95, 98, 100 103, 107 111, 116 118, 138, 139, 146, 152,
154, 156 160, 163 167, 170- 174, 177 181, 185 189, 191, 192, 194, 195,
199 201, 207 209, 215, 216, 219, 221, 228 230, 269, 270, 272, 275 278, 283,
285, 286, 326, 334, 339, 342.

In Table B.2 we establish @ € D(8) for the @ of Lenuna 12.15. We also
construct D(8) desigus for other values in Ling and Colbourn’s exception
list.

Table B.2
Constructions for t € D(8).
t constr. t constr. t counstr. t constr. t constr.

0 S 1 S 8 zi1 9 i1 10 i1
15 g21 16 r21 17 e21 29 g4l 30 r4l
33 c41 36 g51 37 151 41 51 43 g6l
4 161 49 c61 50 g71 51 71 53  Zi6
54 Zj6 55 j6 58 r81 63 Zj7 71 gl0.1

42



79 r108 104 b 131 106 g15.1 107 1r14.8 108 r 14.9
109 r14.10 113 c141 115 r159 116 Zil13 117 il3
126 il4 177 r248 178 1r249 179 r24.10 180 Zj20
184 b23.1 185 r2416 18 r24.17 189 Zj21 190 j21
193 e241 204 g29.1 205 1r29.1 206 Zi23 207 i23
211 g30.1 212 r298 213 r29.9 214 r29.10 216 Zj24
217 j24 218 g31.1 219 r308 220 r309 221 r30.10
224 Zi25 225 i26 226 r32.1 227 r30.16 228 r 30.17

All values of # safisfy t € D(8) with the possible exception of the follow-
ing values for #: 2 7, 11 14, 18 28, 31, 32, 34, 35, 38 40, 42, 45 48, 52, 56,
59 62, 66 70, 75 78, 101 103, 105, 111, 112, 118, 119, 173 176, 181 183,
187, 188, 191, 192, 194 203, 208 210, 215, 222, 223, 229 231.

Table B.3
Coustructions of 1 € D(9) for t < 100.
t constr. t constr. t comstr. t constr. t constr.

0 S 1 S 9 nl0 10 il 17 §12
19 §12 49 g6.1 54 b6.1 55 e6.1 57 r7.0
58 r7.1 64 e71 65 r8.0 66 r8l 72 b 8.1
73 r9.0 74 r9.1 80 Zj8 81 r10.0 8 r10.1
89 gl11.1 90 Zj9 91 r10.10

C Resolvable Constructions

In this appendix, we give the detailed constructions for the class RC(k) for
smaller ( < 100) values.

Table C.1
Constructions for t € RC(k).
t constr. t comnstr. t constr, t constr. t constr.
k=6
0 S 4 S 5 S 6 RW1A 8 P
10 P 12 P 14 2] 16 P 18 P
20 P 24 RW4A 26 P 28 P 30 P
32 P 36 RWG6A 38 P 40 P 42 RWZ7A
46 P 48 P 52 P 54 RW9A 56 P
57 See §12 58 P 60 P 62 P 66 P
68 P 70 P 72 P 76 P 84 RW 14A
86 (2] 88 P 90 P 92 [2) 9% P
98 [2]
k=7
0 S 1 S 8 I1. 9 J1 17 J2
28 RW4A 33 J4 41 J5 49 J6 56 RW 8A
57 J7 63 RW9A 64 I8 65 J8 70 RW 10A
72 19 73 J9 77 RW11A 80 110 81 J10
88 I11 89 112 91 RW13A 96 112 97 J12
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Table C.1 (continued)

Constructions for t € RC(k).

t constr. t coustr. t comnstr. t constr. t constr.
k=9

0 S 1 s 7 S 8 S 9 RWIA
10 H1l1l 37 Sce§l2 54 RWG6A 64 H71 71 F 1.7
72 RWSA 73 H8.1 81 F18 82 H9Y91 9 E1l9
91 H101

This paper originally was written without knowing of constructions for
the whole of Table C.2. Constructions were later found for the parenthe-
sized entries, and the entire set of constructions is presented in [28]. Con-
structions of the smaller values of RC(8) (excluding parenthesized cases)
have been incorporated into the constructions of C(8) in Appendix Ta-

Values of t for which ¢t € RC(8) is unknown.

ble A.6.
Table C.2
3 11 13 20 22
31 38  (40) 43 47
(60) 61 67 69 76
103 (106) 111 112 115
134 139 140 (142) 143
191 192 195 197 (198)
211 213 (214) 218 220
232 237 243 (244) (245)
254 (259) (364) (382) 391
(488) (489) (826) (832) (1039)

23 25 26 27 28
(48) 52 53 58 59
79 93 (94) (99) 102
(118) 123 124 125 133
(147) (166) 174 182  (184)
199 203  (205) 208 209
223 224 227 229 230
(246) 247 248 250 253
(412) (427) 437  (454) (472)

D Incomplete Transversal Design Constructions

In this appendix, we give the detailed constructions promised in Section 9.
We usc the constructions of Table 9.1 to provide a B[{k, f*},1;v]. The
value of m is used in this construction. The value of 7 is given by n =
[(f — @ + ka)/(k(k — 1))]. The needed incomplete transversal design can
be obtained from the form in the last colwnn, and application of one of the
lemmas in Section 9, in particular Lemmnas 9.2, 9.4, and 9.8, which we use
without further comment. The final 6 entries are used in Section 12.

Table D.1
k m f v oa (v—-f) n
+(k-1)
IA 7 4 169 1141 O 162 4A
IA 7 28 162 8A
1A 7 35 162 9A
IB 7 2 91 631 13 90 4A

Result v—f+a

166A 9724+a=7-137+13+a
170A
171A
A 540+a=7-73+29+a



Table D.1 (continued)
k m f v

IB 7 &5 217 1513
Ie 7 1 49 343
Ie 7
Ie 7 5 217 1519
Ie 7
Ie 7
Ie 7 7 301 2107
Ie 7
Ie 7
Ie 7
Ie 7
Iec 7
Ic 7 8 343 2401
Ie 7
Ie 7
Ie 7
Ie 7
Ie 7
Ie 7 9 385 2695
Ie 7
Ice 7
Ice 7 10 427 2989
Ie 7 11 469 3283
Ie 7
Ie 7
ID 7 4 169 1183
ID 7
ID 7
ID 7
ID 7
ID 7
ID 7 7 295 2065
ID 7
ID 7 11 463 3241
If 7 4 169 1177
If 7
IF 7 2 91 59
IF 7 5 217 1477
IG 7 17 49 721
IG 7 41 49 1729
Fr 7 4 25 151
Ir 7 &5 31 187
Ir 7 6 37 223
Ir 7 8 49 295
Ir 7
Ir 7
Ir 7 10 61 367
Ir 7
Ir 7 12 73 439
Ir 7 18 109 655

a

160
20
28

27

112
21
238
0

56

(v=-F) n  Result
+(k-1)

216 28A 244A
49 4A 53A
49 5C 54C

217 9A 226A

217 10A 227A

217 20A  237A

301 9A  310A

301 16A 317A

301 20A 321A

301 28A 329A

301 32A 333A

301 41A 342A

343 34A 37T7A

343 38A 381A

343 44A 387A

343 51A 394A

343 54A 3Y7A

343 55A  398A

385 10A  395A

385 44A  420A

385 58A  443A

427 34A 461A

469 16A  485A

469 46A  515A

469 65A  534A

169 4A 173A

169 8A 177A

169 10A 179A

169 16A  185A

169 18A  187A

169 20A 189A

295 7A  302A

295 10A  305A

463 45A  508A

168 4A 172A

168 18A  186A
84 10C 94C

210 9C 214C

112 4A 116A

280 5C 285C
21 1B 22B
26 4A 30A
31 4A 35A
4 1B 42B
41 2B 43B
41 4A 45A
51 2B 53B
51 8B 59B
61 8A 69A
91 11A 102A

45

v—-f+4+a

1206 +a=7-185+1+a
204+a=7-43+a—-7

1302+a2=7-186+a

1806 +a=7-258+a

2058 +a=7-294+a

2058 + 300 = 7 - 300 + 258
2058 + 321 =7-321 + 132
2058 + 328 = 7328 + 90
2310+a=7-330+a

2310 4+ 342 =7 - 342 + 258
2562 +a=7-366+c
2814+a=7-402+a

10144+a=7-143+13+a

17704+ a=7-251+13+a

2778 +a=7-395+13+a
1008 +a=7 144 +a

5044+a0=7-724+a
1260+ a=7-180+n
6724+a=7-9%+a
1680+a=7-240+a
1264+a=7-174+7+a
179; see Corollary 9.7
186+a=7-25+114a
246+a=7-31+29+a

306+a=7-414+19+a
306 +47=7-47+23+1
366+a=7-494+23+a
546 +e=7-78+a



Table D.1 (continued)
k m f v a (v—-f) n  Result

+(k-1)
Ir 7 20 121 727 29 101 7A 108A
Kk 7 36 101 8A 109A
Ir 7 24 145 871 4 121 4A  125A
Ir 7 26 157 943 51 131 11A  142A
Ik 7 100 131 18A 149A
Ir 7 28 169 1015 84 141 16A  157A
Ir 7 32 193 1159 95 161 18B 179B
Ir 7 38 229 1375 47 191 12B  203B
Ir 7 67 191 15A  206A
r 7 109 191 21A  212A
r 7 123 191 23A 214A
Ir 7 179 191 31A  222A
Ir 7 46 277 1663 %4 231 20A 251A
r 7 115 231 23A  254A
Ir 7 164 231 30A 261A
Ir 7 52 313 1879 144 261 28A  289A
Ir 7 172 261 32A 293A
Ir 7 54 325 1951 107 271 23A  294A
Ir 7 56 337 2023 7 281 YA 290A
Ir 7 14 281 10A 291A
Ir 7 126 281 26A  307A
IR 7 4 176 1057 21 147 7C 154C
IR 7 56 147 12C 159C
IR 7 84 147 16C 163C
IR 7 91 147 17C  164C
IR 7 112 147 20C 167C
IR 7 5 217 1309 181 182 31A 213A
Ir 8 17 120 841 55 103 YA 112A
Ir 8 103 103 15A 118A
Ir 8 33 232 1625 95 199 16A  215A
IF 9 6 441 3897 0 432 6C  438C
IF 9 9 432 7C  439C
IF 9 404 432 51A 483A
IG 9 55 81 3969 45 486 6C 492C
IG 9 54 486 7C 493C
r 9 2 17 137 8 15 1B 16B
Ir 9 14 113 905 103 99 13A 112A
Ir 9 15 121 969 40 106 6B 112B
r 9 49 106 7B 113B
Ir 9 16 129 1033 65 113 9A 122A
r 9 74 113 10A 123A
Ir 9 18 145 1161 37 127 6B 133B
Ir 9 46 127 7B 134B
Ir 9 82 127 11B 138B
Ir 9 18 145 1161 99 127 13A  140A
Ir 9 118 127 15B 142B
Ir 9 126 127 16A 143A
Ir 9 19 153 1225 36 134 6B 140B
Ir 9 24 193 1545 31 169 6B 175B
Ik 9 57 169 9A 178A

46

v—f+a

606+a=7-83+25+a

726 +a=7-101+19+a
786+a=7-109+23+a

846 +a=7-117+27+a

966 +a=7-138+a
1146 +a=7-1614+19+a

1146 4+ 179=7-179+ 72
1386 4+a=7-198 +a
1566 +a=7-221+19+a
1626 +a=7-229+23+a
1686 +a=7-2394+13+a

882+a=7-126+a

1092 +181 =7 -1814+13~7
21+a=7-103+a

1393+a=7-199+a
3456 +a=8-432+a

3888+a=16-243+a
1204+ 8 = 8- 16; Lemma 9.6
7924103 =8-103 471
848+ a=16-53+a
804+a=8-113+a

1016 +a=8-127+a

10724+a=16-67+a
1352 4+a=8-169+a



Table D.1 (continued)
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24

29

30

34

70

78
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f
193

233

241

273

289

297
313
329
393
409
441
497
529

561
625
297

369

441

v

1545

1929

2185

2313

2377
2505
2633
3145
3273
3529
3977
4233

4489

5001

2385

2961

a

215

2563

274
288

324

n  Result
13A 182A
16A  185A

9A 213A
10A 214A
28A 232A

9B 220B
10B 221B
26A  237A

6B 245B

8B 247B
16A  255A
16B  255B
17B  256B
20A  268A
13A  266A
21B 274B
30A 283A
13A 273A
19A  293A
33A 321A
13A  357A

6B 364B
25A 411A
28A  463A
15B  478B
21B  484B
28A 491A
30A  493A
36B 499B
39A 502A
41A  504A
48A  5l1A
10A  501A
36A  527A
36A 873A
42B 589B
30C 291C
32C  293C

7C  331C

9C  333C
10C  334C
11C  335C
23A  347A
24C  348C

7C  394C

8C 395C
17C  404C
21C  408C
24C  411C
30A 417A

47

v—f+a

1632+a2a=16-103+a—- 16
1632+ 223 =8-223+ 71
1688+ a=8-211+ca

19124+ a=8-239+4+a

2024 +a=8-253+a

2080+a=16-1314+a— 16
21924+ a2=16-137+a
2304+a=8-288+a
2752 4+a=16-1734+a— 16
2864 +a=16-179+a
3088 +a=16-193+a
3480 +a=8-435+a
3704 +2=8-463+a

3928+a=8-491+a
4376 +a=8-547+a
2088+a=8-261+a

25924+ a=16-163+a — 16

2592+ 171 =16-171+ 27
3096+ a=8-387T+a



Table D.1 (continued)

a

m

6

10

Py
=]
O~ Lo

12

14
17

© e e

30

f

441

729

49
97

113
137
233
241

v

3537

5841
301
77

805
1097
1865
1929

a

216
234
261
270
297
387
603
7
60

8
95
43
42

S Al

(v—1)
+(k-1)
387
387
387
387
387
387
639

42

85

99
120
204
211

n

30C
32C
35C
36C
39C
49C
77C

2C
8A

8A

8A
8A

Result

417C
419C
422C
423C
426C
436C
716C

44C
93A

107A
128A
212A
219A

E Completion of Theorem 11.12

In this appendix, we provide the missing constructions for A(9) and B(9)
that arise from the exceptions in Lenumas 11.9, 11.10, and 11.11, and from
the gaps between the ends of Tables A.7 or A.8, and the first valid con-
struction in Tables 11.2 and 11.3. Finally, notc that the sole exceptional
case in Lemma 11.9 can be covered using construction m or o, as 203 is not
an exceptional case in Lemma 11.8.

Table E.1

res mod 18

(n+18-1)/9

76
84
92
94
174
192
194
204

Table E.2

res mod 18

(n+18+1)/9

92
146

Exceptions from Lemma 11.10.

0A 7A 15 A
2.0 4.7 9.6

m 77.9 n 79.16 X
n 85.9 m 87.16 X
p 90.35 k 88.80 k 100.16
p 88.71 X n 100.33
X X nl71.114

X X nl89.114

X X m185.168

X X m?201.114

13 B
54

n 75.58
n 83.58
1 88.86

1 90.86
0 173.58

v—f+a

51124+a=8-639+a

2524+ 7=7-37
680 + 60 = 56 - 11 + 64 + €0;
See § 12

792 +a0a=8-9+a
960+n=8-1214+a-8
1632 +a=16-103 + a — 16
1688+a=8-211+a

16 B 17 B
3.7 5.8
n79.7 182.0
n87.7 190.0
n87.79 198.0
n 97.7 1100.0

n 177.7 1180.0

0183.130 n 187.79 1 190.72
n 193.58 n 189.79 n 199.8

nl89.184

Exccptions from Lemma 11.11.
2A

2.2

4A
6.4

m 87.65 m 97.13

5A
145

11 A
3.2

n 207.7 12100

13A 16 A
54 5.7

X m87.74 p90.66 n95.25
n 139.83 m 151.13 n149.104 n137.110 n 145.58 m 149.25
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Table E.2 (continued)

Exceptions from Lemma 11.11.

res mod 18 1B 3B 4B 6B 7B
(n+18+1)/9 6.1 8.3 4.4 10.6 2.7
92 q90.72 n97.30 q90.57 n97.51 q 90.42
146 q 152.0 n 151.30 q 144.57 n 151.51 q 144.42

Table E.3

Constructions to fill gaps.
res=5 A
82.5 90.5 n 80.23 p 7858 n82.41 p82.58 p 84.58
92.5 100.5 p 86.58 p88.58 p90.58 m96.23 m 96.41
102.5-110.5 p 96.58 p 98.58 p 100.58 p 99.85 p 104.58
112.5-120.5 p 106.58 p 108.58 p 110.58 m107.104 nl109.104
122.5--130.5 nl111.104 p 118.58 p 120.58 n117.104 m119.104
132.5 140.5 1nl121.104 n123.104 nl125.104 n127.104 nl29.104
142.5 nl31.104

res=8 A
82.8-90.8 n79.35 n8l35 n8335 n8535 m87.35
92.8 96.8 n 89.35 m 87.71 n 89.71

res=15 A
81.6 89.6 k 80.16 k 82.16 n 8233 kB80.70 k88.16
91.6 95.6 k 90.16 n 88.51 k 88.70
res=6 B
82.6 80.6 n8l.15 n83.15 085.15 nd7.15 n8Y.15
92.6 100.6 n87.51 n8951 n87.87 nY7r.1ld n99.15
102.6 104.6 n 97.51 n 99.51

res=11 B
81.2 n 75.56
res=14 B
81.5 89.5 180.15 q 7849 n77.77 n79.77 n81.77

91.5 99.5 n83.77 08577 n87.77 1n89.77 198.15
101.5 103.5 q 9649 q 98.49

F The Unconstructed Cases

In this appendix, we summarize the unconstructed cases in Appendix A;
we parenthesize values for which a construction is now known.

Table F.1
Values of ¢ for which t € A(7) is unconstructed.

1 2 3 5 6 12 (13) 14 17 19
22 27 (29) 33 37 39 42 (43) 47  (52)
50 (1) 62 (66) (67) (75) (82) (83) (104) (107)
(117)
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Table F.2

Table F.3

3
(43)

Table F.4

19
31
(48)
(70)
(119)
(196)

Table F.5

3
(191)

Table F.6

3
(53)

Table F.7

15
37

76

(97)
(138)
(186)
(206)

Values of ¢ for which t € B(7) is unconstructed.

(4 6) 19 (290 34 39 (44) (82)

Values of t for which t € C(7) is unconstructed.

4 () 19 (22) 24 (290 34 39
(44) (53) (59) (82) (174) (179) (203)

(42)

Values of t for which ¢ € A(8) is unconstructed.

3 4 5 6 7 (11) (12) (13) 14
20 21 22 (23) 24 25 26 27 28
32 34 35 (38) 39 40 (a7)
52 (83) 59 (60) 61 62 67 (68) (69)
(75) (76) (77) (78) (96) (101) (102) (103) (110)
(126) (174) (175) (181) (182) (188) (191) (192) (195)
(197) (198) (199) (223) (230) (231)

(45) 46

Values of ¢ for which t € B(8) is unconstructed.
11 13 20 22 23 25 26 27 28

Values of ¢t for which ¢ € C(8) is unconstructed.

11 13 20 22 23 25 26 27 28
(191) (195)

Values of ¢ for which ¢ € A(9) is uncoustructed.
3 4 5 (6 7 (8 11 12 (@4)
(17 20 21 22 24 27 31 32 34
38 40 42 43 45 47 50 52 53

(59) 60 61 62 (63) 67 68 (72) 75
(77) (78) 84 (86) (87) 92 (93) 94 96
102 (106) (107) (113) (115) (119) (128) 132 (133)
(141) (142) (147) (150) (151) (158) 174 (176) (177)
191 (192) 194 (195) 196 (197) 201 (203) 204
200 (212) (215) (219) (222) (245) (247) (372)
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Table F.8
Values of t for which t € B(9) is unconstructed.

2 3 4 5 12 13 14 18 (19) (20)
22 23 25 26 27 28 31 33 34 (37)
38 40 41 43 46 47 (48) 52 (53) 59
(60) 61 62 67 68 76 8 (92) 93 94
102 103 (114) (115) (132) 139 (146) (147) 148 (157)
(166) (167) (173) 174 183 (191) 192 202 203 (205)
209 229 (230) (237) (253) (265) (311) (454)

For C(9), therc were 200 exceptions in Table A.9. Construction n clim-
inated most larger values, with 41 exceptions. Of thesc 41, construction r
eliminated 17 values, IR eliminated eight, and with the aid of [25, 26], threc
more were eliminated: (j 120, i 133, Zj 238); the 13 remaining large excep-
tions were 754, 886, 895, 931, 985, 1006, 1057, 1084, 1093, 1165, 1246, 1624,
1726. Coustructions arc now known for almost all values not in Table F.8;
the current exceptions arc given in Table F.9.

Table F.9
Values of t with t € B(9), but £ € C(9) unconstructed.

16 20 48 60 92 104 147 166 187 191
205
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