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1 Introduction

An order R on a set is called an eztension of another order S on the same
set if $ C R. Let P be a finite ordered set and let |P| be the number of
vertices in P. We say that b covers a, denoted by b > a, provided that for
any ¢ € P, a < ¢ < b implies that ¢ = b. A linear extension of P is
a linearly ordered set L such that ¢ < b in L whenever ¢ < b in P. We
write [£1,Z2,- - , 5] as a linear ordered set such that z; < 23 <+ < Zp.
Szpilarjn [4] showed that any order has a linear extension. Let £L(P) be the
set of all linear extensions of P. Then £(P) is a nonempty set.

Let P and Q be two disjoint ordered sets. The disjoint sum P + @ of
P and Q is the ordered set on P U Q such that z < y if and only if either
z,y€ Pandz <yin Porz,y € Q@ and z < y in Q. The linear sum PO Q
of P and Q is obtained from P + @ by adding the relation z < y for all
zecPandyeQ.

A (P, L)-chain is a maximal sequence of elements z,22,--- , 2, such
that 2y < 22 < -+ < 2, in both L and P. Let ¢(L) be the number of
(P, L)-chains. A consecutive pair (i, Zi+1) of elements in L is a jump of P
in L if z; is incomparable to ;41 in P. The jumps induce a decomposition
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L:Co®C1®:--®Cp, of L into (P, L)-chains Cy,Cy,- -+ ,Cp, where m =
¢(L) and (maxC;, minCjy;) is a jump of Pin L for i = 0,1,--- ,m — 1.
Let s(P, L) be the number of jumps of P in L. The jump number of P is
the minimum number of s(P, L) over all linear extensions L of P, denoted
by s(P). If s(P,L) = s(P) then L is called an optimal linear eztension of
P. We denote the set of all optimal linear extensions of P by O(P). For a
positive integer n, we denote by n =(1,2,--- ,n] the n-element chain.

The jump number of a product of ordered sets has been studied by a
few authors. Bae, Kim and Lee [2] determined the jump number of the
product of generalized crowns as following;

s(Sk x SL) =2(m+1)(n+k) +2(m - 2)(n —2) — 1.

Jung (3] studied the jump number of the product of a tree and a chain. Let
T be atree and C; & C, & -+ - ® Cy, a greedy optimal linear extension of T.
Then s(T x n) = }_i., min{|Ci|,n} — 1. More generally, we consider the
product of an ordered set and a chain.

In this paper, we find an optimal linear extension of P x n from the
linear extension of P. Furthermore, we introduce a way to find the jump
number of the product of an ordered set and a chain. Our main result is
the following:

Theorem Let P be an ordered set and let Lp = Co @ C1D---®C; be a
linear extension of P such that 3 max{0,|D;| — n} < > max{0,|C;| — n}
forall Do® D, ®---® D, € L(P). Then

,.
s(Pxn)= Zmin{ngl,n} -1
i=0

From the above Theorem, we can see that the problem of finding the
jump number of P xn is the that of finding a linear extension L of P which
has maximum of the sum of |C|—n for all (P, L)-chains with |C| > n. Hence
we have s(P xn) = |P|-1—t, where t = Z |C] - n.

C:(P,L)~chain
IC1>n
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2 Preliminaries

In this section, we discuss a property of the linear extension of P x Q and
construct a linear extension of P x @ for finite ordered sets P and Q. It is
easy to determine an upper bound of the jump number of P x Q.

Now, we see that (a,b) < (¢,d) in P x @ implies either a = c or b= d.
In general, if L = Co @ C, @ --- & C; is an arbitrary linear extension of
P x Q consisting of (P x @, L)-chains, then, for i =0,1,---t,

either C; =D x {y} or C;={z} x E

for some chains D and E in P and @Q, respectively, and for z € P, y € Q.
In this case, the (P x @, L)-chain C; is said to be left (P x Q, L)-chain if
C; is of the form D x {y} with |D| > 2 and right (P x Q, L)-chain if C; is
of the form {z} x E with |E| > 1.

Jung showed in [3] that, for all positive integers m and n,
s(m x n) = min{m, n} — 1.

For some positive integers m and n with m > n, it is well known that an
optimal linear extension L of m X n is of the following form;

(21) L= @[(ls k)’ (2’ k)y ) (m’ k)]
k=1

Furthermore, we see that [(1,%),(2,k), - ,(m, k)] is an (m x n, L)-chain
fork=1,2,--- ,n.

Now, consider an arbitrary linear extensions Lp and Lq of P and @,
respectively, with Lp = Co @ C1®---®Crand Lo =Dy ® D, ®--- ® D;.
Using the same above method, we will construct a linear extension L of
P x Q. Let L' = @]_, @)=, Ci x D; and let L;; be an optimal linear
extension of C; x Dj, which is of the same form in (2.1). Then L' is an
extension of P x Q and L = @_, @;‘=o L; ; is a linear extension of P x Q,
which is denoted by Lp * Lg. Moreover, we obtain an upper bound of the
jump number of P x @ as follows;

r t
(22) s(PxQ)<s(PxQ,Lp+Lg)=)_ > min{|Ci, |D;|} - 1.

i=0 j=0
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A certain question is raised as follows: Does it imply that there are Lp €
L(P) and Lg € L(Q) such that

s(PxQ)=s(PxQ,Lp*xLg)?

Let [ =Co®C1®:--®Crand Ly = Do ® D, & --- ® D, be linear
extensions of P. Then we say that L, and L, are of the same type if
{ICi| : 1<i<r}={|D;] : 1<j<r} asthesame multi-set. Let O*(P)
be the set of all distinct types of linear extensions of P.

Example 1. (1) Consider the given ordered sets P and Q in Figure
1. Let L, = [0,1])®[2] = 2®1 and Lg = [a,b,c]® [d] = 3® 1. Then
L' = ([0,1] x[a, b, c]) & ([0, 1] % [d]) & ([2] x [a, b, ¢]) ®([2] x [d]) is an extension
of P x Q. .

o
Q

Figure 1.

Thus we have a linear extension Lp * Lg of P x Q as follows;

L+ Lo =[(0,a), (0,8), 0,0)) ®[(1,a), (1,), (1,)]
®1(0,d), (1,d)]
®[(2.a), (2,b), (2.0
& [(2,4d))-

In fact, Lp*Lg = Loy ® Lo, @L1'06L1,1 is an optimal linear extension
of P x Q with s(P x @, Lp * Lg) = s(P x Q) = 4. Furthermore, we see
that

s(P x Q) =s(PxQ,Lx*M)

forall L € 0*(P) = {2®1} and M € 0*(Q) = {3®1}.
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Figure 2. P x Q

(2) In general, it doesn’t need to be true that there are linear extensions
Lp and Lq of P and Q, respectively, with Lp = Co ®C; & --- & C, and
Lo=Doy® D, @+ @& D; such that

r t
s(PxQ)=s(PxQLp+Lg) =) min{|Ci, |D;[} - 1.

i=0 j=0
Consider the ordered sets P and @ in Figure 3. Then we see that
O*(P)={393,10401,19302,2¢010162,10103a1},
o'Q)={3e1,202,20101}
and so s(P x Q,Lp * Lg) = Yi_o X j—o min{|Cil,|D;|}~1 > rt — 1 for

all Lp € O*(P) and Lo € 0*(Q) with Lp = Co® C, & -+ & C, and
Lo=Dy® D, ®---® D,.

4

Figure 3.
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Therefore, we see that s(P x Q,L+ M) > 7 for all L € O*(P) and M ¢
0*(Q). However, it is known that s(P x Q) = 6.

Now we study the jump number of the product of an ordered set and
a chain. If Lp is any linear extension of an ordered set P with Lp =
Co®C, ®--- @ C,, then we obtain from (2.2) that

T
s(Pxn)< Zmin{|0,~|, n}—1.
=0
In particular, we see that s(P x n) < |P| — 1. Furthermore, let m(L) be
the maximum number of |C;| for i = 0,1,--- ,7. We say that the height of
P with respect to linear extension is the maximum number of m(L) over all
linear extensions L of P, denoted by hi(P), i.e.,

h(P) = :Ci P, L)-chai .

1(P) Lrélgac:){maxﬂﬂ Cisa (P L)-c a.m}}

Then it is easy to see that h;(P) < h(P). Jung showed in [3] that if the
maximum size of a chain in a ranked ordered set P is at most n, then
s(P x n) = |P| — 1. For a more generalization, we prove the following.

Proposition 1 s(P x n) = |P| — 1 if and only if hy(P) < n.

Proof. Suppose that h;(P) < n and let L be any linear extension of
P x n. We see that the length of any (P x n, L)-chain less than n. Thus
s(Pxn,L) > EX8l 1 = |P| — 1. Hence s(P xn) = |P| - L

Suppose that h;(P) > n. Then there is a linear extension L = Co @
C1®-- - ®C, of P such that |Cy,| > n for some 0 < 79 < r. Hence we have
s(Pxm) < ¥ _omin{|Ci|,n} -1 < ¥ (|Ci| -1=|P| -1 [ ]

3 Proof of Theorem

We have the following lemma which is decisive in determining the jump
number to its source of the product of ordered sets.
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Lemma 2 Let P be an ordered set and let L be any optimal linear eztension
of P xn. Then we have the following properties:

(1) The number of left(resp., right) (P xn, L)-chains in P x {i} is equal
to the number of left(resp., right) (P x n, L)-chains in P x {j} for all i,j
with1<14,j < n.

(2) Every (P x n, L)-chain has the length at least n — 1.

Proof. Let P be an ordered set and L any linear extension of P x n.
Suppose that «; is the number of left (P x n, L)-chains in P x {i} and that
Bi is the number of right (P x n, L)-chainsin P x {i} foralli = 1,2,--- ,n
In fact, we see that every right (P xn, L)-chain in P x {¢} is an one element
chain of the form {z} x {i} for some z € P. Now, for each i = 1,2,--- ,n,
let L |pyiiy= a""ﬁ' i,k X {i} be the restriction of L to P x {z}, where

Dy x{i}is a Ieft (P x n, L)-chain or one point in a right (P x n, L)-
chain. We will construct a new linear extension L; of P x n with respect

to L |px{,~}.
For k=1,2,---,a; + B;, we define a chain L; ; in P x n as follows:

(3 1) Liw = D.',kx{l}&D,',kX{z}@"'@Di,kX{'n} if|D;'k| >2
' o Dix xn if D x| = 1.

Let L; = @:jﬂ ‘ L; x. Hence L; is a linear extension of P x n and we have
the following properties:

(32) s(Pxmn,L)>-1+p; +§n:ai forallj =1,2,---,n,
i=1
(33) s(Pxn,L)=-1+8i+n-a.
Now, there exist integers ig and jo with 1 < ég, jo < n such that
n- @i + Pi, = min{n - e; + f; | 1 <i < n} and B, = max{B1,P2,--+ ,Bn}-
Therefore, we have
n-a;+ B, 2n-ai+fi 2n-ai, + B

and so
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Hence we see that

ﬁ,o'i'; a; = Z(a:+ﬁ10 )2 Z ato"'ﬂlo )=n- (aio'l'%) =10 ajp+Bi.
Furthermore, we obtain from (3.2) that

n
s(P xmn, L) > -1+ B;, +Za,~ 2 -1+n-ai+Bi =s(Pxn,L;).
i=1

(1) Suppose that L is an optimal linear extension P x n. Since L €
O(P x n), it follows from (3.2) that, for all k = 1,2,--- ,n,

n

(34) Bj+)_ ai—1< s(Pxn,L) < s(Pxn, L) = n-ag+fs—1.
=1

Thus summing both sides of (3.4) from k£ = 1 to n, we obtain

Z(ﬁu + Z ;) < Z(n ok + Br)

=1

n
and son - fj, < Zﬁk. By the maximality of §;,, we see that
k=1

ﬁjo = ﬂk

forallk=1,2,-
Since L is an optlmal s(Pxn,L)y=s(Pxn,L;)=n- ®ip + Biy —
By inserting this into (3.4), we have

n
Bjo+Za.~—15n-aio+ﬁ.~°—15n-a.-+ﬂ,-—1.
i=1

n
Since B;, = Bi = Bj,(¢ = 1,2,---,n), it follows that Za,- <n-a and
=1
ai, < a;foralli=1,2,... ,n. By the minimality of a;,, we see that
Qi = Qj

forall:z,7=1,2,---,n
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(2) Without loss of generality, we may assume from (1) that o = «;
and 8 = B; for i = 1,2,---,n. Then s(Pxn,L) =f+n-a-1 for
L € O(P x n). Since every (P x n, L)-chain is either right (P x n, L)-
chain or left (P x n, L)-chain, it follows that 8 is the number of right
(P x n, L)-chains and n - & is the number of left (P x n, L)-chains.

Suppose that C = [(a,5),(a,j + 1), ,(a,j + k — 1)] is a right (P x
n,L)-chain. If j > 1, then there are distinct 8 right (P x n, L)-chains
penetrating P x {j — 1}, which are different from C. Hence the number of
right (P xn, L)-chains is greater than 38, which is a contradiction. Similarly,
we induce a contradiction in the case j + k — 1 < n. Hence the length of
every right (P x n, L)-chain is exactly n — 1.

Furthermore, suppose that there is a left (P x n, L)-chain D x {;} with
D =[dy,dy," -+ ,dy] and r < n. Then we see from (1) that L; = @2*° L, ,
is an optimal linear extension of P x n, where L;; is defined in (3.1).
Now, there is k with 1 < k < a + f such that D = D;; and so L;; =
D;rx{1}®D;; x{2}®-- - @D; i x{n}. Let L} = Li1®---®L; 3 @Lli,k@
Lik410---®Liop, where L], = {d1} xn ®{d2}xn ®---®{d,} xn. Then
L; is a linear extension of P x n and L;  consists of r (P x n, L})-chains
and so

s(Pxn,L})==-14+B+r+(n-1)-a<-1+B+n-a=(Pxn,L),
which is a contradiction as L; is optimal. Hence we have the result. [ ]
Now we are ready to proof the main result:

Proof of Theorem. Let L be any optimal linear extension of P x n. We
see from Lemma 2 that there are exactly distinct n-a left (P x n, L)-chains
and B right (P x n, L)-chains such that s(P xn,L)=n-a+ 8- 1.

Now, consider the restriction linear extension L|py (i} = $:’=*'f Cr x{i}
of L to P x {i}, where Cj x {i} is a left (P x n, L)-chain or one point in a
right (P x n, L)-chain. Then each Cix(1 < k < a + ) is a chain in P with
either |Cx| >n or |Ck|=1. Hence Lp = @:'__'.'lﬂ C} is a linear extension of

Pand s(Lp*xn,Pxn)=n-a+pf —1=s(P xn), that is,
s(Pxn)=n-a+p-1

o B
=n+n+--+n+l+1+.--+1-1
a+p
= Zmin{lckl,n}— 1. ]
k=1
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Corollary 3 Let P be an ordered set. Then we have

s(Pxmn)= —1+L2121?P){|P|—gma.x{o,wgl—n} : L=01€B~--$Cr}.

4 Concluding Remarks

1. Let P be any ordered set with n = h;(P). Then we see that
s(P)=s(Px1)<s(Px2)<---<s(Pxn)=-.-=|P| -1

2. Observe that it need not be true that

> min{|D|,n} < )_ min{|Ci|,n}

for each linear extension Co & C; @ -+ & C, of an ordered set P and each
optimal linear extension Do & D, @ --- @ D, of an ordered set P. For
instance, let P be an ordered set as in Figure 4.

 d

e

> a

P

Figure 4.

Consider the optimal linear extension L; and non-optimal linear ex-
tension Ly of P, where Ly = Do @ D; = [a,b, f] ® [e,c,d] = 3 & 3 and
Ly =CodC1®C2 = [e]® [a,b,c,d|®[f] =141 In fact, we
have 5 = Ef__.omin(|0,-|,n) =s(Pxmn,Ly*n) < s(Pxn,L; xn) =
2%:0 min(|D;|,n) = 6 for some integer n = 3. Furthermore, we see that

s(Px2)=8(Px2,L; *2)=s(Px2,L;*2)=—-1+|P|-2=3.
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3. We see from main Theorem that we can construct an optimal linear
extension of P xn from the linear extension of P. And this linear extension
of P depends on the value of n. Because of this fact, the statement of the
example (2) in section 1 is not true. In fact, in the example, we take a
linear extension of @ of the type 3 @ 1 and let L be a linear extension
of PxQsuchthat L = (1®4®1)*3)® ((3® 3) x1). Then L is an
optimal linear extension of P x Q. Hence we give a following question: Is
there a linear extension Lg of @ with Lo = Dy @ D1 @ - -- ® D; such that
L = ®t_,L; is an optimal linear extension of P x Q for L; € O(P x D;)?
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