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ABSTRACT. Let G be a simple graph with n vertices. p(G, k)
denotes the number of ways in which one can select k indepen-
dent edges in G (k > 1). let p(G,0) = 1 for all G. Then the
matching polynomial a(G) of a graph G is given by
(n/2]
oG) = a(G,z) = Y _ (-1)*p(G, k)z" .

k=0

In this article we give the matching polynomials of the com-
plete n-partite graph with a differential operator.

1 Introduction

We consider finite undirected graphs without loops or multiple edges. We
denote the set of vertices and edges of a graph G by V(G) and E(G),
respectively.

Let G be a graph with n vertices. Two distinct vertices or edges in a
graph G are independent if they are not adjacent in G. p(G, k) denotes the
number of ways in which one can select k independent edges in G (k > 1).
Furthermore, let p(G,0) = 1 for all G. Then the matching polynomial a(G)
of a graph G is given by

(n/2)
o(G) = o(G,z) = Y _(-1)*p(G, k)z"~%*.
k=0

where the symbol [z}, for real number z, represents the greatest integer not
exceeding z.

ARS COMBINATORIA 60(2001), pp. 187-192



Farrell [3] named a(G) the matching polynomial in 1977. Hosoya [5] used
a(G) in chemical thermodynamics.

The matching polynomial referred to in the paper is also known as the
acyclic polynomial. It was introduced by Ivan Gutman [6]. The relationship
between this matching polynomial and the general matching polynomial
was given by Farrell [7).

Now, we present a number of recursion formulas for a(G) which we need
in this article.

Let v and e be a vertex and an edge of G, respectively. G —v (|(G)| = 2)
denotes the subgraph with vertex set V(G) — {v} and whose edges are all
those of G not incident with v, and G — e is the subgraph having vertex
V(G) and edge set E(G) — {e}.

Let e be an edge of G incident to the vertices v and w. Among the p(G, k)
selections of independent edges, there are p(G — e, k) selections which do
not contain e and p (G — v — w, k — 1) selections which contain e. Thus,
p(G,k) = p(G — e, k) + p(G — v — w, k — 1). This yields
Theorem A. [2,4].

a(G)=0a(G-e)-a(G -v-w).

Corollary B. [2,4]. Let the vertex v be adjacent to the vertices wy, ..., wq.
Let further H =G — v. Then

d
a(G) = za(H) - Y a(H — w;)
=1

Corollary C. [2,4]. Let V(G) = {v1,...,vn}. Then

do(G,z)/dx = ia((}' - vj,I),

Jj=1
where da(G, z)/dz is the derivative of a(G,z).

A graph G is n-partite, n > 2, if it is possible to partition into n subsets
Vi,...,Vn (called partite sets) such that every element of E(G) joins a
vertex of V; to a vertex of Vj, i # j. A complete n-partite graph G is an
n-partite graph with partite sets V3, ...,V having the added property that
ifueV;and v € V, i # j, then wv € E(G). If |V;| = p;, then this graph
is denoted by K(pi,...,Pn). Then the following results are already known
2].
A atkmmy = (-)"mis™ L™ (@) (n 2 m 2 1),
where L% ™(z) is the Laguerre polynomials.

In this article, we will give the matching polynomials of the complete
n~partite graph with a differential operator.
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Theorem. (K (py,...,pn),z) = (x — D)P~ ... (z — D)P2gP

Proof: If n = 1, Theorem is trivial. Hence, without loss of generality we
can assume n > 2,

The proof is induction on n. If n = 2, then we have a(K(p1,p2)) =
a(Kp, +Kp,) = (z — D)a(K, p) = (z — D)P2zP' from Lemma 2.
Now, assume that Theorem is true for n—1. Since K(py,...,pa) = Kp, +

K(Pl: spn—l): we obtain Q(K(Ph sPn) (z D)p"a(K(Pl, 1pu-1)
from Lemma 2. Thus, by the mductxon hypothesis

Q(K(Pl,...,Pn),I) = (:t-— )”"---(:z—D)”’z"‘

This completes the proof by induction. O

Lastly, let us give concrete example.
Example.

1) (K(1,2,3) = (=~ )3(1‘ - D)z-'c = (z - DP*{(z - D)’z} = (z -
D)3(z3® — 2z) = z° — 112 + 242% — 6.

From Corollary, we also have

$(K(1,2,3,4) = v(K, + K(1,2,3)) = |a(K (1,2, 3),0)| = 264.

(2) o(K(3,3,3) = (z - D)3(x - )3 %= = (= - )3{(z D)z} = (z -
D)3{z® — 9z 4 1822 — 6} = 29 — 277 + 21625 — 55873 4 324z.

(K (3,3,3,3) = ¥(K3 + K(3,3,3)) = o (K(3,3,3),0)| = 3348.
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