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ABSTRACT: Lect 7(n) denote Ramanujan’s tau function . We obtain
an identity that involves T(n) and o(n), as well as some apparently new
congruence properties of 7(n) with respect 1o the moduli 23 and 5.
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Introduction: Ramanujan’s tau function, denoted 7(n), has fasci-
nated number theorists since its discovery in 1916. In this note, using
elementary means, we obtain an apparently new identity involving 7(n)

and the sum-of-divisors function, o(n). We also present some congruence
properties of 7(n) with respect to the moduli 23 and 5.
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Preliminaries:

Definition 1:  Let 7(n) denote Ramanujan’s tau function.
Definition 2: Let p(n) denote the number of partitions of n.
Definition 3: Let w(n) = n(3n — 1)/2 (the n** pentagonal number).

Definition 4:  If » > 2, let b,(n) denote the number of r-regular parti-
tions of n, that is, the number of partitions of n such that no part occurs r
or more times (or equivalently, the number of partitions of n such that no
part is a multiple of r).

Let x denote a complex variable such that |z] < 1. Then the following
identities hold:

i rn)z" =z ﬁ(l 4 (1)
n=1 n=]
r(mn) = r(m)r(n) if (m,n) =1 (2)

If p is prime and &k > 1, then

(") = r(p)r(*) - " (") (3)

(n—1)r(n) = T (=1} (2k +1)(n -1 gﬂ’-"-?ﬂ)r(n - 5(-'5;-9-)

k21

(4)

(n=1)r(n) = Z(—l)""l{(n —1— 25w(k))r(n —w(xk))  (5)

k>1
Zp(n)r —H(l ")t (6)
n=0

Hr> 2 then
3

> bt = I 225 (7)

n=0 n=1

H(1 -z =1 +Z( 1)% (2 ®) 4 pe(=k)y (8)

n=l
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If AC N and f(n) is a given function, let

[T-)"% =14 pasn)e
neEA n=1
Furthermore, let fa(k) = > {d:d|k, d € A}. Then
npas(n) =) falk)pa,s(n— k) 9

k=1

Remarks: (1) and (4) appear in [5]. (2) and (3) were proven in [4]. (5)
is (13) in [3], except that a missing factor of (~1)*~! has been inserted. (9)
is Theorem 14.8 on p. 322 of [1].
The Main Results
Theorem 1: Ifn > 1, then
n
nar(n+1) = —24Zo(k)r(n +1-k)
k=1
Proof: This follows from (9) and (1), letting f(n) = —24n and A= N.
Corollary 1: I n is even, then 8]7(n).

Proof: This follows immediately from the hypothesis and from Theorem
1.

Remark: An earlier proof of Corollary 1 was given in [2].
Theorem 2:
n _ _ (—=1) (mod 23) if n = 23w(%j)
E T(n+1- k)p(k) = { 0 (mod 23) otherwise

k=D

Proof: (1) implies

(i 7(n)z") ﬁu ~z") =2 ﬁ(l -z

n=0 n=1 n=1

Now (6) implies

" 7)) (Y pn)e™) = 2 [T (1 -2%")  (mod 23)

n=0 n=0 n=1
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Invoking (8), we have

00 n o0
YO r(n— Kp(k)z™ = 2{1 + Y _(~1) (2236 4 223(=1)}  (mod 23)
n=0 k=0 =1
Matching coefficients of like powers of =, we get
n . oy -+ _ p .
ZT(" — k)p(k) = { (—1) (mod 23) if n = 1 4+ 23w(zxj)

= 0 (mod 23) otherwise

Since 7(0) = 0, this yields:

n-l X )
_J (1Y (mod 23) if n = 1 + 23w (%)
I:ZO i = kp(h) = { 0 (mod 23) otherwise

The conclusion now follows by replacing » by n + 1.

Remark: Other congruence properties of r(n) (mod 23) were given by
Wilton [6].

Theorem 3

() + (1) " (r{m — w(k)) + r(n —w(—k)) =

k=1

(-1¥ (mod 5) if n =1+ 25w(+j)
0 (mod 5) otherwise

Proof: If (1) is multiplied by [].%, (1 — z"), we get

(Z T(n)z") H(l —-z") == H(1 — )
n=1 n=1 nei
Now (8) implies
Z(T(n) + Z(—l)k(r(n —w(k)) + T(n — w(—k)))z" =

n=l k=1
oo
z [J(1 =2*") (mod 5)

n=1

hence
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Z(r(n)+z —1)*(r(n = w(k)) + (n — w(-k)))z"

k=1

(o]
z(1+ Z(zz”“’(") + 2=y (mod 5)

i=1
The conclusion now follows by matching coefficients of like powers of z.

Remarks: It is known that if n =0 (mod 5), then #(r) =0 (mod 5).
A weaker version of Theorem 2 follows from (5), namely:

Theorem 3a:
r(n)+ Y (-1 (r(n - w(k)) + 7(n —w(~k))) =
k=1

0 (mod5) if nZ1 (mod 25)
Theorem 4:  7(n) = bys(n — 1) (mod 5)

Proof: (1) and (7) imply

Z r{n)a" =¢ H (ll—_x;')‘l‘s =

n=} n=l

=z Z bas(n)z" (mod 5)

n=1 n=0

The conclusion now follows by matching coeflicients of like powers of =.

The following theorem permits the convenient calculation of the function

b (n).
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Theorem 5: Ifr>2, then

br(n) = pln) + 3 (=1} (p(n = rw(k)) + p(n — rw(=£)))
k=1

Proof: (7) and (6) imply

Zbr(n):l:” = H(l —z™)"! H(l -z™M) =

n=0 n=1 n=1

(3" p()a™) (1 + 3 (~1) (a7 ®) 4 grei-H)) =

n=0 k=1
Y (p(n) + Y (1 (p(n = rw(k)) + p(n — rw(—Fk)))="
n=0 k=1

The conclusion now follows by matching coefficients of like powers of x.
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