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Abstract: In this paper we give the following labelings:

(1) Elegant labelings of triangular snakes A,,n =0,1,2 mod 4.

(2) Near elegant labeling of triangular snakes A,, when n = 3 mod 4, which are
not elegant. .

(3) Elegant and Near-elegant labelings of some of the theta graphs 6, 5.4, =
1,2,3.

(4) Harmonious labelings of helms H, when n is even.

AMS SUBJECT CLASSIFICATION: 05C78
1 INTRODUCTION

Let G be a finite simple graph on p vertices and m edges. When an
edge e of the graph G has end points z and y, we simply refer to the edge
e as the edge zy.

A harmonious labeling of a graph G is a 1-1 function ¢ on the vertex
set V(G) to the set {0,1,...,m — 1} such that the induced edge labeling
given by ¢(zy) = &(z) + ¢(y)( mod m) for every edge zy € E(G), is also
1-1. Here, if m = p— 1, then exactly one label may be used on two vertices.
This additive version of a graceful labeling of a graph was introduced by
R. J. Graham and N. J. A. Sloane [5]. Since all the values from 0 to m — 1
have to be taken by the edges, many simple graphs are easily observed to
be non-harmonius.

An elegant labeling of a graph G is an injective(1-1) function ¢ from the
vertex set V(G) to the set {0, 1,...,m} such that the induced edge labeling
given by ¢(zy) = ¢(z) + ¢(y)(mod(m + 1)) for every edge zy € E(G), is
also injective and ¢(zy) is not congruent to 0 mod (m + 1) for every edge
zy in the edge set E(G).

The concept was introduced by G. J. Chang, D. F. Hsu and D. G. Rogers
[3]. They proved that the cycles Cyp, Caps3 and the paths Pypyi,1 <7< 3,
are elegant whereas the cycles Cyp, are not elegant for all natural numbers
p- Cahit [2] proved that the path Py, is elegant for all p > 1. M. Mollard
and C. Payan [6] proved that the cycle Cypy is elegant for all p > 1. For
elegant labelings the edge labelings are non-zero. That means all the values
from 1 to m are taken by the edges. This does not leave much freedom and
hence a simple graph like Cyp4; is non-elegant.
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We will say that a graph is near-elegant if there exists an injective
(1-1) function ¢ from the vertex set V(G) to the set {0,1,...,m} such
that the induced edge labeling given by ¢(zy) = ¢(z) + ¢(y)(mod(m + 1))
for every edge zy € E(G), is also injective and ¢(zy) is not congruent to
m mod (m + 1) for every edge zy in the edge set E(G). This means that
instead of zero being the missing value in the edge labelings, the integer m
is the missing value. In [7] D. Moulton has proved that all triangular
snakes are graceful. In [1] L. Bolian and Z. Xiankum attempted to show
that all triangular snakes A, are harmonious for odd values of n and not
harmonious when n = 2 mod 4. For the triangular snake A, the number of
vertices is 2n+1 and the number of edges is 3n, so that m > p—1. However,
all the labelings given in [1] have one repeated value. This means that
the labeling is not 1-1. Hence the question whether triangular snakes are
harmonious or not remains unanswered and it makes sense to ask whether
triangular snakes are at least elegant. We show that the triangular snake
A, is elegant when n = 0,1,2( mod 4). However, for n = 3( mod 4) the
triangular snake A, is not elegant but it is near-elegant. We also give
elegant labelings of some of the ‘theta graphs and harmonious labelings of
helms H, when n is even.

2 TRIANGULAR SNAKES
We will first introduce some notations.

Definition: A triangular snake A, is a graph whose vertex set and edge
set are as follows::

V(An) = {20, -, za} U{v1,- - ¥n }s
E(An) = {zis1Zi, Tic1yi, Tiyi : 1 < i< n}.

One can see that the induced graph on the set {z;_1,z;,y:} is a triangle
for every 1 < i < n. This triangle is denoted by T;. We refer to the edge
Z;—1Z; by h;, the edge z;_1y; by {; and the edge z;y; by 7;.

In the begining we shall prove a general result about elegant graphs
employing a technique used by L. Bolian and Z. Xiankun in {1, Theorem
2.3]. As a corollary, we prove that the triangukar snakes A,,n = 3 mod 4
are not elegant.

Theorem 1: Let {d,,...,d,} be the degree sequence of a (p, m)-graph G
with vertex set {v1,...,vp}. If G is elegant, then

idi $(v:) = ( ”‘;1 ) mod (m + 1).
i=1

Proof: If ¢ is an elegant labeling of the vertex set V(G) of G then the
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induced labeling ¢(zy) = ¢(z) + $(y) takes all the values {1,2,...,m}
modulo (m + 1). Hence for some non-negative integer ¢,

14
> di ¢(wi)
=1

> bluw) +(m+1)t

viv; EE(G)
1+...+mmod (m+1),

(m;—l ) mod (m + 1).

a

Corollary: If n = 3 mod 4, then the triangular snake A, is not elegant.
Proof: If n = 3 mod 4, then n = 4t + 3 for some non-negative integer ¢ and
m = 12t + 9. For a triangular snake degree of every vertex is either 2 or 4
and so ¥ d; ¢(v;) is an even number 2a. If A, is elegant then by Theorem
1, we get
( m 1 ) = 2a + B(12t + 10).

for some integers a, 8. This means (6t + 5)(12t + 9) is divisible by 2, a
contradiction. o

The following three results show that for every n = 0,1,2 mod 4, A, is
elegant.

Theorem 2: If n = 0 mod 4, then the triangular snake A, is elegant.
Proof: Let n = 4t. The following figures give elegant labelings of A, for
t=1,2,3.

4 1 2 4 7 8 13 18

23 0 3 5 6 10 11 9 22

35 2 3 6 10 12 15 16 21 24 26 29
Ay

34 0 5 7 8 9 13 14 17 19 22 31 32

For t > 4, we give the labeling as follows:
¢($0) =m—2, ¢(:L‘1) =0, ¢(-7:2) =3, ¢(‘.’B3) = 79 ¢(1‘4) =8,
é(zs) =9, d(z6) = 13, ¢(z7) = 14, ¢(xs) = 17, ¢(zo) = 18.
The next 2t — 7 vertices are labeled as follows:
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H(T(942j-1)) =18+6j -1, 1<j<(t-3)
H(T(9425)) =184+65, 1<j<(t~4).

The last z, labeled so far is z(3;42) and ¢(2(2¢+2)) = 6t — 1. The next three
values are sporadic. Let ¢(z(2143)) = 6¢+1, $(T(2e44)) = 6t+4, ¢(Z(2045)) =
6t + 13. Now, if ¢ = 2t + 5, let,

H(T(g+25)) = d(zq) +6j =6t +6j+13, 1<j<(t-3),
(T(g+25-1)) = H(2g) +6j —5=6t+6j+8, 1<j<(t-2).

This means ¢(x(2t+6)) = 6t + 14 and the last vertex to be labled now is
Z(g4+2t—4-1) = T4¢. This finishes labeling of z,.,0 <r < n.

The labeling of y1,...,yn is given as follows:
d(y1) =m —1,4(y2) = 2,6(y3) = 3, $(ys) = 6,6(ys) = 10,

®(ye) = 12, d(y7) = 15, d(ys) = 16, ¢(yo) = 19, $(y10) = 22.
The next 2t — 8 vertices are labeled as follows: For < j <t —4,

H(Yo+25) = #(To425) +1 = 19465 and ¢(y1042;) = ¢(T1042;) — 1 = 22+65

The last vertex labeled so far is y(2;4.2), for which ¢(y(ae+2)) = A (T(2042)) —

= 6t — 2. Again the next five values are sporadic. Let ¢(y(g13)) =
H(T(2e43)) + 2 = 6t + 3, 0(Y2t+4)) = O(T(2t44)) + 2 = 6t + 6,0 (Y(2145)) =
3(T(2t45)) — 5 = 6t + 8, d(Y(2t+6)) = B(Z(2t46)) — 3 = 6t + 11, ¢(y(2147)) =
3(T(2t47)) +2 = 6t +21 = $(y(2t46)) +10. After this, let ¢(y(ar47+4)) = 6t +
21+3:¢,1 <4 < (2t —7). The last vertex labeled so far is y(a¢4742¢—7) = Yas-
This completes the valuation.

We prove, by induction, that the map ¢ induces a 1-1 map from the edge
set E(G) to the set {1,...,m}. By the triangle T}, we mean the triangle
{xi—l'r T3, yi}' Let

2t+2 12
E=ET), E=B|J T
i=2 i=2t+3

Fort > 4,let s=t—1and m = 12s = |E(A45)|- The triangles correspond-
ing to s are denoted by T- and the corresponding edge sets by EI,E2
To use mathematical mductlon, assume that A4, is elegant and the actual
values assigned to the edges are

o(T}) = {(m’ +l+m —4,m —2,m' -1},
¢(has+3) =m, ¢(E1) c{1,. (m -3}
¢(E2)—{m}U{m +1+z2: 1<z<m .z ¢ $(E})}.
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This means, thougl'l all the actual values are mentioned here, they are all
distinct modulo (m +1). It is easy to check this for A;¢. Now, for t = s+1,
we note that the actual values assigned to the edges are

(Tl)—{(m+1)+m 4,m—-2,m-1},
$(Er) = $(E}) U é(T2t+1) U 6(T2e+2),
B(Ba) = {m}U{m +1+2z+12: 1 <2 <m', 2 ¢ $(E) YU 0(Tae-1 U Tae).

Since earlier values are distinct modulo (m' +1) and m = m + 12, all the
values, except {m —1,m —2,m — 4,m',m +1,...,m + 11} in the set
{1,...,m} have appeared precisely once modulo m + 1.. It remains to see
that these values appear in ¢(E(A4:)). We note the following: When taken
modulo m + 1,

¢(Tot41) = {m - 13,m — 12,m — 11}—{m—1m m+1}
H(Tars2) = {m - 8,m—7,m—3} = {m’ +4m+5m +9},
¢(T4t 1)_{m—16m—l4m 9}-{171 —4m—2m+3}
O(Ty) = {m -10,m —6,m — 5}—{m+2m+6m +7},
(1)) = {m —4,m —2,m—1} = {m' +8,m +10,m +11}.

These are the missing values. Using mathematical induction, one can show
that the map ¢ is 1-1 on the vertex set also. Thus Ay, is elegant for every
positive integer ¢. ]

Remark: In the labeling given in the proof of Theorem 2, one can ob-
serve the following. Consider the sequences of edges {hio, h11,- -, h(2e42)}
and {h(2¢+6), P(at+7), - -+ h(ary}. The labelings of these edges are given by
following sequences {41,47,---,m — 7} and {26, 32, 38,44, --,m — 10}, re-
spctively. Both these sequences are in an arithmatic progression with the
same common difference. The elements of the second sequence are placed
exactly half way between those of the first. This itself shows that all these
elements are distinct.

The proofs of next three theorems are simmilar to that of Theorem 2
and hence we shall just give the labelings.

Theorem 3: If n =1 mod 4, then the triangular snake A, is elegant.

Proof: Let n = 4t + 1. The following figures give elegant labelings of A,
fort=0,1,2,3.
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24 2 3 4 7 9 11 13 19

20 0 1 5 6 8 10 12 14 21
6 2 3 4 7 9 11 12 15 17 19 25 29

R AVAVAVAVAVAVAVAVAVAVAVAVAN

32 0 1 5 6 8 10 13 14 16 18 20 27 33

For t > 4, we give the labeling as follows:
¢($0) =m - 7= ¢'($1) = 01 ¢($2) = 1,¢($3) = 5) ¢($4) = 6,
d(zs) = 8,d(z6) = 10, ¢(z7) = 13, (zs) = 14, ¥(z) = 16.
The next 3t — 9 vertices are labeled as follows:

#(x3j+10)) = 19+ 65, O(T(3j411)) = 20+ 65, H(T(354+12)) = 22 + 6,

where 0 < j < t—4. The last vertex labeled so far is x3; and ¢(x3¢) = 6t —2.
The next three values are sporadic. Let ¢(z(3¢41)) = 6¢, ¢(z(3¢42)) = 6 +
2,0(z(3¢43)) = 6t+9.If ¢ = 343, let ¢(x(g+5)) = ¢(x4)+65 = 6(t+5)+9 for
1 < ] <t- 2. The last vertex labeled so far is Tg4t—2 = T3t4+3+1-2 = T4t41-
This finishes labeling of z,.,0 < r < n.

The labeling of y1,...,yn is given as follows:
dy1) =m —3,(y2) = 2,8(y3) = 3,4(ya) =4, é(ys) =7,

$(ys) = 9, d(y7) = 11, ¢(ys) = 12, é(ye) = 15, $(y10) = 17.
The next (3t — 9) vertices are labeled as follows:

d(Y@ir11)) = 18 4+ 65, d(Y@jv12)) =21 + 635, d(y(s;j+13)) = 23 + 65,

where 0 < j < ¢t—4. The last vertex labeled so far is y(3;41) and ¢(yse+1)) =
6t — 1. Again, the next three values are sporadic. Let ¢(y(si4+2)) = 6¢ +
1, ¢(yae+3)) = 6t + 7,8(T(344)) = 6t + 11 If 7 = 3t + 4, let ¢(y(r45)) =
6(t + j) + 11 for 1 < j < t — 3. The last vertex labeled is y(,4;-3) =
Y(3¢+4+t—3) = Y(4ae+1)- This finishes the labeling of the vertices. O
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Theorem 4: If n = 2 mod 4, then the triangular snake A,, is elegant.
Proof: Let n = 4t + 2. The following figures give elegant labelings of A,
fort=0,1,2,3,4.

4 6
Ag 45)&:
1 3
171 3 5 9 11
Ag

140 2 4 6 7 16

231 2 5 7 9 14 15 16 30
Ajg

200 3 4 6 8 10 12 13 17 22
392 3 5 6 10 11 12 15 17 18 20 24 31
14

380 1 4 7 8 9 13 14 16 19 22 29 35 40
51 2 3 5 6 10 11 12 15 21 22 23 24 26 30 3743 48

AVYY
50 0 1 4 7 8 9 13 14 16 19 20 25 28 35 41 46 45 54

For t > 5, we give the labeling as follows:
#(z0) =m —4,¢(z1) = 0,¢(z2) = 1,(x3) = 4,p(z4) =7,
¢(15) = 8) ¢(zﬁ) = 9’¢($7) = 131 ¢(x3) = 14) ¢($9) = 16, ¢($10) =19.
The next 2(¢—3) vertices are labeled as: ¢(T(2j410)) = 19+65, &(z(2j+9)) =
194+6j—5=14+6j, where 1 <j <t -3.

The last vertex labeled so far is £442; and ¢(z44.2¢) = 6t+1. The next six
values are sporadic. Let ¢(zsy2:) = 6t + 4, ¢(Ter2t) = 6t + 11, p(@749¢) =
6t + 17, ¢(38+2t) = 6t + 22, ¢(x9+2t) = 6t + 21,¢($10+2¢) = 6t + 29. If
g = 10+2¢,let ¢(zgi2it1) =6t+29+ (i +1)+5i=6t+30+6i,0<i <t—5
and ¢(zg42:) =6t + 29 + 6¢,1 < i < (¢t — 5). The last vertex labeled so far
is Zae41 and @(zae41) = 12t. Let ¢(zae+2) = 12t + 6 = m. This completes
labelling of z;,0 < i < n.

The labeling of yi,...,ys is given as follows:

é(y1) =m — 3,0(y2) = 2, p(y3) = 3, $(y4) = 5, 6(ys) = 6, 6(ys) = 10,

é(y7) = 11, é(ys) = 12, d(yo) = 15, #(y10) = 21, d(y11) = 22. After this, let
O(Y1142i—1) = 22+6i—4, d(Y1142i) = 22+67,1 < i < t—4. The last vertex
labeled so far is y114+2¢—8 = y3+2¢ and ¢(yz+2:) = 6t—2. Again the next eight
values are sporadic. Let ¢(y2s+4) = 6t — 1, d(y2145) = 6t, d(yar6) = 6t +2,
B(yat+7) = 6¢+6, ¢(y2s+8) = 6413, ¢(Yy2s+9) = 6t+19, P(yae+10) = 66+24,
d(y2ts11) = 6t+25. For r = 2t+11, let O(Yry2i1) = 6t+25+2i+4(i—1) =
6t +21+6i,1 <i<t—4and ¢(yrs2:) = 6t +25+6i,1 <i < ¢t — 5. The
last vertex labeled so far is yr42t—8-1 = Yat+2 = yn and d(yn) =m —9. O
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3 NEAR ELEGANCE OF Ay

We have seen that A4, 3 is not elegant. We now give a near elegant
labeling of A4t+3.

Theorem 5: If n = 3 mod 4, then the triangular snake A,, is near-elegant.

Proof: Let n = 4t + 3. The following figures give near-elegant labelings of
A, fort=0,1,2,3.

32 3 8 6 7 12 13 16 21 22 29

286 0 1 4 9 10 11 14 15 19 23 25
40 1 2 5 7 10 11 13 14 16 19 22 23 29 37

36 0 3 4 6 & "9 12 15 17 18 20 21 25 33 35

For t > 4, we give the labeling as follows:
#(z0) =m — 9,¢(z1) = 0, §(z2) = 3, §(x3) = 4, (z4) =6,
¢($5) = 87 ¢(x6) = 91 ¢(I7) = 12: ¢($8) = 15’ ¢($9) =17.

The next 3(¢ — 3) vertices are labeled as follows:

(Z(943j-2)) = 17+ 2j +4(j ~ 1) = 13+ 67, .
H(T(9+35-1)) = 17+ 65 — 3 =14+ 65, d(x(9435) = 17+ 6.

where 1 < j < t — 3. The last vertex labeled so far is zg;3(-3) = T3
and ¢(x3;) = 6t — 1. The next six values are sporadic. Let ¢(z)44)
6t, ¢($2+31_) = 6t + 2, ¢($3+3t) = 6t + 3, ¢($4+3g) =6t+7, ¢($5+3 )
6t + 15, d(x64+3t) = 6t + 17. If ¢ = 6 + 3¢, let @¢(zq4:) = 6t + 17 + 64,1
i < t — 3. The last vertex labeled so far is zg4+3¢+:—3 = T and ¢(z,)
6t+17+6t—18 = 12t —1 = m—10. This completes labelling of z;,0 < i < n.

A it

The labeling of y1,...,yn is given as follows:
¢(yl) =m - 5’ ¢(y2) = 1: ¢(y3) = 2v ¢(y4) = 57 ¢(y5) = 75
¢(y6) = 101 ¢(y7) = 117 ¢(y8) =13, ¢(y9) = 14, ¢(y10) = 16.
After this, for 1 <i<t—3,let

¢(y(]0+3i—2)) =16+ 2¢ + 4('& - 1) =12+ 61,

d(Y10+3i-1)) = 15 + 64,

#(y(10431)) = 16 + 6.
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The last vertex labeled so far is ¥104+3:—9 = ¥3t+1 and ¢(yae+1) = 16+ 6(¢ —
3) = 6t — 2. Again the next six values are sporadic. Let

?(y3es2) = 6t + 1, d(yaes3) = 6t + 4, $(yse44) = 6t + 5,

¢(y3t+s) = 6t + 11, d(yse+6) = 6t + 19, P(yse47) = 68+ 27.
For r = 3t + 7, let ¢(yr4i) = 6t + 27+ 6i,1 < i <t — 4. The last vertex
labeled so far is Yr4t—4 = Yat+3 = Yn and ¢(yn) = 6t +27+6t—24 =m—6.
]

4 THETA GRAPHS

Definition: For three natural numbers a < 8 < < the theta graph
0u,p.- consists of three vertex disjoint paths of length a, 3,7 having same
end points.

We give here elegant or near elegant labelings of some of the theta graphs:

Theorem 6: Let n be a positive integer, n = 0 mod 4 and let 6, g, be a
theta graph on n points. ‘

(a) If 8 and v are both congruent to 2 modulo 4, then 6, g , is elegant.
(b) If B and  are both odd then 6, g is near-elegant.

Proof: (a) First consider o = 1,8 = 2 and v = 4t — 2. This graph has
n = 4t vertices and m = 4t + 1 edges. Thus m + 1 = 4t + 2. Let the vertices
be {ao, bo,a1,b1,...,a2:—1,b2—1}, connected in a cyclic manner. The extra
edge being b2t—2b2t—1~

21 ¢

14

Label the vertices as follows:
¢(ai) =1+1,0 < i < 2t-1, ¢(b2t——2) =0, ¢(b2t—l) =2t+1,
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d(b;)) =2t+2+4,0<i<t-2, dbi)=2t+i+4,t-1<i<2t-3,
We have given here elegant labeling of 6, 2 ;3.

Let us see the induced labeling ¢ on the edges. It is easy to check that

the edges apbg, boay, . .., as_abi_2, by_oaa:_; receive the values from 2t + 3 to
4t in a sequential manner and the edges a;—1bi—1,b—10a¢,...,b21—2a2:-1
receive values 1,2,...,2t in a sequential manner. Finally we see that

P(b2t—1a0) = 2t + 2, (az—1b2t-1) = 4t + 1 and P(bar—2bt—1) = 2t + 1.
This shows that ¢ takes all the values of the set {1,...,4¢t + 1} on the
edges. Thus the graph 6, 2 4;—2 is elegant.

If in the labeling given above, we keep the labels unchanged but re-
move the edge e = bg;—2bs;—1 and introduce a suitable new edge, we get
elegant labeling of some other #-graph. For example if e is replaced by
b()‘_l)b(gg_;;_,\_*.l) then we get an elegant labeling of 01'24.4,\'41_2_4,\,/\ =
1,2,3... This will cover all the cases of 8, g where 8 and v are both con-
gruent to 2 modulo 4. There are other possible replacements but they do
not give elegant labelings of #-graphs different from the ones mentioned
here.

(b) Consider 64 3 4;—3, that isa=1,=3 and v =4t — 3.

Let the vertices be {ao,bo,a1,b1,...,82¢—1,b2t—1}, connected in a cyclic
manner. The extra edge being a;+1b;—1. Label the vertices as follows:
da;))=i+1,0<i<t-1, Pla))=2t+1+4,t<i<2t-1,

b)) =2t+1+i,0<i<t-1, ¢¢b;)=i+1,t<i<2t~1.

We have given here near-elegant labeling of 6, 3 17.

In the labeling given above, if we keep the labels unchanged but remove
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the edge e = a¢41b,—1 and introduce a suitable new edge, we get elegant
labeling of some other #-graph. For example, if e is replaced by a sb2t—2-1),
then we get an elegant labeling of 61 344,4t-3-42,0 < A < t — 2. If we
replace the edge e by the edge by+1a2:—1-2, then we get elegant labeling of
01,5+47,41—5-4, :

0 < X < t—2. This shows that 6, g is near-elegant when 8 and v are both
odd. O

Theorem 7: Let n be a positive integer, n = 1 mod 4. If 6, 5, is a theta
graph on n points then it is elegant.
Proof: First considera=1,=2and y=4t— 1.

3 2

6 18
7 17
10 16

12 ™ 14

This graph has 4t + 1 vertices and m = 4t + 2 edges. Thus m + 1 =
4t + 3. Let the vertices be {ag,a1,...,a2¢-1,b0,b1,...,b2:}, connected in a
cyclic manner. The extra edge being bo;_2bs;. Label the vertices as follows:
dai) =i,0<i<2t—-1, b;)=2t+2+1,0<1i<2t,
We have given here elegant labeling of 6 2,15.

It is easy to check that the edges apa1,a10a2,...,a2:-2a2;_; and ags_1bg
receive numbers 1,3, ...,4¢—3 and 4t+1 sequentially. The edges bob;, b1 s,
.. -, bar—1bay, barag receive values 2,4, . .., 4t, 4t + 2 sequentially. Finally, one
can check that ¢(by;_2bs;) = 4t —1. This shows that the induced numbering
¢ on the edges takes all the values from the set {1,2,...,4¢t+ 1} and hence
the graph 6, 2,41 is elegant for all ¢t > 1.

In the labeling given above, if we keep the labels unchanged but remove
the edge e = by;_2by; and introduce a suitable new edge to get elegant
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labeling of some other §-graph. For example if e is replaced by axbii—3-»)
then we get an elegant labeling of 01,204+4,4¢—3-2x,0 < A < 2t — 3. This will
cover all the theta graphs 6, 5 ., on 4t + 1 points. O

The proofs of the remaining theorems is similar and hence we give only
the labelings of more 6-graphs without the proofs.

Theorem 8: Let n be a positive integer, n = 2 mod 4 and let 6, g, be a
theta graph on n points. If both 8 and ~ are even then 8, 3, is elegant.
Proof: First consider a = 1,8 =.2 and v = 4¢.

17 7

T —)

This graph has 4¢+2 vertices and m = 4¢+3 edges. Thus m+1 = 4¢+4.
Let the vertices be {ao, bo,a1,b1,..., @, by}, connected in a cyclic manner.
The extra edge being agag;. Label the vertices as follows: ¢(a;) = 4,0 <
1<2, ¢(b) =2t+144,0<i<t, (b)) =2t+3+i,t+1<i<2t We
have given here elegant labeling of 612,16

In the labeling given above, if we keep the labels unchanged but remove
the edge e = agay: and introduce a suitable new edge to get elegant labeling
of some other 6-graph. For example if e is replaced by @xQ(2¢—») OF babas_y
then we get an elegant labeling of 61,244x,4t-42,0 < A < ¢t -1 for every
t > 1. This will cover all 8, g, where 8 and - are both even. O

Theorem 9: If n = 3 mod 4 and if 6, g, is a theta graph on n points then
it is elegant. '
Proof: First consider « =1,8=2and y =4t + 1.
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This graph has 4t +3 vertices and m = 4t+4 edges. Thus m+1 = 4¢+5.
Let the vertices be {ag,a1,...,a2,b0,b1,...,b2:4+1}, connected in a cyclic
manner. The extra edge being ba;—1b2:4+1. Label the vertices as follows:
$(a;)) =1,0<i<2t,¢(b;) =2t +3+14,0 <7< 2t+ 1. We have given here
elegant labeling of & 2 17.

In the above labeling, if we keep the labels unchanged but remove the
edge e = bgy_1bet+1 and introduce a suitable new edge to get elegant la-
beling of some other #-graph. For example if e is replaced by axb(a;—2_2)
then we get an elegant labeling of ) 44+2x.4¢—1-21,0 < A < 2t — 2 for every
t > 1. This will cover all 6, 3 on 4t + 3 points. ]

We give below elegant labelings of some of the theta graphs when o > 1.
1)a=2,=3 and v =4t — 4.

This graph has 4t vertices and m = 4t + 1 edges. Thus m + 1 = 4t + 2.
Let the vertices be {ag,bo,a1,b1,...,82¢—2,b21—2}, connected in a cyclic
manner. The extra path being {b;,y, z, be+1}. Label the vertices as follows:
$(ag) =0, dlair1)=2t+:,0<i<t—-1, Plaip1)=2t+4+4,t<i<
2% -3, (b)) =1+i,0<i<2—2, ¢(z)=3t+2,¢(y) = 3t.

2a=28=3andy=4t—2,t > 2.

This graph has 4t+2 vertices and m = 4t+3 edges. Thus m+1 = 4t+4.
Let the vertices be {ag, bo,a1,b1,-..,a2¢—1,b2t—1}, connected in a cyclic
manner. The extra path being {bi+1,¥,z,b:}. Label the vertices as follows:
d(ag) =0, o(a;)=4,1<i<t+1, ¢dla;))=i+1,t+2<1<2t -1,
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$b:;) =2t +1+4,0<i<t, db;)=2t+i+4,t+1<i<2A-1,
dz)=3t+3,0(y) =t +2.

(3)a=3,=4andy =4t -3,t > 2.

This graph has 4t+3 vertices and m = 4t+4 edges. Thus m+1 = 4t+5.
Let the vertices be {ao,a1,...,a2:-2,b0,b1,...,b2t+1}, connected in a cyclic
manner. The extra path being {as,y, z, bas+1}. Label the vertices as follows:
d(bo) =0, dla;)=2t+6+i,0<i<2t-2,

Bboi-1) =3+2(i—1) =1+42i,1<i<t+1, ¢by) =2,1<i<,
d(z)=2t+4,46(y) =2t +2.

4 a=3,=5and y=4t—-6,t > 2.

This graph has 4¢+1 vertices and m = 4t+2 edges. Thus m+1 = 4¢+3.
Let the vertices be {ag,ay,...,a2,bo,b1,...,ba_3}, connected in a cyclic
manner. The extra path being {b2, y, z, az;—2}. Label the vertices as follows:
d(bo) =0, Pla;))=2t+2+1i,0<1i<2t,
ob2ic1) =3+2(1—1)=1+2{,1<i<t -1,

Blba) =6+2(—1) =2 +4,1<i<t-2, o(z)=4,6(y)=1.

,

5 HARMONIOUS LABELINGS OF HELMS

In 1993, Bolian and Xiankun [1], conjectured that helms are harmonious
and they proved the conjecture for the helms H; when ¢ is odd. We prove
the conjecture for all even values of ¢.

A wheel on n + 1 points is obtained by taking a cycle on n points and
making all these points adjacent to an extra point at the center of the cycle.
The helm H, is obtained by taking a wheel on ¢ + 1 points and attaching a
pendant vertex to each of the ¢ vertices on the cycle. Clearly H; has 2t + 1
vertices and 3t edges.

Theorem 10: The helm H, is harmonious for every even integer ¢.
Proof: Let ¢t = 0,2 mod 4,¢ > 4. Let us first construct the even cycle of
Hy.. Take vertices {ag, bo, . . . »G(¢—2)/2: b(t—2)/2} and connect them in cyclic
manner. Take the central vertex to be ¢ and join it to all the a;,b;,0 < i <
(t — 2)/2. The pendant vertex attached to a; is z; and that attached to b;
is ¥i,0 <@ < (t — 2)/2. We give here harmonious labeling of H.
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Label the vertices as follows: ¢(c) = 0, ¢(a;) =1+35,0<i < -2—2,

#(b;) = 3"’2_"'21 = % &) =2+3,0<:< ¥,
3t+2

B(bit-2)/2) = 5
This covers labeling of the central vertex and the vertices on the cycle.
Next label the pendant vertices as follows:

¢(:L‘o)=3t—1,
d(yo) =3t—4, ¢(z;)=3t-17, 4¢(y1)=3t—9,
Blais1) =3t -6 —6i, 1<i< ",

t—-6

O(Yis1) =3t —-9-6{,1<i < 5 A(Y(e-2)/2) = 3t — 2.
It is easy to check that the edges caq,ca;,... »Ca(y—2)/2 receive values

3t
1,4,7,..., 5~ 2 in a sequential manner. The edges cbo,ch,, .. -y Cb(t—a)/2

14 - .
receive values 2,5,8,..., — — 4 in a sequential manner. The edge cb(;—2) /2

2
) 3t . .
receives value — +1. The cyclic edges aobo, boa1, . .., bs—4)/20(:-2) /2 receive
values 3,6, ...,3t—6 in a sequential manner. The edges a(¢-2)/2b(1-2)/2 and
i
b(¢-2)/2a0 receive values 3t —1, 3t + 2 respectively. Finally, one can see that

#(aozo) = 0, ¢(boyo) = 3t — 2, #(a171) = 3t — 3,
P(azz2) = 3t — 5, ¢(bry1) = 3t — 4,
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3t

¢(b(t—2)/2Y(2-2)/2) = 5 L

t—
#(ais2Zip2) =3t —-5-3i,1<i < —5

t—6
d(biy1Yit1) =3t —4-3i,1<i < ~
It can be easily checked that the numbers less than 3t — 6, not covered by
the earlier three sequences are covered by the last two sets. Hence, H, is

harmonious for all the even values of t. 0

[=2]

We are thankful to the refree for the valuable suggestions.
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