The Upper Forcing Geodetic Number of a Graph

Ping Zhang!

Department of Mathematics and Statistics
Western Michigan University
Kalamazoo, MI 49008

Abstract

For vertices # and v in a nontrivial connected graph G, the
closed interval I[u, v] consists of u, v, and all vertices lying in
some u — v geodesic of G. For S C V(G), the set I[S] is the
union of all sets I{u,v] for u,v € S. A set S of vertices of a
graph G is a geodetic set in G if I[S] = V(G). The minimum
cardinality of a geodetic set in G is its geodetic number ¢(G).
A subset T' of a minimum geodetic set S in a graph G is a
forcing subset for S if S is the unique minimum geodetic set
containing T'. The forcing geodetic number f(S) of S in G is
the minimum cardinality of a forcing subset for S, and the upper
forcing geodetic number f*(G) of the graph G is the maximum
forcing geodetic number among all minimum geodetic sets of G.
Thus 0 < f*(G) < ¢(G) for every graph G. The upper forcing
geodetic numbers of several classes of graphs are determined. It
is shown that for every pair a,b of integers with 0 < a < b and
b > 1, there exists a connected graph G with f+(G) = a and
g(G) = b if and only if (a,b) ¢ {(1,1),(2,2)}.
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1 Introduction

The distance d(u,v) between two vertices u and v in a connected graph G
is the length of a shortest « —v path in G. A u—v path of length d(u, v) is
also referred to as a u — v geodesic. We refer to the book [6] for terminology
and notation in graph theory. A vertex w is said to lie in a u — v geodesic
P if w is an internal vertex of P, that is, if w is a vertex of P distinct from
u and v. The closed interval I[u, v] consists of u, v, and all vertices lying in
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some u—v geodesic of G, while for S C V(G), the set I[S] is the union of all
sets I[u,v] for u,v € S. A set S of vertices of a graph G is called a geodetic
set in G if I[S] = V(G). The minimum cardinality of a geodetic set in G is
called the geodetic number g(G). A geodetic set of G with cardinality g(G)
is called a g-set. Certainly, if G is a nontrivial connected graph of order n,
then 2 < g(G) < n.

The closed intervals I[u,v] in a connected graph G were studied and
characterized by Nebesky [12, 13] and were also investigated extensively in
the book by Mulder [11], where it was shown that these sets provide an
important tool for studying metric properties of connected graphs. The
geodetic number of a graph was introduced in [1, 10] and studied further in
[2]. Closed intervals and geodetic numbers of digraphs were introduced and
studied in [4]. It was showed in [10] that determining the geodetic number
of a graph is an NP-hard problem.

A subset T of a g-set S in a nontrivial connected graph G is a forcing
subset for S if S is the unique g-set containing T'. The forcing geodetic
number f(S,g) of S is the minimum cardinality of a forcing subset for
S, and the upper forcing geodetic number f+(G,g) of the graph G is the
maximum forcing geodetic number among all g-sets of G. Hence for every
g-set S in G, there is a subset T' of S of cardinality at most f* (G, g) that
uniquely determines S. Since the parameter g is understood in this context,
we write f(S) for f(S,¢) and f*(G) for f*(G, g). Hence if G is a nontrivial
connected graph with f*(G) = a and g(G) = b, then 0 < ¢ < b. Forcing
concepts have been studied for such diverse parameters in graphs as the
chromatic number [7], the graph reconstruction number [9], the domination
number [5], and the geodetic number [3]. A survey of graphical forcing
parameters is discussed in [8].

To illustrate these concepts, consider the graph G of Figure 1. There
are four g-sets in G, namely S| = {u,z,z}, So = {v,y,w}, Sz = {=,y, w},
and Sy = {v,y, z}. Thus g(G) = 3. Since S is the only g-set containing
u, it follows that f(S;) = 1. No other vertex of G belongs to only one
g-set, so f(S;) > 2 for i = 2,3,4. Since S is the unique g-set containing
{v, w}, the set S3 is the unique g-set containing {z, y}, and S is the unique
g-set containing {y, z}, it follows that f(S;) = 2 for i = 2, 3,4. Therefore,
Fr(G)=2.

The following lemma characterizes those graphs G having f*(G) = 0,
fH(G) =1, 0r f+(G) = g(G). Since the proof of this lemma is straightfor-
ward, we omit it.

Lemma 1.1  For a graph G, the upper forcing geodetic number f*(G) =
0 if and only if G has a unique g-set, f*(G) = 1 if and only if G has at
least two distinct g-sets and every g-set S is the unique g-set containing
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Figure 1: A graph G with ¢(G) = 3 and f+(G) =2

some element of S, and f*(G) = g(G) if and only if there is a g-set of G
that is not the unique g-set containing any of its proper subsets.

Obviously, the geodetic number of a disconnected graph is the sum of the
geodetic numbers of its components. Similarly, the upper forcing geodetic
number of a disconnected graph is the sum of the upper forcing geodetic
numbers of its components. Consequently, it suffices to consider connected
graphs only.

2 Upper Forcing Geodetic Numbers of Cer-
tain Classes of Graphs

In this section, we determine the upper forcing geodetic numbers of some
well-known graphs. Some additional definitions will be useful. For a vertex
v in a graph G, the link L(v) of v is the subgraph induced by the neighbors
of v. A vertex v in a graph G is called an eztreme vertez if L(v) is complete.
In particular, every end-vertex in G is extreme. Note that every extreme
vertex belongs to every geodetic set. In fact, an extreme vertex z lies on
an u — v geodesic only if # = v or 2 = u. These observations yield the
following lemma.

Lemma 2.1  Every geodetic set of a connected graph G contains every
extreme vertex of G. In particular, if the set W of ertreme vertices is a
geodetic set of G, then W is the unique g-set of G and g(G) = |W|.

Next we present a lemma, which gives the location of a minimum forcing
set in a g-set of a graph G.

Lemma 2.2  Let W be the set of extreme vertices in a connected graph G.
If S is a g-set of G and T is a minimum forcing set of S, then T cCS-Ww.

Proof. Assume, to the contrary, that TOAW # . Let T" = T — (TNW).
Then [T"| < |T|. We show that T” is a forcing subset of S. If T’ is



not a forcing subset of S, then there exists a g-set S’ distinct from S
such that TV C S’. Since S’ is a g-set, it follows from Lemma 2.1 that
TNWCWCS'. Thus S contains T=T'U(TNW) and so T is not a
forcing set of S, which is a contradiction. ]

The following two corollaries are immediate consequences of Lemmas 1.1
and 2.2.

Corollary 2.3 If G is a connected graph with k extreme vertices, then
0< fH(G) < 9(G) -k

In particular, if the set of extreme vertices of G is a g-set, then f+(G) = 0.

Corollary 2.4  If G is a complete graph or tree, then f+(G) = 0.

Now we determine the upper forcing geodetic numbers of cycles C,, of
order n > 4. It is known that g(C,) = 2 if n is even and g(C,) =3 if n
is odd (see [2]). The diameter diamG of a graph G is the largest distance
between two vertices of G. Two vertices u and v in G are antipodal if
d(u,v) = diamG.

Proposition 2.5  Forn > 4, the upper forcing geodetic number of C,, is

1  ifn is even,
fH(Ca)=4 2 ifn=5,
3 fn>Tisodd

Proof. Ifniseven, then g(Cy) = 2 and every g-set of C,, consists of a pair
of antipodal vertices. Consequently, C,, has n/2 g-sets and every vertex v
of C,, belongs to the g-set consisting of v and the unique vertex antipodal
to v. Thus f+(C,) = 1. Next assume that n is odd. So g(C,) = 3.
Again, C,, has more than one g-set. Moreover, every vertex of C,, belongs
to at least two distinct g-sets. By Lemma 1.1, f*(C,) > 2. If n =5, then
every g-set S has the form {z,y, 2z}, where = and y are adjacent and z is
adjacent to neither z nor y. Hence S is the unique g-set containing {z, y}
and f(S) = 2. Thus f+(C5) = 2. For an odd integer n = 2k + 1 > 7,
let Cy : vo,v1,va,- -, vok,v0 and S = {wg, v, Vk42}. Since I[S] = V(C,),
it follows that S is a g-set. Note that {v;, vk, vk42}, {vo, k-1, vk+2}, and
{vo, vk, vk41} are g-sets of C,. Thus, S is not the unique g-set containing
any of its proper subsets, and so f(S) = 3. Therefore, f*(C,) = 3 for all
odd integers n > 7. =

We have determined the upper forcing geodetic numbers of trees and
cycles. A closely related class of graphs is the unicyclic graphs. A graph is
unicyclic if it is connected and contains exactly one cycle.



Proposition 2.6  Let G be a unicyclic graph that is not a cycle. If the
cycle C of G has length k, and £ is the greatest order of a path on C every
vertex of which has degree 2 in G, then

0  ife<(k—2)/2, orif=4k—1is either 2 or odd
G =<¢1  if(k-1)/2<L<k-2

2 ifl=Fk—1isevenand £>4

Proof. Let C : vy,vs,- -+, vk, v; be the unique cycle in G and let W be
the set of all end-vertices of G. Assume, without loss of generality, that
P : v,va,---, vy, where degv; = 2 for ¢ = 1,2,---,£. So degur > 3
and degvet1 > 3. If £ < (k — 2)/2, then W is the unique g-set of G
and so f*(G) = 0. Therefore, we assume that £ > (k — 1)/2. Since
I(W) = V(G) — V(P), it follows that W is not a geodetic set of G; so
g9(G) > |W|+ 1. Assume first that £ =k — 1. If £ is odd, then WU {v_t_-;l}
is the unique g-set of G and so f¥(G) = 0. If £ is even, then there are
pairs v;, v; of vertices with 1 <7 < j < £ such that W U {v;, v;} is a g-set.
Thus g(G) = |W|+ 2 in this case. It then follows from Corollary 2.3 that
FH(G) < 2. If £ = 2, then the g-set W U {v1,v2} consists of all extreme
vertices of G. Thus f+(G) = 0 by Corollary 2.3. If £ > 4 is even, then let
S=Wu{v I +1}- Since S is not the unique g-set containing any of its
elements and S is the unique g-set containing {v I 41}, it follows that
f(S) =2and so fH(G)=2.

Finally, we assume that (k —1)/2 < £ <k — 2. If £ is odd, then both
Wwu {271_12-_1} and WU {vl_-bl} are g-sets of G; while if £ is even, then
wu {”%} and WU {’Ut_-;_z} are g-sets of G. In either case, f*(G) =1 by
Lemmas 1.1 and 2.2. ]

Next we determine the geodetic and upper forcing geodetic numbers of
the hypercubes @,, n > 2. The hypercube @, can be defined as the graph
whose vertices are labeled by the binary n-tuples (a1, a3, -, a,) and such
that two vertices are adjacent if and only if their corresponding n-tuples
differ in precisely one position.

Proposition 2.7 Forn > 2, g(Qn) =2 and f1(Q,) = 1.
Proof. Since every g-set of @), is of the form
S={(a,az,---,a,),(1 —a1,1—az,---,1—ay,)}

where a;,ay,---,a, € {0,1}, it follows that g(@,) = 2. Certainly, @y
has more than one g-set and every g-set S is the unique g-set containing
(a1, a2,---,a,). Therefore, ft(Q,) = 1. m



Next, we study the upper forcing geodetic numbers of complete bipartite
graphs. Let 1 <7 < s be two integers. It was shown in [2] that g(K,,) = s
if » = 1; while g(K; ;) = min{r,4} if r > 2.

Proposition 2.8  Let K, be a complete bipartite graph with 1 <r<s.
Then

0 r=1 or r=23andr<s
ffK) =<1 r=2,3 and r=s
4 r>4

Proof. Let Vi = {uj,us,---,u,} and Vo = {v1,vs,---,v,} be the partite
sets of G = K, ;. If r = 1, then G is a tree and so its upper forcing geodetic
number is 0.

We first assume that r € {2,3}. If » < s, then G has a unique g-set,
namely V;, and so the upper forcing geodetic number is 0 by Lemma 1.1.
If r = s, then G has two distinct g-sets, namely V; and V2. So the upper
forcing geodetic number is at least 1 by Lemma 1.1. Certainly, for each
v € V; with ¢ = 1,2, the set V; is the unique g-set containing v. So the
upper forcing geodetic number is 1.

Next we assume that r > 4 and so g(G) = 4. First let r = 4. If r = 5,
then V1, Va2, and S = {uy, up, v1,v2} are g-sets of G. All other g-sets are
similar to S. Since V) is the unique g-set containing {u1,u2,u3} and V; is
not the unique g-set containing any 2-element or l-element subset of V;,
it follows that f(V1) = 3. Similarly, f(V2) = 3. Moreover, since S is not
the unique g-set containing any of its proper subsets, f (S) = 4. Therefore,
fH(G)=4. If r < s, then V; and S = {uy, uy, v1,v2} are g-sets of G. All
other g-sets are similar to S. Since f(V4) = 3 and f(S) = 4, it follows
that f+(G) = 4. Now let » > 5. Then every g-set S of G is of the form
S = {ui,, ui,,vj,, 5, }, where 1 < iy < iy <rand 1< j; < jp <s. Since S
is not the unique g-set containing any of its proper subsets, f (S) =4 and
so f+(G) = 4. , ]

We have seen that if G is a complete graph or a tree, then the set S
of extreme vertices of G is the unique g-set of G. Thus the link of each
vertex in .S is complete. On the other hand, the complete bipartite graph
K, s, where r = 2,3 and » < s, has a unique g-set S and the link of each
vertex in S is an empty graph. In fact, a graph with a unique g-set S can
have any prescribed geodetic number and each vertex in S can have any
prescribed link. In order to show this, we need some additional definitions.
For a cut-vertex v in a connected graph G and a component H of G —v, the
subgraph H and the vertex v together with all edges joining v and V(H) is
called a branch of G at v. An end-block of G is a block containing exactly
one cut-vertex of G. We present a lemma whose routine proof is omitted.



Lemma 2.9 Let S be a g-set in a nontrivial connected graph G. Then
(a) no cut-verter in G belongs to S, and
(b) for each cut-vertez v of G and every branch B of G at v, V(B)NS #

0.
Theorem 2.10  For every integer k > 2 and every k graphs Gy, Ga, - - -,
G, there exists a connected graph with a unique g-set {vy,va,- -, v} such

that L(v;) = G;i for 1 <i< k.

Proof. We construct a graph G with the desired property. For each
integer i (1 < i < k), let F; = K2+ Gi, where V(K3) = {u;,v}. Then
the graph G is constructed from the graphs F; by adding a new vertex z
and the k edges zu; (1 < ¢ < k). Thusin G, L(v;) = G; for 1 < i < k.
Let S = {vy,v2,---,vk}. Then S is a g-set of G and so g(G) = k. We
show that S is a unique g-set of G. Assume, to the contrary, that ' is a
g-set of G distinct from S. By Lemma 2.9, S’ must contain exactly one
vertex from each subgraph F; (1 < ¢ < k). Since § # S’, we may assume
that v, ¢ S’. However, v; lies only on those geodesics having v, as an
end-vertex or having both end-vertices in V(F;). Thus, v; ¢ I[S’], which
is impossible. Therefore, S is the unique g-set of G, as desired. ]

The graph G constructed in the proof of Theorem 2.10 has a cut-vertex
and so is not 2-connected. However, we can extend Theorem 2.10 by modi-
fying the structure of the graph G in the proof of Theorem 2.10 to construct
a 2-connected graph with the properties described in Theorem 2.10.

Corollary 2.11  For every integer k > 2 and every k graphs Gy, Gs,
-++, Gy, there erists a 2-connected graph with a unique g-set {vy, v, -+, v%}
such that L(v;) = G; for 1 <i<k.

Proof. For each integer i (1 < i< k), let F; = K3+ G;, where V(K3) =
{ui, v, w;}. Then a 2-connected graph G is constructed from the graphs F;
by adding 2k edges u;w; and w;u;qq for 1 < i < k, where the subscripts are
expressed modulo k. For k£ = 3, the graph G is shown in Figure 2. Thus
in G, L(v;) = G; for 1 < i < k. A proof similar to that of Theorem 2.10
shows that G has the desired properties. =

For a vertex v of in a connected graph G, the eccentricity e(v) is the
distance between v and a vertex farthest from v. A vertex v is called a
peripheral vertez of G if e(G) = diam G. In every example we have seen
thus far, each vertex in every g-set is a peripheral vertex. This may not seem
surprising; in fact, one may suspect that this is true in general. However,
this is not the case. Indeed, there are graphs possessing a g-set in which
no vertex is a peripheral vertex.

Figure 3 shows the subdivision graph S(K3 x K») of the Cartesian prod-
uct K3 x Ka. The diameter of S(/3 x K2) is 5 and {u,v,w} is a g-set,



Figure 2: A graph G with the properties described in Theorem 2.11 for
k=3

each of whose vertices has eccentricity 4. In fact, this g-set consists exactly
of those vertices that are not the peripheral vertices of S(K3 x K»). While
S(K3 x K3) does contain g-sets consisting entirely of peripheral vertices,
the graph H of Figure 3, which is a modification of S(K3 x K3), has a
unique g-set, namely {z,y, z}, and so no peripheral vertex of H belongs to
any g-set.

S(A’:_ﬁ, X Kg) H

Figure 3: g-sets containing no peripheral vertices
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3 Graphs with Prescribed Geodetic and Up-
per Forcing Geodetic Numbers

We have already noted that if G is a graph with f+(G) = a and g(G) = b,
then 0 < a < b and b > 1. In this section we determine all those pairs (a, b)
of integers with 0 < a < b and b > 1 that are realizable as the geodetic and
upper forcing geodetic numbers of some graph. We first determine the only
forbidden (f*,g) pairs. Certainly, if G is a nontrivial connected graph,
then g(G) > 2. Moreover, if G = K1, then g(G) = 1, but f1(G) =0 by
Lemma 1.1. Hence (1,1) is a forbidden (f*,g) pair. Next we show that
there is no connected graph G with f¥(G) = g(G) = 2 and so (2,2) is a
forbidden (f*, g) pair as well.

Theorem 3.1  IfG is a connected graph with g(G) = 2, then f+(G) < 1.

Proof. Assume, to the contrary, that f*(G) = 2. Then there exists a
g-set S = {u,v} in G such that f(S) = 2. Since S is a g-set, u and v are
two antipodal vertices of G. Moreover, every vertex w in G that is distinct
from u and v lies in some u—v geodesic of G. Since f(S) = 2, it follows that
S is not the unique g-set containing u. Then there exists £ # v such that
{u, z} is also a g-set of G. Therefore, v and z are two antipodal vertices of
G and v lies in some u — z geodesic in G. However, the fact that z lies in
some u — v geodesic of G implies that d(u, z) < d(u,v) = diam G, which is
a contradiction. ]

We have seen that in Theorem 3.1 that f+(G) < ¢(G) if g(G) = 2.
Next we show that every integer a > 3 is simultaneously realizable as both
the geodetic number and upper forcing geodetic number of some connected
graph. Note that if G is a graph with ¢(G) = f*(G), then G contains no
extreme vertices by Corollary 2.3.

Theorem 3.2  For every integer a > 3, there exists a connected graph G
such that
fH(G)=9(G) =a.

Proof. For a = 3, let G = C;. Then f+¥(G) = g(G) = 3 by Proposi-
tion 2.5. Thus we assume that a > 4. For each integer 7 with 0 < 7 < q,
let F; : u;,v; be a path of order 2. Then the graph G is obtained from the
graphs F; by adding the 2a edges uou;, vov; for all j with 1 < j < a. First
we show that g(G) = a. Let U = {uy,u2,---,uqs} and V = {v1,vs,- -+, vg}.
Observe that a set S of vertices of G is a g-set if and only if S has the
following two properties: (1) S contains exactly one vertex from each set
{uj,v;} foralll1 < j<aand (2) SNU #Band SNV # 0. Then (1)

11



implies that g(G) > a. Since S’ = {u;, us,vs3,vs,---,v,} is a geodetic set
of G with |S’| = a, it follows that g(G) = a.

Next we show that f*(G) = a. Consider S’ = {uy, us, vs, va, - -+, Vg}.
Since a > 4, it follows that S’ contains at least two vertices from U and at
least two vertices from V. Let T be a proper subset of S’ and z € §' - T.
If £ = u; for i = 1,2, then S; = (5’ — {u;i}) U {v;} satisfies properties (1)
and (2). Thus S is a g-set in G. Since S; # S’ and T C S, it follows that
S’ is not a unique g-set containing T. If z = v; for some ¢ with 3 < i < q,
then Sp = (S’ — {vi}) U {w;} is a g-set distinct from S’ and containing T'.
Again, S’ is not a unique g-set containing T'. Therefore, f(S’) = a and so
[ (G)=a. "

Next we show that every pair a, b of integers with 0 < a <band b > 1
can be realized as the upper forcing geodetic number and geodetic number,
respectively, of some graph.

Theorem 3.3  For every pair a,b of integers with0 < a <band b > 1,
there erists a connected graph G such that f*(G) = a and g(G) = b.

Proof. We have already seen that if G = K, then f*(G) = 0 and ¢(G) =
b. Thus, we assume that 0 < a < b. We consider two cases.

Case 1. a = 1. If b = 2, then every even cycle has upper forcing
geodetic number 1 and geodetic number 2. So we assume that b > 3. Let
G be obtained from the cycle Cj : vy, v2, vs, v4 by first adding the b — 2 new
vertices uy, ug, - -, up—2 and the b — 2 edges vyu; for 1 < i < b—2 and then
adding two new vertices z, y and three edges vz, ry, yvs. Let U = {u,, uo,
-++, up—2} be the set of end-vertices of G. Then S$; = UU {vs,z} and S, =
U U {vs,y} are the only two g-sets of G. Thus g(G) = b. Moreover, since
S is the unique g-set containing z and S is the unique g-set containing y,
it follows that f(S;) =1 for i = 1,2 and so f*(G) = 1.

Case 2. a = 2. Then b > 3. Let G be the graph obtained from the
cycle Cs : vy,v9,- - -, vs,v1 by adding the b — 2 new vertices uj, ug, -+, up—2
and joining each u; (1 < ¢ < b—2) to v;. Let U = {uy,uz, -+, up—2}
be the set of end-vertices of G. Then G contains exactly three g-sets,
namely S) = U U {v2,v4}, S2 = U U {vs,vs}, and Sz = U U {vs, v4}. Thus
g9(G) = |U]+2 = b. Since S; is the unique g-set containing v and S, is the
unique g-set containing vs, it follows that f(S1) = f(S2) = 1. Certainly, S3
is not the unique g-set containing any of its elements. On the other hand,
S3 is the unique g-set containing {v3,v4} and so f(S3) = 2 by Lemma 2.2.
Therefore, f+(G) = 2.

Case 3. a =3. Then b > 4. For i = 1,2, let F; : u;,v;, 25, ¥i, zi, Ui
be a copy of the cycle C5. Let G be the graph obtained from F; and F»
by first identifying the vertices z; and z» and then adding the b — 3 new
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vertices wy, wy, - - -, wp—3 and the b — 3 edges vywy, where 1 < £ < b —3.
Let W = {w;,wa, -, wp_3} be the set of the end-vertices of G. Then
every g-set must contain at least one vertex from each of the sets {1,y },
{u2,v2}, and {z2, 2}, which implies that g(G) > |[W|+3 = b. Let S =
WU {z1,v2,22}. Since I[S] = V(G), it follows that S is a geodetic set of G
and so g(G) = b. Next we show that f*(G) = 3. Since G contains g(G) - 3
extreme vertices, f*(G) < 3 by Corollary 2.3. Let S = W U {z1,v2,3.},
So = WU{z1,us, 22}, and Ss = WU {y1,vs, z2}. Since S; is a g-set for i =
1,2,3, it follows that S is not a unique g-set containing any proper subset
of § — W = {,,v2,22}. Since S is a unique g-set containing {z1, vs, 2},
we have f(S) = 3 by Lemma 2.2. Therefore, f*(G) = 3.

Case 4. a > 4. Let Fy : ug,z,v0 be a copy of the path of order 3.
For each integer ¢ with 1 < ¢ < a, let F; : u;,v; be the path of order
2. Let G be the graph obtained from the graphs F; (0 < i < a) by first
adding the 2a edges uouj, vov; for 1 < j < a and then the b — a new
vertices wy, ws, - - -, wp_q and the b — a edges zw, for 1 < € < b—a. This
completes the construction of the graph G. We first show that ¢(G) = b.
Let W = {w;,ws, -, wp—q} be the set of end-vertices of G. Also, let
U={u,uz,- -, u}, V={v1,v9, -+, v} and X = {uy,ua,v3,v4," -, va}.
Observe that a set S of vertices of G is a g-set if and only if S has the
following three properties: (1) S contains W, (2) S contains exactly one
vertex from each pair uj,v; for all j with 1 < j < a,and (8) SNU # 0
and SNV # 0. Then (1) and (2) imply that g(G) > |W|+ a = b. Since
S' = WU X is a geodetic set of G, it follows that g(G) = b.

We now show that f*(G) = a. By Corollary 2.3, f*(G) < a. Next
consider the g-set S’ = W U X. Certainly, S’ is a unique g-set containing
X. By Lemma 2.2, it suffices to show that S’ is not a unique g-set containing
any proper subset of S’ — W = X. Since a > 4, it follows that $’ contains
at least two vertices from U and at least two vertices from V. Let T be a
subset of S’ — W with |T'| < a. Then there exists z € X such that z ¢ T.
Assume first that x = u; for i = 1,2. Let S = (S’ — {w;}) U {v;}. Since
S) satisfies properties (1), (2), and (3), it follows that S; is a g-set of G.
Because S; # S’ and S; contains T, it follows that S’ is not the unique
g-set containing T'. Next assume that z = v; for some ¢ with 3 < i < a.
Now let S = (S" — {v;}) U {w;}. Again, S, satisfies properties (1), (2), and
(3). Thus S is a g-set that is distinct from S’ and contains 7', and so S’ is
not the unique g-set containing 7. Therefore, f(S’) = a and so f+(G) = a.
.

Combining Theorems 3.1, 3.2, and 3.3, we have the following result.

Corollary 3.4 For every pair a,b of integers with 0 < a < b and b > 1,
there exists a connected graph G with f*(G) = a and g(G) =b if and only
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if (a,0) ¢ {(1,1),(2,2)}.

A closely related forcing parameter is the forcing geodetic number f (G)
of a graph G, studied in [3] and defined as the minimum forcing geodetic
number among all minimum geodetic sets of G. Thus 0 < f(G) < f+(G) <
9(G) for every graph G. For example, the graph G of Figure 1 has f (G) =1,
f*(G) =2, and ¢(G) = 3. For all graphs G that we have studied thus far,
f(G) and f*(G) differ by at most 1. We conclude with a question suggested
by this remark.

Problem 3.5  For which pairs a, b of integers with 0 < a <b, does there
exist a connected graph G with f(G) = a and f+(G) = b?
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