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ABSTRACT. A graceful graph with n edges and n + 1 vertices
is called a vertex-saturated graph. Each graceful graph corre-
sponds to a vertex-saturated graph. Four classes of graceful
graphs associated with vertex-saturated graphs are presented.
Three of which generalize the results of [1], [2] and [5).

1 Introduction

In this paper, all graphs considered will be finite, without loops or mul-
tiple edges. Let H = (V(H), E(H)) be a graph with m edges. A grace-
Jul labeling of H is a one-to-one mapping @ of the set V(H) into the set
{0,1,...,m} which has the property that the valves of the edges form the
set {1,2,...,m} if the value 6*(e) of the edge e with the end vertices z, y
is given as 8*(e) = |0(z) — O(y)|. A graceful labeling is an a-labeling if there
is an integer A (0 < A < m — 1) such that for each edge e = (z,y),

min(6(z), 6(y)) < A < max(8(z), (y)).

The integer A will be called the boundary value of the a-labeling. Clearly,
a graph permitting an a-labeling is always bipartite. Further, if ¢ is a
graceful labeling of H then the labeling § defined by 6 = m — 6(z) for all
z € V(H) is again a graceful labeling of H. The graceful labeling 6 is
sometimes called the complementary labeling of H (see [4]). A graph H is
called graceful (or A-graceful) if it has a graceful labeling (or an a-labeling).

Let G be a graph with n edges and n+1 vertices (n > 1). The graph G is
referred to as a vertez-saturated graph G(n) (or a A-vertez-saturated graph
G(n,))) if it is graceful (or A-graceful). It is evident that each graceful
tree itself is a vertex-saturated graph. Moreover, each graceful graph corre-
sponds to a vertex-saturated graph. As an example, the graceful graph K3
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and its corresponding vertex-saturated graph G(3) are depicted in Figure
1-(2) and (3).

Let Z = {0,1,...,n} (n > 1) and a; and b;, for 1 < i < n, be the
distinct elements of Z. A sequence {(a1,b1),...,(an,bn)} is called a graceful
sequence S(n) if |a; — b = 4 for 1 < i < n; each (a;, ;) is a term of a
graceful sequence. Obviously, (an, b,) = (n,0). The set of distinct elements
of all terms in a graceful sequence S(n) is called the element set of S(n),
denoted by E(S(n)). Two graceful sequences S(n) and S*(n) are said to
be equivalent (written S(n) ~ S*(n)) if there is a bijection ¥ : E(S(n)) —
E(S*(n)) such that (a;,b;) € S(n) if and only if (¥(a;), ¥(b:)) € S*(n).

A graph H corresponding to a graceful sequence S(m) is called an in-
duced graceful graph of S(m), denoted by H(S(m)); a graceful sequence
corresponding to a graph H with m edges and a graceful labeling is said
to be the induced graceful sequence of H. A graceful sequence S(3) =
{(1,0),(3,1),(3,0)} and its induced graceful graph G(S(3)) (i.e., the com-
plete graph K3) are shown in Figure 1-(2). From the definitions, the fol-
lowing results are readily given.

2 0 0
1/\0 3&31 30&31 02
1) S ) K; (3)G(3)
Figure 1

Corollary 1.1. There is a one-to-one correspondence between a graph with
n edges having a graceful labeling 9 and a graceful sequence {(a;, b1),...,
(an,bn)} with n terms. The correspondence is given by

a; = max{f(z), 6(y)},
b = min{6(z),6(y)}, 1<i<n,
where z, y are the end vertices of the edge labeled i.
Corollary 1.2. S(n) ~ S*(n) if and only if G(S(n)) = G(S*(n)).

Note that the result in Corollary 1.2 will be repeatedly employed in the
next section.

2 The main theorems

In this section we consider the gracefulness of four classes of graphs asso-
ciated with vertex-saturated graphs. Let S,, and P,, denote a star and a
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path with m (> 2) vertices, respectively. For any vertices z and y in H, let
d(z, y) be the length of the shortest path joining z and y in H; in particular,
d(z,z) =0.

Construction I: The join GV H of disjoint graphs G and H is the graph
obtained by joining each vertex of G to each vertex of H.

Corollary 2.1. The graph G(n) V K, is graceful for m > 1.

Proof: Suppose that S(n) = {(a1,b1),...,(a@n, bn)} is the induced graceful
sequence of G(n). Set S;j(n+1) = {(n+i(n+1),n),(n+i(n+1),n —
1),...,(n +i(n+1),0)}, for 1 < i < m. Clearly, |E(G(n)VKn)| =
(n+1)m + n = e. Define a sequence S*(e) as

S*(e)=S(n)uSi(n+1)U---US,,(n+1)
= {(cl: dl)» ceey (C,', dt)’ ceey (ce1 de)}-

(1) If 1 € i £ n, then (¢, d;) = (ai, bi).

@ Ifi=jn+1)+n—-k 1<j<mand0 <k <n, then (¢,d;) =
(n+3(n+1),k).

It is easily verified that |¢; — d;| =4, for 1 < ¢ <e and hence S*(e) is
a graceful sequence. Therefore the graph G(n) V K,, induced by S*(e) is
graceful. a

Remark: The graph T + K,,, [5] is a special case of Corollary 2.1, where
T is any graceful tree.

Corollary 2.2. The graph G(n)V Sn, is graceful.

Proof: Suppose that Si(n) = {(a1,b1),...,(an,bs)} and Sz(m — 1) =
{tm —-1,m —-2),(m —1,m — 3),...,(m — 1,0)} are the induced graceful
sequences of G(n) and S, respectively. Clearly, |E(G(n)V Sp)| = (m +
n+2m—1=c Set Ai(n+1)={{((m—-i+1)(n+2)-2n),((m-
i+1)(n+2)-2,n-1),...,(m—i+1)(n+2)-2,0} (1 <i<m-1),
Ap(n+1) = {(e,n),(e,n—1),...,(e,0)}, and set B(m — 1) = {(e,m(n+
2) -2),(e,(m—1)(n+2)—2),...,(e,2n +2)}. Let S*(e) be a sequence
given as

S*(e)=Si(n)UAi(n+1)U---UAn(n+1)UB(m -1)
= {(e1,d1),...,(ciydi)y ..., (Cerde)}.

(1) If 1 £ i < n, then (¢, d;) = (ai, bi).

2) fi=(G+1)n+25+1,0<j <m-—2, then (¢, d;) = (e,(m —3)(n+
2) - 2).
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@ Ifi=0G+1n+2-k 1<j<m-1and0 < k < n, then
(cidi) = ((7 +1)(n+2) - 2,k).

(4) Ifi=e—k, 0 <k < n, then (¢, d;) = (e, k).
An easy computation shows that |c; — d;| = 4, for 1 < i < e, and so 5*(e)

is a graceful sequence. Since G(S1(n)) & G(n) and G(B(m —1)) & S,, we
have therefore the induced graceful graph of $*(e) is the graph G(n)vS,,.0

Remark: Corollary 2.2 generalizes Proposition 2.5 of 1}
Combining Corollary 2.1 and Corollary 2.2, we have
Theorem 2.3. The graph G(n) V (Sp Uk,,) is graceful.

The graph G(3) V (S3U K), shown in Figure 2, is an example, where S3
and G(3) are the graphs of Figure 1-(1) and (3), respectively.

Figure 2

Construction II: The product of graphs G and H is the graph G x H
with vertex set V(G) x V(H), in which vertex u,v; is adjacent to vertex
uzvz if and only if either u; = uy and (v1,v2) € E(H) or v; = vy and
(u1,u2) € E(G).

Suppose that (P,Q) is the bipartition of G(n,)), where 6(z) < A, if
z€Pand O(z) >\ ifz€Q. Let [Pl=A+1=rand [Q=n—\=s.
Theorem 2.4. If |r —s| < 1, then the graph G(n, \) x Py, is graceful.
Proof: We may assume that r = s orr =s—1since if r > s then we may
choose the complementary labeling 8 of G(n, )) such that r < s. Note that
r+s =n+1. Obviously, |[E(G(n,\) x Pp)l=(2m —1)n+m—-1=ce.
Let S(n) = {(a1,b1),...,(an,bs)} with a; > b; (1 £ i < n) be the induced
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graceful sequence of G(n, ). Set sequences A;(n) and Bj(n + 1) as the
following:

Azipi(n) ={(e—n—-i(2n+1)+a,i(2n+1)+b) |1 <t < n},
Agip2(n) = {(i+1)(@2n+1)—1-ar,e—n—-1-i(2n+1)—b) |1 <t < n},
and

Bzjrin+1)={(i2n +1)+ke—n—-1~j2n+1)—k),(e - n—j(2n+1) +p,
G+D@n+1)-1-p)|0<k<r—landr<p<n},
Brjra(n+1)={(e-n—-1-j2n+1) =k (G+1)(2n+1) +k),(G+1)(2n+1) -1 —p,

e—-n—(G+1)2n+1)+p)|0<k<r—landr <p<n}

Let S*(e) be a sequence defined as

S§*(e) = Ai(n)U By(n+1)U A2(n)U---U By 1(n+ 1) U A (n)
= {(c1,d1),...,(ci, i), ., (Ce,de)}.

Case 1: m is even, say m = 2u.

(1) fi=2¢(2n+1)+t,0<g<u-1land 1 <t <mn, then (¢, d;) =
(u-q)2n+1)-1-a,e—n—1~-(u—g—1)(2n+1) —b,).

2 Ifi=(2¢+1)(2n+1)+t 0<g<u—1and1l <t < n, then
(cdi)=(e—n—(u—q-1)(2n+1)+a, (u—g—1)(2n+1)+b).

(B) Ifi=2¢(2n+1)+2n -2k, 0<g<u—-1and0< k <r —1, then
(cirdi) = ((u—g—-1)(2n+1)+k, e—n—1—(u—qg—1)(2n+1) — k).

(4) Ifi =292n+1)+2p+1,0<g<u-1landr < p < n, then
(chdi)=(e-n—(u-g-1)(2n+1)+p, (u-qg)(2n+1)—1-p).

(6) Ifi=(2g+1)(2n+1)+2n~2k,0< g <u—-2and 0 < k < r—1, then
(ci,di)=(e—-n—-1—(u—q-2)2n+1)—k, (u—q—1)(2n+1)+k).

(6) Ifi=(29+1)2n+1)+2p+1,0<g<u—2and r < p < n, then
(¢idi) =((u—g-1)(2n+1)-1-p,e~n—(u—q—1)2n+1)+p).

Also, it can be verified that |c; —d;| =4, for 1 < i < e, and thus S* (e)is a
graceful sequence.

To prove that S(n) ~ A;(n) (1 < j < m), define bijections §; and §;
(0 £ i < u—1) as the following.

(1) é;: E(S(n)) — E(Agi41(n)) with 8;(z) = i(2n4-1)+z,if0 <z < r-1
and §i(z) =e—n—i(2n+1)+z,ifr<z <n.

(2) 6:: E(S(n)) — E(Agi+2(n)) with f;(z) =e —n—1—i(2n+1) -z, if
0<z<r—-landOi(z)=(i+1)2n+1)-1—1zifr<z <n
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It is not difficult to see that S(n) ~ Asi+1(n) and S(n) ~ Agiio(n) (ie.,
S(n) ~ Ai(n),1 < i < m), and it follows that G(4;(n)) = G(n, \).

Next, we shall prove that the graphs G(A;(n)) (1 < i < m) are all edge-
disjoint. To do it, we must show that E(A;(n)) N E(Aj(n)) =0, for 1 < z,
j<mandi#j.

(l) E(A2i+1(n)) n E(A2j+1(n)) =0, for 0 < 4, j<u-1and1i#j.
Suppose that e ~n—i(2n+ 1) +py = e—-n —j(2n+1) + py or
i(2n+1)+ ki =32n+1)+ky, for0< ky, kp <r~1and r < p1,
P2 < n. Then we have (j—1)(2n+1) = pa—p, or ka—k;, and it implies
that po ~p; = 0 or k2 — k; = 0 and hence i = j, a contradiction.
fe-n—-i2n+1)+p1 =352+ 1)+ k;, for 0 < k; <7 -1 and
r < p; < n,thenp, -k, = (i+j+1-m)(2n+1) <0, a contradiction.

(2) E(A2i+2(n)) N E(Azji2(n)) =0, for 0 <4, j <u—1 and 4 #j.
Similar to (1) and omitted.

(3) E(A2i+1(n)) N E(Agj42(n)) =0, for 0<i, j <u-—1.
Suppose that e —n —i(2n+ 1)+ p=e—n—-1-3(2n+1) — k, for
0<k<r—1landr <p<n. Thenwehave (i—3)(2n+1)=p+k—1,
a contradiction.
fi2n+1)+k=0G+1)2n+1)—-1~-p, for0< k<r-—1and
r<p<n,then (j+1-1)(2n+1) =p+ k+ 1, a contradiction.
fe-n—-i2n+1)+p = G+1)2n+1) -1 —py, for r < py,
p2 < n, then (i+354+2—m)(2n+1) = p; +p2 +1 and it implies that
i+ j = m — 1, contradicting the fact that i + 5 < m — 2.
Ifi2n+1)+ k =e-n—1-3(2n+1)— ko, for 0 < ki, ko <r-1,
then ky + kp=(m —i—35—1)(2n+1) — 1 > 2n, a contradiction.

Thus we assert that the graphs G(A;(n)) (1 < i < m) are all edge-disjoint.

It remains to show that the n + 1 edges between graphs G(4;(n)) and
G(Aj41(n)) are contained in Bj(n+1), 1 < j < m — 1. This can be done
as follows. According to the definitions of bijections 6; and 6;, the terms
((@2n+1)+ke-n—~1-i2n+1)—k) and (e~n—i(2n+1) +p, (i +
1)(2n+ 1) — 1 —p) are contained in Bp;41(n+ 1), where 0 < k <r —1 and
7 < p < n. Moreover, the terms (e n—1-i(2n+1) -k, (i+1)(2n+1)+k)
and (i +1)2n+1) -1 -p,e—n— (i +1)(2n + 1) + p) are contained in
Byiia(n+1), where 0 <k <r— 1 andr <p<n.

We therefore conclude that the graph induced by S*(e) is indeed the
graph G(n,A) x Py, (see the graph G(7,3) x P; drawn in Figure 3-(2),
where G(7,3) is the graph of Figure 3-(1)).

Case 2: p is odd. Similar to case 1 and omitted. O
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(1) G(7, 3).

(2) The graph G(7, 3) x P

Figure 3

Remark: Theorem 2.4 generalizes Proposition 2.6 of [1].

Construction III: Suppose that V(G) = {vo,v1,...,vn} be the vertex
set of G. Let Hi(w;) (0 < i < n) be a connected graph with an arbitrary
vertex w;. Based upon the graph G, adjoin the graph H;(w;) to each vertex
v; of G in such a manner that v; and w; are identified for 1 < i < n. The
resulting graph will be denoted by G & (Hy(w1),..., Hn(wn)) (see Figure
4).

Theorem 2.5. Let H(w,p) be a connected and graceful bipartite graph
with m edges containing an arbitrary vertex w having label p (0 < p <
m). Then the graph G(n) @ (Ho(wo,p), ..., Hn(wn,p)) is graceful, where
Hi(w;, p) is the isomorphic copy of H(w,p), and w; be the isomorphic
image of w in H(w,p) for 0 <i < n.

Proof: Suppose that S(n) = {(a1,b1),...,(an, bn)} is the induced graceful
sequence of G(n). Let B(m) = {(c1,d1),...,(cm,dm)} be the induced
graceful sequence of H(w,p) with the property that d(p,d;) is odd and
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d(p,c;) is even (2 0). Set B;(m) = {(j(m + 1) + ¢1, (n — j)(m + 1) +
di),...,(G(m+ 1) + em, (rn = 5)(m + 1) + d,,)}, for 0 < j < 7, and set
8(n) = {((m+1)ay +p, (m+1)by +), ..., (m+ 1)an+p, (m+ 1)y +)}.
Obviously, |E(G(n) @ (Ho(wo,p), -, Ha(wn,p)))| = n(m+1) + m = .
Let us introduce a sequence S*(z) as follows:

§*(2) = Bo(m) U ---U Bp(m) U §(n)
= {(e1; f1)s.- ., (€5, fi), ..., (€2, f2)}-

Case 1: 7 is odd, say n = 2k + 1.

(1) Ifi =¢(m+1),1 <t < n, then (e;, f;) = (Mm+1)as+p, (m+1)b,+p).
(2 Hi=(2t+1)(m+1)+5,0<t<kand1<j<m, then

(eqatt1)im+ 1450 f@et 1)ima1)45) = (K +t+ 1)(m + 1) + ¢, (k = t)(m + 1) + dj)
(e2e+1)(m+1)-5) f2e1)ima1)—3) = (k= )(m + 1) +cj, (k+ t+ 1)(m +1) + d;)
ifc; > dj
or

(eqae1)(m+1)+51 SRt 1)ime1)+3) = (k= )(m+ 1) + ¢, (k+t + 1)(m + 1) + d)
(e2e+1)(m+1)— 52 f2t+ 1)(m+1)=3) = (K +t+1)(m + 1) +¢5, (k — £)(m +1) +d;) ’
if ¢; < d;.

Again, a routine verification shows that |e; — f;| = 4, for 1 <4 < 2, and so
§*(z) is a graceful sequence.

To prove that B(m) ~ B;(m) (0 < j < n) and S(n) ~ S(n), first define
bijections 6; (0 < j < n): E(B(m)) — E(B;(m)) with 0;(q) = j(m+1)+gq,
if d(p, q) (= 0) is even and 8;(q) = (n — j)(m +1) +q, if d(p, q) is odd. For
each term (c;, d;) in B(m), (c;, d;) € B(m) if and only if (05(ci), 0;(ds)) =
(G(m+1)+c, (n—35)(m+1)+d;) € B;(m). Furthermore, define a bijection
60*: B(S(n)) —» E(S(n)) with 6*(q) = g(m + 1) + p. For each term (a;, b;)
in §(n), (as, b)) € S(n) if and only if (6* (as), 0*(b)) = ((m +1)az +p, (m -+
1)b; + p) € S(n). It follows that B(m) ~ Bj(m) and S(n) ~ S(n), and
hence G(Bj(m)) = H(w,p) (i Hj(w;,p) = H(w,p),0 < j < n) and
G(S(n)) = G(n).

Now, we shall show that the graphs G(B;(m)) and G(Bj(m)) (0 < 1,
J < nand i # j) are all edge-disjoint, and the graphs G(B;j(m)) (0<j <n)
and G(5(n)) have only one vertex in common.

Suppose that i(m 4 1) + ¢, = j(m + 1) + ¢, or (n — i)(m + 1)+d. =
(n—j)(m+1)+d,. Wehave (j —i)(m+1)=¢, —c, (or ds — d,.) which
implies that ¢, = ¢; (or d, = d,) and hence i = 7, a contradiction.

Ifi(m+1)+cr = (n—3)(m+1)+d, or (n—i)(m+1)+d, = J(m+1)+cs,
then cr—ds = ¢;—d, = (n—i—3)(m+1). Ifn = i+7, then er—ds = cy—dy =
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0, contradicting the fact that ¢, —ds #0and ¢; ~d, #£0;if n £ i+ 7, it
means that ¢, — d, (or ¢;—d,.) > m+1orc.—d, (orc;—d,) < —(m+1),a
contradiction. Moreover, since E(S(n)) = {p,m+1+p,...,n(m+1)+p},
it is clear that E(B;j(m))N E(S(r)) =j(m+1)+p,for 0 < j < n.

We thus conclude that the graphs G(B;(m)) and G(B;(m)) are edge-
disjoint, and the graphs G(B;(m)) and G(S(n)) have only one vertex with
label j(m+1)+p in common. Therefore, the graph G(n) ® (Ho(wo, p), ...,
Hy(wy,p)) is the induced graceful graph of $*(z) (the graph G(5)®(Ho(wo, 2),
.+, Hs(ws, 2)) of Figure 4-(3) is an example, where G(5) and H(w,2) are
depicted in Figure 4-(1) and (2), respectively).

Case 2: n is even. Similar to case 1 and omitted. (]
2
4 8
20—3@ Cl)—é 6 0
0 3 7
1) G(5) (2) Hw, 2)

(3) G(5) ® (Ho(wo, 2), ***, Hs(ws, 2))
Figure 4
Remark: Theorem 2.5 generalizes Theorem 3 of [2]; i.e., if both G(n) and

H;(w,p) are graceful trees, say G(n) = T(n) and H;(w, p) = T;(w, p), then
the tree T'(n) & (To(wo, p), . .. , Tu(wn, p)) is graceful.
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As have seen in Theorem 2. 5, the graph G(n)®(Ho(wo, p), . . . , Ha(wn, p))
is graceful, in which H;(w;,p) is isomorphic to H(w,p) for 0 < i < n.
The following theorem permits graphs H;(w;i,p) (0 < i < n) to be non-
isomorphic if the number of edges in each H;(w;,p) (0 < i < n) is the same
and each pair of graphs H;(w;,p) and Hp—i(wn-1,p) (0 < i < [251]) has
the same boundary value.

Theorem 2.6. Let H;(w;,p, \;) (0 < i < n) be a connected and \-graceful
bipartite graph with m edges containing an arbitrary vertex w; having label
P (0 <p < m). If each pair of graphs Hy(w;, p, ;) and Hp—i(wn—i,p, An_s)
(0 < i < [251]) has the same boundary value (i.e., \; = An_;), then the
graph G(n) @ (Ho(wo,p, Yo), - -, Ha(1msp, Mn)) is graceful.

Proof: Suppose that S(n) = {(a1,b1),...,(an, bn)} is the induced graceful
sequence of G(n). Let Si(m) = {(ci1,di1)s-..,(Cim,dim)} (0 < i < n)
be the induced graceful sequence of H;(w;,p, \;) with the property that
d(p, d;;) is odd and d(p,c;;) is even (> 0), for 1 < § < m. Set Si(m) =
{(i(m+1)+ci, (n—i)(m+1)+dir), . .., (i(m+1)+cim, (n—i)(m+1)+dim)},
for 0 < i <, andset S(n) = {((m+1)a1+p, (m+1)b1+p), ..., (m+1)an+
P, (m+1)bn +p)}. Clearly, |E(G(n)®(Ho(wo, P, %), - - -, H(wn, p, M\n)))| =
n(m + 1) + m = z. Define a sequence S*(z) as

8*(z) = S(n) U So(m) U --- U S (m)
= {(ela fl): ey (eis fi): LEEEY (ez; fz)}

Case 1: nis odd, say n =2k + 1.

(1) Ifi =¢(m+1),1 <t < n, then (e;, f;) = ((m+1)a,+p, (m+1)b,+p).
(2 fi=(2t+1)(m+1)+s5,0<t<kand1<s<m, then

(Caer1)im+1)+ar L@et1)(mt1)4a) = (e + e £1)0m + 1) ey pyryan (e = Om+ 1)+ ey yy,)
(e(ae+1)(m+1) a0 F2e41)(mp1)—s) = (k= (M + 1) + o gy (b + £+ 1)(m +1) + di—t)s) '

€ e(kted1)s > d(kttd1)s

or

((ae+1)(m+1)+a F@e41)(mt1)40) = (e = O0m + D)+ e peqryar (k+ e+ 1)(m+1) + d(icte+1)a)
(o(2e41)(m+1)=a0 F@e+1)(m+1)—a) = (e + £+ 1)(m + 1) + o gyar (b — O)(m +1) + d(_gy,) !

etetetrys < diktet1)s

The remaining verifications are analogous to those of Theorem 2.5 and
omitted (see Figure 5-(1) ~ (8)).

Case 2: n is even. Similar to case 1 and omitted. O
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(5) Hy(wy, 8, 3) (7) Ho(wo, 8, 5)

(8) G(S) @ (Ho(w(b 89 5)’ T H5(W5, 8’ 5))

Figure 5

In Theorem 2.6, suppose that both G(n) and H;(w:,p,);) are graceful
trees. Let G(n) = T'(n) and let H;(w;,p, Ai) = Ti(w;, p, );). We have

Corollary 2.7: The tree T(n) @ (To(wo, P, Ao), - - - , Tn(Wwn, p, An)) is grace-
ful.
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