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Abstract

We take a special 1-factorization of K, , and investigate the sub-
graphs suborthogonal to the 1-factorization. Some interesting results
are obtained, including an identity involving n™ and n! and a prop-
erty of permutations.

1 Introduction

In this paper, C, represents a cycle of length n and P, a path of
length n — 1. Let K and H be two graphs and k a positive integer.
K @ H is the vertex disjoint union of K and H, and kH is k vertex
disjoint union of H's. For other definitions which are not mentioned
here, we refer to [3, 8].

A factorization F = {F,...,F;} of a graph G is a partition of
E(G) into edge-disjoint spanning subgraphs F,...,F;, which are
called factors. A factorization may contain isolated vertices. Let
a and b be nonnegative integers with ¢ < b. An (a, b)-factorization
F ={F,...,F;} of a graph G is a factorization such that the degree
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of each vertex of F; is betweenaand bfori = 1,...,t. fa=b=1,F
is called a 1-factorization of G. A subgraph H of G is suborthogonal
to F if |[E(H)NE(F;)| < 1for 1 < i<t and orthogonal to F if
|E(H)NE(F;)| =1for1 < i < t. We also call H an F-suborthogonal
or F-orthogonal subgraph of G.

We can view F as an edge-coloring of G using ¢ = |F| colors,
where F; consists of all edges with color 7 for 1 <i < ¢.

The majority of work done to date on suborthogonal factoriza-
tions has focused on the case when G is a complete graph or a com-
plete bipartite graph and F is a 1-factorization.

It is well known [5, 8] that the complete bipartite graph Kp, ,, has
a 1-factorization; and that a 1-factorization of K, n is equivalent to
a Latin square of order n. Note that given a 1-factorization F of
Kn n, an F-suborthogonal graph which is a matching corresponds to
a partial transversal in the Latin square corresponding to F. There
is a long standing conjecture posed by Ryser that “every Latin square
of order n has a transversal if n is odd, and a partial transversal of
length n — 1 otherwise”. In [1], Alspach, Heinrich and G. Liu posed
a more general problem.

Problem 1 Given a 1-factorization F of Ky pn, describe all sub-
graphs of K, », that are suborthogonal to F.

The converse to Problem 1 is the following:

Problem 2 Given a subgraph of K, , with at most n edges, is there
some 1-factorization F of K, n to which it is suborthogonal?

In other words, this problem asked which partial Latin square of
order n with n filled cells could be extended to an n x n Latin square.
Evans (6] conjectured that if at most n — 1 cells of an n x n array
are filled with entries from an n-set, then it can be completed to a
Latin square of order n. This conjecture was verified by Smetaniuk
(7]

Problem 2 was solved by Andersen and Hilton [2], and Damerell
[4] independently.

Theorem 1 [2, j] Every n-edge subgraph of Ky, ezcept for the
vertez-disjoint union Ky & Ky,_; 1 is orthogonal to a 1-factorization
of Ky n, where Ky and K,_,1 are two stars in Knpn =[X,Y] with
one center in X and the other in Y.
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Compared with Ryser’s conjecture, it is no wonder that Problem
1 is difficult. In this paper, we investigate the problem by focusing on
a special 1-factorization of K, ,. It does not seem to be interesting
by looking at a particular 1-factorization at first, but we will see
later that some interesting applications and problems are arising,
and even in this special case, it is hard to solve it completely.

Let Knn = [X,Y], where X = {z1,Z2,...,z,} and Y = {y1, 72,
.++,Yn} be the bipartition of K, , . Let Fy = {z;y;i44]i = 1,2,...,n},
where t = 0,1,...,n — 1 and the subscripts are reduced modulo n.
The edges in F; is said to have slope t. Let F = {Fy, F,..., Fh_1}.
Then F is a 1-factorization of K, which appears frequently in lit-
erature. In the following discussion, we will focus on this particular
1-factorization F.

2 A construction

Proposition 2 If H is a subgraph orthogonal to F, then any sub-
graph of H is suborthogonal to F. On the other hand, if M is a
subgraph of Ky which is suborthogonal to F, then M can be ex-
tended to a subgraph of K, , which is orthogonal to F.

Proof: The first statement is obviously true by the definition of sub
orthogonality. To prove the second part, let |M| = k. W.lo.g., let
|[MNF;|=1fori=0,1,...,k—1. Choosee; € F;fori=k,...,n—1.
Let.H = M U{eg,...en—1}. Then M C H and H is orthogonal to
F.

By the above proposition, we need to only consider F-orthogonal
subgraphs. If H is an F-orthogonal subgraph, then |E(H)| = n and
|HNFy =1fort=0,...n— 1. Based on this information, we can
construct all F-orthogonal subgraphs of K, 5.

A construction: Let s = z;,,%i,,...%;,, be a sequence of ver-
tices in X such that 1 < 4; < i3 < - < 4, < n. Let P =
(51,82,...,Sm) be an ordered partition of {0,1,...,n — 1} where
S;i#0fori=12,...,m We call (s, P) a compatible pair. Let
Yi;+s; = {yi;+£lk € S;} for j = 1,...,m. We construct a subgraph
of K, n, denoted by H(s, P), as following:

V(H(s, P)) = {zi); Tiyy . - -1 Tin } U (U;’n=1Y11j+Sj),

and
E(H(s,P)) = {.’Eijyklk —-i; €85,7=1,...,m},

163



where all subscripts are reduced to modulo n.
It is easy to see that H(s, P) is an edge disjoint union of m stars.

Proposition 3 A subgraph H of K, 5, is orthogonal to F if and only
if H = H(s, P) for some compatible pair (s, P).

Proof: Sufficiency. Let H be an H(s, P) type subgraph with s =
Tiyy ooy Tip, and P = (S1,...,Sy). Then E(H) = {zi;yelk — 35 €
Sj,3 = 1,...,m}. For each ¢, 0 < ¢t < n — 1, there exists a unique
Sy, such that ¢ € Sj,. Then e; = iy, Yir,+¢ € E(H) is the only edge in
H with slope ¢. Therefore, HNF; = {e;} and hence H is orthogonal
to F.

Necessity. Let H be an F-orthogonal subgraph of K,, and
VH)NX = {z;,...,zi,} with iy < 43 < -+ < 4. Then let
8 = Tiy,. .., Tip, and Sj = {kl|zi;yi;+x € E(H)}. Since H is orthog-
onal to F, it follows that S; # 0 and S; NS; = 0 if i # j. Hence
P = (S81,...,84) is an ordered partition of {0,1,...,n — 1} and
H=H(s,P). i

A natural question is that what a subgraph H(s, P) is? We will
describe some special H(s, P) in the next section.

3 Some classes of F-orthogonal subgraphs
If [s| = 1, we have the following easy result.
Proposition 4 If |s| =1, then H(s,P) = K1 ,,.

When [s| = 2, we know that H(s, P) is an edge-disjoint union of
two stars. Are these two stars necessarily vertex-disjoint?

Proposition 5 There exists an F-orthogonal subgraph H of Kon
consisting of two vertez-disjoint union of stars Ky, and Ky p—pm
with two centers in the same partition of K, n if and only if there
ezists an integer k such that 1 <k < n and (k — 1)m = 0( mod n).

Proof: Necessity. Suppose, without loss of generality, that K ,, is
centered at 1, and K 5, is centered at z. Then s = x,, x4, where
l1<k<n LetS = {il,...,’im} and S; = {‘im+1,...,in}. Then
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(i1 +1,50+1,. . im+1imp1 +k, .. rin+k} ={0,1,...,n—1}(mod
n) since H is vertex disjoint. Therefore,

n(n

[Z ij+m+ (n—m)k] = ——I—)-(mod n).

Jj=1

But {i1,...,in} = {0,1,...,n — 1}, thus ©7_,4; = 21 This
implies that (k — 1)m = 0(mod n).

Sufficiency. Let m and k& be two integers such that m <n,k > 1
and (k — 1)m = 0(mod n). Choose s = z1,zy as the sequence and
P = ($,,52) where §; = {0,k -1,2(k —1),...,(m—1)(k—1)} and
S2 ={1,2,...,n— 1} — S;. We are going to show that H(s, P) is a
vertex-disjoint union of two stars Ki,; and Kj 5.

It is easy to see that H(s,P) is an edge-disjoint union of two
stars K1 m and Ky n_m. If they are not vertex-disjoint, then there
exist integers ¢ and j such that j € S; and

1+i(k—1)=k+ j(mod n).

Then j = (: — 1)(k — 1)(mod n). It follows that j € S, which is a
contradiction. il

Proposition 6 There is no F-orthogonal subgraph of K, 5, consist-
ing of vertez-disjoint union of two stars with centers in different
partition of Ky 5.

Proof: Suppose H = Ky, W K,_m,1 is orthogonal to F, where
the stars K ;; and Ky, have centers = and y, respectively. Then
there are n colors assigned to the edges of H and no color is available
for the edge zy, which is a contradiction. Wl

Propositions 5 and 6 will imply the following result.

Corollary 7 (1) If n is a prime, there is no F-orthogonal subgraph
consisting of two vertez-disjoint stars.

(2) There is no F-orthogonal subgraph consisting of two vertez-
disjoint union of K1 n_1 and Ky 1.

Proposition 8 For any n, there ezists an F-orthogonal path of
length n.

Proof: If n is odd, let P41 = Z1%1ZnY2ZTn-1Y3 - " Tag3Ynta.

If n is even, let Py = Z101ZnY2Tn—-1Y3 - - "Y2Tayr [ |
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Proposition 9 (1) There is an F-orthogonal 1-factor if and only if
n is odd.

(2) There is an F-orthogonal subgraph consisting of an (n — 2)-
matching with a disjoint P3 if and only if n is even.

Proof: (1) Sufficiency. Let n be odd. We need to construct a
1-factor which has a form H(s,P). To do that, we select s =
T1,%2,...,%n and P = ({0},{1},...,{n — 1}) as a compatible pair.
Then E(H(s, P)) = {z1y1, Z2y3, T3Y5, . - . , TiY2i—1, - - - }. If for some 4
and j, y2i—1 = Y21, then 2i — 1 = 2j — 1(mod n). 2(: — j) = 0(mod
n). Since n is odd, then ¢ — j = 0(mod n). But 1 < 4,5 < n, this im-
plies that ¢ — j = 0 and hence i = j. Therefore, all edges in H(s, P)
are disjoint and hence H(s, P) is a 1-factor.

Necessity. Suppose that there is an F-orthogonal 1-factor {zy;,,
T2Yjyy---rZnYj,}- Then {j1 — 1,50 —2,...,5p —n} ={1,2,...,n—
1,n}(mod n). Since {j1,...,in} = {1,2,...,n}, then 3%, (j; —4) =
r1Ji—2Xi,i=0. Hence 0 = ﬂ"gﬂ(mod n). It follows that n is
odd

(2) Sufficiency. Let n be even. By (1), there is no F-orthogonal
1-factor. Choose s = z1,%3,...,%ys, and P = (51, Ss,...,Sy,), where
51 = {O}aS2 = {1}"'-,512'- = {% - 1}a5%+1 = {n_ 1}’3'2—‘+2 =
{3}, 8243 = {3 +1}...,5 = {n —2}. Then E(H(s,P)) =
{Z191,22y3, -, Tilf2i- 1y - T2 Yn—1, T2 4192, TR 42Y2, TR 43Y4s - -
T24iY2i-2;-- -, TnYn—2}. Note that the edges in E(H(s, P)) appear-
ing before the edge Tni1Y2 have the form z;y;;_1 while the edges
appearing after Toi1yz have the form T2 4iY2i-2- They are all dif-
ferent. But we know that H(s, P) cannot be a 1-factor, therefore,
we have either Yz = Y2i-1 for some 7 or Yz =y25 for some j. Hence
H = (n-2)K,4 P;.

Necessity. Suppose H is orthogonal to F and H & (n—2) K, P;.
Without loss of generality, let H N X = X. Then we may assume
that E(H) = {z:y;li = 1,2,...n}. We have {j;—ili =1,2,...,n} =
{1,2,...,n}(mod n). Therefore, S ,(j; — i) = W(mod n).
Since we have one P; with the middle vertex in Y, we assume
that k appears twice and j does not appear in (j1,...,j2). Then

St =) = They i = Ty é = (U5 — j 4 k) — 20 where
(j #k <n). Hence k—j = ﬂnz—"'ll(mod n). If n is odd, then we
must have k = j, which is a contradiction. Hence n is even. i
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We note that if A is a Latin square which corresponds to F, then
it has the following form.

ayy  a12 aln
21n Q11 Qin-1
a2 a3 a11

We call such Latin square a cyclic Latin square.

Remark: Proposition tells us that any cyclic Latin square A has a
transversal if n is odd. However, if n is even, A has no transversal
but has a partial transversal of length n — 1.

Proposition 10 There ezists an F-orthogonal 5P if and only if n
s even.

Proof: Necessity. Obvious.

Sufficiency. Let s = x;,%s,...,%, and P = ({0}, {1},... {n—
1}) Then E(H(S,P)) = {:L'iyz,'_.lli = 1,2, e ,n}. If Y2i-1 = Y25-1,
then 2 — 1 = 2j — 1(mod n), or 2(¢ — j) = 0(mod n). Without
loss of generality, let j > 4. Then there exists an integer ! > 0 such
that j — i ={%Z. But j < n, and i > 1, this implies that [ = 1 and
J =i+ 5. Therefore, TiY2i-1%24i isa Py foreach i = 1,..., 2. This
shows that H(s,P) = 2P;. Il

Proposition 11 There ezists a cycle C, which is orthogonal to F
if and only if n = 0(mod 4).

Proof: Necessity. Suppose there exists an F-orthogonal C,. Then n

is even, say n = 2m. We may assume that C,, = z;, Yi1TizYjz * * * Tip Yjm
z;,. This implies that {571 — 141,71 — i2,52 — 12,52 — 13, ..y Jm—1 —

im-hjm—l - im:jm - z.m)jm - il} = {1)21 cee ’n}(mOd n)’ where

m = 3. Hence '

2 i(jk — i) = -nﬁ&;——l)(mod n).
k=1

In the case of n being even, w is even if and only if n = 0(mod
4).
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Sufficiency. Suppose that n = 0(mod 4). Then
Cn = T1Y2%n-1YaTn-3 Y2 T2 11Y2 4321 " TIY1T1
is an F-orthogonal cycle of length n. i

Proposition 12 (1) If n = 2(mod 4), then there ezists an H =
Cn—2 W 2Ky which is orthogonal to F.

(2) If n is odd, there ezists an F-orthogonal H = Cp_1 & K.
Proof: (1) If n = 2(mod 4), we let H = {:c4y3,:z:%+3y%+1}u:l

{xlnyn—1y4$n—3 ot __1$"+2y"+4$" y"+6 x5ylml}a

which is orthogonal to F and is a vertex-disjoint union of a C,_2
and a 2Ks.

(2) If n = 1(mod 4), then we let H = {x%f_syn_-z‘-_s}kﬂ
{z192Zn-194Z0—3 - Yn1TatsYnt7 Tt Yngnr - T4y 21 }-

If n = 3(mod 4) and n > 7, then H = {.’l:ﬂz-_ly%}w
{Z192%n~1Y4%n-3  * TagsYnt1 TnsYnts -+~ Yn—3T2Y1 71 }.

Ifn="1,let H={z1y76ysz21121} ¥ {z3y7}. B

Proposition 13 For any even integer k with 4 < k < n, there ezists
a Cy suborthogonal to F.

Proof: From Propositions 11 and 12, we have cycles of lengths n—1
or n — 2 according to the parity of n. The idea of the proof is that
we add in one chord to these cycles to obtain two smaller cycles such
that one of them has length k. Therefore we can assume that k < §.
(1) n = 0(mod 4). Note that we assume that k < & Choose a
(k — 2)-subpath from the cycle in Proposmon 11: a:lygxn_ - Ty,
we have that m is odd, then z,y; is of even slope. Let Cr =
T1Y2Zn—1" " TmY1Z1- Then Cr is a cycle of length k which is or-
thogonal to F.
(2) n = 2(mod 4). In this case, we can assume that k < 252
The proof is exactly the same as (1).
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(3) n = 3(mod 4). In this case, we can assume that k < %51,
Choose a (k — 2)-subpath from the cycle in Proposition 12(2) when
= 3(mod 4) as follows: y1ZoyYn—3---ym- All edges in this path
have even slope and also m is even. Therefore, y;T2yn—3 - - ymT141
is a cycle of length k and is orthogonal to F.

(4) » = 1(mod 4). In this case, we can assume that k < 2L,
Choose a (k — 2)-subpath from the cycle in Proposition 12(2) when
n = 1(mod 4) as follows: 3124 Ym, we have that m is even and
all edges in this path have even slope. Thus y1z4---ynT1y1 is the
desired cycle. |l

A double 2k-partial transversal of a Latin square L is a collection
of 2k cells in L such that all the cells have different entries and each
row and column each contains either two elements or none from the
collection.

Proposition 14 Let A be a cyclic Latin square of order n. Then

(1) there exzists a double n-transversal of A if and only if n =
0(mod 4).

(2) for any 2k < n, there ezists a double 2k-partial transversal
in A

Proof: Note that a double partial transversal of A corresponds to
a cycle C which is suborthogonal to F. (1) follows from Proposition
11, and (2) follows from Proposition 13. il

The following problem might be interesting.

Problem 3 Which nxn Latin square has a double 2k-partial transver-
sal for any 2k < n? Equivalently, which 1-factorization of K, has
a suborthogonal Cyy for 2k < n?

4 Applications

In this section, we present two interesting applications which we are
not sure are new. But at least we have new proofs here.

Proposition 15 Let n be a positive integer. Then

" n n!
n"=> 2 i) klkal kg

i=1 k1 +---+ki=n,k; >0
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Proof: Let F = {Fp, Fi,... Fp—1} be the 1-factorization of K, ,.
Each time we choose arbitrarily an edge from each F,, for ¢ =
0,1,...n — 1, then the n edges form an F- orthogonal subgraph.
Obviously, any F-orthogonal subgraph can be obtained this way.
Therefore, the number of F-orthogonal subgraphs is n".

On the other hand, the number of strictly monotone sequences of
length ¢ from {1,2,...,n} is ( ? . Denote the number of ordered

i-partition of {0,1,...,n — 1} by pn;. Then p,; =

5 (n )(n—kl)m(n—kl—kz—-n—ki_l)
Fitt oy >0 k ko k;

n!
klka!- - KV

k1+--tki=n,k; >0

Therefore,

7 kol k0
i—=1 ( 1 k1+'"+ki=n,kj>0 kl.k2. kz-

1
- ; Vol ... k.1
i=1 kybookimnyk >0 \ klko!- - kil

by Proposition 3.
This completes the proof. il
The second application is about permutations.

Proposition 16 If n is even and p is an arbitrary permutation of
{1,2,...,n} such that p(j) = i;, then there ezists a pair {i;,ix} such
that

ij— iy =k—j(mod n) or j+i;=k+ir(mod n).

Proof: Choose s = z,73,...,2, and P = ({i1}, {i2},---, {in}).
Then E(H(s, P)) = {2;yj+i1j = 1,2,...,n}. By Proposition 9(2),
there exist integers j and k such that Yj+i; = Yk+i,- Lhis implies
that j +i; = k + ix(mod n) or i; — iy = k — j(mod n). H

We note that Proposition 16 is not true when n is odd.
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5 Further directions

We consider the following problem:

“Describe the subgraphs of Knn which are suborthogonal to all
1-factorizations of Kn p.”

Proposition 17 The subgraph suborthogonal to all 1-factorizations
of Knn is isomorphic to K1y for 1 <k < n.

Proof: It is obvious that any subgraph of K, , which is isomorphic
to Kt is suborthogonal to any 1-factorization of Ky 5.

On the other hand, let H be a subgraph of K, which is sub-
orthogonal to any 1-factorization of K,,. If H is not a star, then
there are two independent edges in H, say e; and e; (note that H
cannot be a triangle). But any two independent edges lie in a 1-factor
and every 1-factor extends to a 1-factorization of K, . Therefore,
H is not orthogonal to this 1-factorization. il

Next we pose a more general problem.

Problem 4 Let k > 2. Which subgraph H with |E(H)| < k of
K n is suborthogonal to a (| %], [§1)- factorization {Fy, Fs,..., F}
of Knp.

Note that when k£ = n, this is the Problem 1. For £k = n + 1 and
|E(H)| = n, the following result answers the problem.

Proposition 18 Every n-edge subgraph of K, 5, is suborthogonal to
some (0,1)-factorization {Fy,Fs,...,Fo11} of Knp.

Proof: Let H be an n-edge subgraph of K, . If H % K;; ¥
Ky —t,1, then H is orthogonal to some 1-factorization {Fi, F,... Fy;}
of K, n by Theorem 1. We choose e € F} — E(H), then {{e}, F} —
{e}, Fa,...,F,} is a desired (0, 1)-factorization.

Let H= Ky WK, ;). We may assume K ; = {z1;y2,...,¥%t+1}

and K,_:1 = {y1;%¢t+1,...,Zn}. There exists a 1-factorization {F,
«oy Fo}in (X —{z1},Y —{y1}) such that z;y; € F; fori = 2,3,...,n.
Now we obtain a (0, 1)-factorization {F}, F;,...,F} .} as following:

= (B =z U{siy, iz} for i # Lt + 1 Fl = {1z )y
Fii1 = (Fer1 ~{zer1ye1 HU{Z19141}; and F ) = {z1y1,. .., Znyn}-
It is easy to see that H is suborthogonal to {F{,F3,...,F; ,}. I

Acknowledgment: We thank the referee for pointing out the ref-
erence [5] and helping to shorten some proofs.

171



References

[1] B. Alspach, K. Heinrich and G. Liu, Orthogonal factorizations
of graphs, in Contemporary Design Theory: A Collection of
Surveys, Wiley, 1992, 13-40.

[2] L. D. Andersen and A. J. W. Hilton, Thank Evans! Proc. Lon-
don Math. Soc. 47 (3) (1983) 507-522.

[3] J. A. Bondy and U. S. R. Murty, Graph Theory with Applica-
tions, Macmillan, London, (1976).

[4] R. M. Damerell, On Smetaniuk’s construction for Latin squares
and the Andersen-Hilton Theorem, Proc. London Math. Soc. 47
(3) (1983) 523-526.

[5] J. Dénes and A. D. Keedwell, Latin Squares and their Applica-
tions, Academic Press, New York and London, (1974).

[6] T. Evens, Embedding incomplete Latin squares, Amer. Math.
Monthly 67 (1960) 258-261.

[7] B. Smetaniuk, A new construction for Latin squares — I: A proof
of Evans’ conjecture, Ars Combin. 11 (1981) 155-172.

[8] W. Wallis, Combinatorial Designs, Marcel Dekker, New York,
1988.

172



