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Abstract  2n the gracefulness of graph €, U P, .Frucht and Salinas St proved
C,UJF fori2"3is gracetul. and comectured: ¢, U P, is gracetu! it and ondy i

m=i -2 7. In this paper, we prove graphs ( P is graceful, for

as2& FAE KN 2a1, L, 2k 5 mEeac ), m DA Dk, kL AL,
n=3k. 3A-1 Lk imed A3 n=24 1L 34 ik
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LIntroduction

Ler G=(\.E} be a simpie graph and /' : V—=10,i.2.---, | E | {be anuijection  map.
Define an  induced map 7 "= E—=j1.2., | E by f* tuvy =] du- 401 ] for nv
SE W /" maps Eonte (L2 | E | bLthen f is said 1o be a waceidl  labeling of
G and the wraph G is said to be graceful.  Let # be a gracetul labeiing of G. iI
thers exists a constant B such that (). B, fviZ B for every v S . hen Iis said 1o
he a balasice labeling of G, and E is culled its character.

The graph & U P, 15 the disioint umion of ¢vele J, and path £ it has w-n-1

=9

edges .and - vertices .Let the vertices of C,, be denoted by ~,.x.vwa, and die
vertces of P be denoted by 4 g, oo, 3, Successively Tt is easily s2en that graph
", UP is gracerul it and oniy it both 7'and £ are injection.
in 1983, R.AV.Frucin and L.C.Salims proved C_IJP 15 graceini lfor in=4 and
23 They comjectured ¢ Up i gaceful if and enly ifm - - 7 see
proved o« t)p 1= gracetul when m-+Stseef2 ]
FFor cenvenience sake. we shaii use the rollowing notations:
labl=~EZ {a “xebl{abl=NEZ |a = x7¥ banax=armed

P -, T PR T - o . s Tt T ue -
where 2 s mng eof integers anb 27 Let W] denores die gre

v such
that v w:x.

2.The inain results

Lenuma lisee[3]i The cvele ", is baiance graphs tor all posiuve mregers . If
s abalunce beiing of O, then {00 (x ) TiS{lic 5o 34

We zve the balance labeling of ), as Dllews:
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(i-1)-2, i:-[l.-lk-l/'~
Fix = dk=1-i-2 i [22k]
IR R ic[2k- ‘_‘,ch];
Its character 15 2k Set of vertex labels is [0.1k]}-* 341
Theorem 1If o € (hk-2.4+3.2k=1,..25-3)hen graphs O, UL,

are
gracetul tor all positive integers A.

Proof . In the theorem upper labeling of C,, . the labeling of the even vertex
-, plus n-1 is labeling of even vertex x;, m graph 1JP, The labeling
Sfodd rertex X, in . is labeling of odd vertex X. |, m 7, UR, It easy
ro see that the set of vertex labels of o (yp is [0.2k- l]u 2k-n-1. -n-11-
3k-n-1).and set of edge labels is [4. dk+n -1 i
in the path P.. if set of vertex fabels is [2k.2&=-2] o 1 3k=5-11 and <t ot
ge labeis is [ La-1]. then ¢, UP, is gracerui.
To this end. we construct a vertex labeling of path [ as 1oilows:
L When a=k~2{k=" 1}

) range of i T ser of vertex judels
k-1 1 k-1
k-1-a-122 (3.k-2]. ot S B T ol R
k-2 f2k-2]. fax-[k 21.3k]

It is easv (o see that the vertex labeiing satisties the requirement .

When Lk is odd. i (xyovy) T I€eike 2= kolt o ke3e2i ] 200
E-12) = =1 S [2k-1]. . :
HABUSUEIRE I ENEt Sl DRl S ate IR S Lt o DY AR
Therefore. the set of edge labels of P _, i3 [LA-1].

When £ is even.

Flasave ) 11
SR RURUEIRE B LS L8 Rttt S S I LT Sl

1 SR B LSStk Bl I I RO TS 'l Babi B DR

Theretore. the set of edge Jabels of 2, s alse {LA~1).
2 When a=A-3ikz1

f(x) range ot § ser of vertex labels
Ak-l-arip 2 [1k-3], 3k-{k 23k~ 1]
k-2 2 14k 24
2212 MLk-31. [ok2k-1-lik-13 2]

Obviousk the set of verrex fabels o 2. s [Zk3k=1]w ak-2:. fust as with
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P,:_: .we can see that the set of edge labels of P,_;is [1.k+2].
3. When n=2k+2 (k=1

f) range of i ser of vertex lubels
2k+(i-1)2 (1.2k+1}, [2k.3k]

Jk=1-i2 [2.2K], [3k+1,4K]

Sk+1 k-2 {5k+1}

The table shows that the set of vertex labels of path P, .is [24. 4] «
'5k+1}.Since

Flimars) 1Sk i=2k-220 1Sk 0 201 =00, 280 U
241
and {F'CV, Vo) | TS SR = 2k 120 | TRUSA)=[1.24-1]
Thus the set of vertex labels of P.,_.is [1,2k+1].
To sum up, since bothf and ' are injections, it follows thar the
theorem holds.
4. When m24+1 (k2 1)

Ay range of i set of vertex lubels
k- 1i-1)72 {1,2k-1]A {2k.3k-1]
4k-12 2.2k]a [3k,dk-1]
3k 2k+1 {3k}
S.on=2k+3 k1)
dk+1-1-102 f1.2k=1], [3k+1.d4k+1]
ZK-1+e2 [2.2k+2], {2k.3K]
Sk=2 k-3 {5k+2)
6. n=lk-d4lh=1)
4k+2 1 {4k~2}
2k-l-d-1)2 [3.2k-1], [2k.3k-1]
2-i2 (2.2k-4], [3k,4k-1]
Sk+3 2k-2 $5k+3)
Ton=2k-5 k= 1)
4ke3 1 (k= 3}
Zk+ (i-1)12-1 [3.2k=5], [2k3k+1]
Ik+342 (2.2%-21, [3k+2.4k+2]
Skd 2k+4 15k=d}

wis easy to verify that /'is a gracefui labeling of the ¢, UP.

Theorem 2. When #=2k. 3k-1.4k-1.the graphs C,., G P, k= 1)are  graceful.
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Proof Inthe cvcle (. .the vertices x.,x..---x., are assigned labels as
follows .
S R e if 1ef14k-1].
AT U S iz f23k]
We can prove that the ser of edge fabels texcept edzes (v, v +and
Flux..x.non C . is [#-2.4k~n]. and the <et S vertax b2tz iexcept
vertex A X, ) is ['.)._k-l] o [Shra | ki)
When n=2k(Az1)
Let fix,, 072k then i (v n,, L ATN, X = IR a0
inthe path ., .
- Chet-gi-ld 2 i 120
T dk-1-4 2 i 22k
Ve can see hat ihie ser or eage lavels ol i
labelz is  [24-1,1K)
When 2= 1k-1:.K: 1)

13 LR 2T eaiid Wi 900 wi verten

let  Fex . 1be thThen the lebeis of nvo edges incident swah x| oore
and 2
if &= 1lvermices x. v_x-of Poareassigned .25 succeszveiy

IR0 we divide wie vermices of £, IO SWO grauns © ULy eV and

Vs ¥y N, boand set of edge iabels correspendiniz

EERI R N TUREI

COTNUOus 1INICRLr fequence To this end. we construcr a l‘:‘;.,\.!‘!‘.‘.'l of varnces m
n

A range of ! ser or vertex fabels
SKete (il [1.2k-1}

.
t
k-i-12 [ :k-~1.,u:-1] : [3k.1k-1]

i O I f2.2k]- {2k 3k-1)
6k-i 2 i:k*:.-tk-:] (LSS B SR R

O et A Land

nthe 7. ler Fex . be 3k Then iabeis of nwve edges meident
Vith A, are 24 and 34
fn TVhen iz even
i A =2.hkeverices in L are iabeled S35 7050 successively
ok L owe divide the edges of ”

o 1

.. inte three parss - T e opart is
e
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from 3. to v, .the second part is from v.to v., .and the third part 13 form
Ve vy, 1ts vertex labeling is as follows:
F(y) range of i
Sk-1- 11112 {1.k-1].
3k-kZ. k-1
Sk-i-112 (k-3.2k-1] .
k-t-d-12 {2k-1. 3k-3].
Ik=k2+1 3k-1
2k-1-i2 (2.2K], [Ck,3k-1]
Sk+144 2 [2k+2.3k-7) . [k=2-k 2 4K)
Then.the »et or edege labels of the rirst. second and third
1).[A 2k-1] and {1.k-1]. respecuvely .
b) When & is odd
for & = 1,see[2]:
If  k=:3.the basic idea 15 that the edges of £, , are divided mite thuee

set of vertex lubels
[5k-i2.5k-1]
3k-k2)
{dk=-1.5k-1-k: 2]
[3k~1,3k~k 2-1]
{3k+k'2=1}

palls are 12410

parts, the [irst part is from ', toy_,the second partis from v, o v, the third
vart 18 from v, .to ¥, .and the set of edge labels of 2verv pant s a
conunuous nteger sequence. Let
7))
Sk-1-u-132
k-i-1 2 [Ck~-3.3k-17,
Zk-1-12 [k-1],
3k=l+ik-in2 k+1

k22 {k-2,2k-2],

set of vertex fibels
[+k-1.5k-1]
[3k-1,3k- ik-1; 2-1]
2k2k-1-(k-117)
13k-1+ (k-152}%
[k~ {k-1)¥2.3k-1]

range of i

(1.2k-11.

Sk 2 {2k-1.3k-3], [4k+1- (k=112 4k-2]
3k~ ik-1;2 3k-1 3k+ (k-1)2}

Then the set of edge labels corresponding to the three parts are (24+i.34-1].
{&-2.2k-1] and [1.4-3], respectively  To sum up. the theorem holds
Theorem 3.If n=i{3%3k-1,44-1}, then graphs O, 174

e APy are
gracetul .

Proof.
Flx,}

In the cycle C,,,,
range of i
=132 (1.4k=1],
trdk-Z-12 (.4k] .,

n-1 dk+2

.the vertex labeiing

18 delliied as iolicn s .
ser af verrox lakels
[0.2k}
[n-2k~Zan-dk~i|
mn-13

The set of edge labels of C,,.~ 15 [a=Lawdhrl] o iu~1-Zkiihe set of vertex

tabels i3
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H Al-inr1-2kt and the set of vertex labels is [2k+1n=2k+11-3n~1" then
C,...UP, 1s graceful To satisiy the condition .we construct tallowing a labelng
inpath A,
i) Whenn=4-1 {k=21;
Fiy) range of 1t set of vertex fubels
ok-2-11-1)2 [1.2k-i}- {5k-3.6k~Z]
K1+ 11157 [Ek-14k=1], [3k-1 k-1
2k-i2 2.2k} {2k+1.3k]
6k-3-1.2 [2k-2 JL] [4k-3.5k-2;
22y When s=2k kD
k=1 i-102 (1.2k-1]. (2k=1.3kj
2k-Z-1i-13 2 {2k-1,.2 l} Ck-230- 22 k-1 2
Sk-2-12 : 2.3k} { k= 2-fk 21 5k- 1)
t3) When a=3k+1 k=2
3= 0-172 [1.2k-1] . [dk+3.5k+2)
k-1a2 2.2k} . . L12K-1L3KY
k-1 k-1 k-1
ks il {2k=3.3k+1]- [3k=33h-2 i 21
Sk~3-i2 £2k-23ke1) [Hk-3-fik-ty 20 k- 20
When A=1.the vertices in P, are iabeled 4.0.7.3. successively
Theorem 4 .\When n=2k-1.34 1A, the graphs <~ _, U P 1k~ Vi are sracenil.
Proof. Exceprt tor the verex x,, , labei of the other vertices i ., , as
follows

(i-1) 2 = 14k -1
Ak -3-7002 PR LY
P i=dk-3

Axp-

Then the set of vertex labeis in C““ (028w [2h—s=Zur A -2 and ihe et of
edae labels is fn- 2= W= 2] 1 Fis a araceful fabeling of 07,
must satisfy AV L, nu Y p t={2h- 1 -2k+1], and

I S R X O R R N A B U S H R R )
ili When wu=Zk-1 k=1
lat p he 241 Then the libels of remaining nwo edges in (7 e 2b-1 TE-2

in 7~ . let

AV range  of i sef of verrox fubels
-2-4-102 1.20-1]. [3k~Z1k-2)
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k-1+ir2 [2.2k] - [2k=2.3k~1]
Then the set of edge labels of £, ,,,is [1,24].

{2) When n=k{k=1)

let p be 4k+1.Then the labels of remaining twao edges in ', ,are Zk=1 and
k-iin Py, let

Ay range of i set of vertex labels
6K~1-11-112 [1.2k-1}, - [Skr2.6k+1]
2krl+ii-102 [k+1.4k-1], [3k-1.4Kk]
2k+i2 2.2k, ; (Zk~1,3K]
6k=2-i 2 [2k-2.4K], [h2.5k-1]

it 15 easv o see that the set of edge labeis from v.iov. .and irom
Ve toy, and [Zh+2.44] and [1.24]. resbcctively .
(3) When n=3k(kZ1)

let F{x,,, ;)=3k+1.Then the labels of the remaining two edges in C.oys are
2k+1and 3k+1. The vertex labeling of P, is given by two cases.

ta) When k is odd

if k=1, then labels of vertices in P, are 3,56, successively.

When £4=23:

A range of set gf vertex lubels
k-1-0-1072 {1.2k-1], [2k-1.21]
Sk=3-(i-1y2 (2k+1.3k-2], [dk~d-1k-11 2 dk=3]
3K-3- (k132 3k Bk=3-(k-13 25

Sk~ 2-1:2 [2.k-1], [Sk+2-tk-1y2.5k= 1
L - ki Sked- k-1 33
Sk-342 [k+3.2k-2], [dk=~4.5k+1-tk-11 2]
k-2-12 (Ck3k-1], [3k=23k+2~ k-0 2]

The =2t of edze labels is partitioned in to three segments by the labeling. ie.
gom .03, from voto v.... and from v, 0 y.. .The set of sige
labels. corresponding to each parts. are [Zk+2.3k], [k~2.2k) and [1A-1],
respecvely.
(by When kiseven
if k=2, then labels of vertices in P, are 5.11.8,6,10,9.successively
When k=24

Ax: range of i set of vertex lubels
Zk-1-(i-1v2 AR [Ak+1.2k+k2)
3k-1-ko2 k-t i3kr1+ko 2l
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k= 1i-192 (k~-3.2k=1]. [2k+1+k 2 3K]

S-2- -2 [ok+3.3k-1], [4k=3-k 2. 4k-1])
Sk-2-i2 22K, Ck-2.5k-1]
k-i-12 {2k-23k-2). [3k-23k-k2]
3k-2-kZ 3k Bk-I-k 2

The

o Al

set of vertex labels in P, is composed of three segments, frem v

.. from v, v, .and from v, to v .The set of edee labels in

T

avery segnent is a continuous integer sequence. They are [Zh-2.34L {4k 24]

and {1A-1].

FATE

From above constriction . we obtain that both Fand 77 are imeciions. Hence
the theoram holds.
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