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Abstract

For a vertez v in a graph G, we denote by N2(v) the set (N1(N1(v))—{v})U
Ni(v)={z € V(G) : 1 < d(z,v) < 2}, where d(z,v) denotes the distance
between z and v. A vertez v is N2-locally connected if the subgraph induced
by N2(v) is connected. A graph G is called N2-locally connected if every
vertez of G is N2-connected. A well-known result by Oberly and Sumner is
that every connected locally connected claw-free graph on ot least three ver-
tices is Hamiltonian. This result was improved by Ryjacek using the concept
of second-type neighborhood. In this paper, using the concept of N2-locally
connectedness, we show that every connected N2-locally connected claw-free
graph G without vertices of degree 1, which does not contain an induced sub-
graph H isomorphic to one of G1, G2, Gs, or G4, is Hamiltonian, hereby
generalizing the result of Oberly and Sumner (J. Graph Theory, 8 (1979)
351-356) and the result of Ryjacek (J. Graph Theory, 1{(1990) 321-831).

1. Introduction

We deal with finite simple graphs in this paper. Our notation and terminol-
ogy not mentioned here can be found in [1]. Let G be a graph. We denote
by 6(G) the minimum degree of G. For a vertex v of G, the neighborhood of
v, defined in the obvious sense, i.e., as the induced subgraph on the set of all
vertices that are adjacent to v, will be called the neighborhood of the first
type of v in G and denoted by N;(v,G) or briefly, N;(v). We say that an
edge zy € E(G) is adjacent to v if z # v # y and z or y is adjacent to v. We
define the neighborhood of the second type of v in G (denoted by Na(v, G),
or briefly, N2(v)) as the edge-induced subgraph on the set of all edges that
are adjacent to v. For a vertex v in G, we denote by N2(v,G) ( or briefly,
N2(v)) the set (N1(Ny(v)) — {v}) UN1(v)={z € V(G) : 1 < d(z,v) < 2},
where d(z,v) denotes the distance between z and v. For a vertex v of G, the
subgraph of G induced by the set N2(v) is called a 2-order neighborhood
and also denoted by N2(v). We say that a vertex v is locally connected
if the Ny(v) is a connected graph. G is called locally connected if every
vertex of G is locally connected. A vertex v is Ny-locally connected if its
second-type neighborhood N3(v) is connected. G is called N,-locally con-
nected if every vertex of G is N,-locally connected. Analogously, a vertex
v is N2-locally connected if its 2-order neighborhood is connected. G is
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called N2-locally connected if every vertex of G is N2-locally connected.
Obviously, every No-locally connected graph is N2-locally connected, and
every locally connected graph is Np-locally connected. A graph G is called
claw-free if it does not contain a copy of K 3 as an induced subgraph.
For a subgraph H of a graph G and a subset S of V(G), we denote
by G — H and G[S] the induced subgraphs of G by V(G) — V(H) and S,
respectively, and we denote by Ny (S) the set of all vertices v in H adjacent
to some vertex of S. Let di(S)=|Ng(S)|. For a cycle C with a fixed orien-
tation of G, and two vertices z and y on C, we define the segment C([z, y] to
be the set of vertices on C from z to y (including z and y) and C~ [y, z] to
be a traversal of C|z,y] in the opposite sense according to the orientation.
Let C(z,y) = C|z,y] — {2, ¥}, and z* and z~ denote the successor and the
predecessor of x according to the orientation, respectively.
‘We know the following result due to Oberly and Sumner.

Theorem 1 (Oberly and Sumner [6]). Every connected locally connected
claw-free graph on at least three vertices i3 Hamiltonian.

Clark [4] showed the following result.

Theorem 2 (Clark [4]). Every connected locally connected claw-free graph
on at least three vertices is vertex pancyclic.

Let G be a connected claw-free graph and let G;, G2, G3 and G4 be these
graphs with 8 vertices and maximum degree 4 in Figure 1. Furthermore,
assume that G; is the induced subgraph of G such that N;(z,G) of every
vertex x of degree 4 in G; is disconnected and G; has exactly four vertices
of degree 4 for i = 1,2, and assume that G; is the induced subgraph of G
such that N;(z, G) of every vertex z of degree 3 or 4 in G; is disconnected
and N;(y, G) of only one vertex y of degree 2 in G; adjacent to two vertices
of degree 3 in G; is disconnected for i = 3,4.

Z. Ryjacek (8] improved Theorem 1 and showed the following result.

Theorem 3 (Ryjacek [8]). Every connected Na-locally connected claw-free
graph G without vertices of degree 1, which does not contain an induced
subgraph H isomorphic to either Gy or G2 (Figure 1), is Hamiltonian.

The author [5] proved the following result.

Theorem 4 (M.Li [5]). Every connected Nj-locally connected claw-free
graph G with 6(G) > 3, which does not contain an induced subgraph H iso-
morphic to either G1 or Gy (Figure 1), is vertez pancyclic.

In this paper, we improve Theorems 1 and 3 and prove the following result.

Theorem 5. Every connected N2-locally connected claw-free graph G with-
out vertices of degree 1, which does not contain an induced subgraph H iso-
morphic to one of G1, Ga, Ga, or G4 (Figure 1), is Hamiltonian.

Let G be a graph such that for every z € V(G), G[N(z)] is either a clique
or a union of two disjoint cliques. Then G is a line graph of a triangle-free
graph by Lemma 1 in [7] and is equal to its closure defined by Ryjacek [7].
We say that G is a closed clow-free graph.

Z.Ryjacek (7] introduced a closure concept in claw-free graphs and proved
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:;_leue following very important result which is used in the proof of our theo-
m.

Theorem 6 (Ryjacek [7]). If G is a claw-free graph, then there is a closed
claw-free graph cl(G) ( called the closure of G) such that

(1). G is a spanning subgraph of cl(G), and

(2). the length of a longest cycle in both G and cl(G) is the same.
In [8], Ryjacek made the following conjecture.

Conjecture 7 [8]. Every 3-connected Nz-locally connected claw-free graph
18 Hamsiltonian.
‘We now make the following two conjectures.

Conjecture 8. Every 8-connected N2-locally connected claw-free graph
i3 Hamiltonian.

Conjecture 9. Every connected N2-locally connected claw-free graph G
with 6(G) > 3 , which does not contain an induced subgraph H isomorphic
to one of G1, G2, G3, or G4 (Figure 1), is vertez pancyclic.

Remarks. Obviously, Conjecture 7 is a weaker version of Conjecture 8. If
Conjecture 9 is true, then it generalizes Theorem 4.

2. Proof of Theorem 5

Assume that G be a graph which satisfies the conditions of Theorem 5.
By Theorem 6, we know that the closure cl(G) of G under Theorem 6 is
a closed claw-free graph and also satisfies the conditions of the theorem.
Note that G is Hamiltonian if and only if ¢/(G) is Hamiltonian. Thus,
without loss of generality assume that G is a closed claw-free graph. If
Theorem 5 is false, then for every longest cycle C in G, an edge zpu can
be found such that u is on C while ¢ is not on C. If u is locally or N»-
locally connected, then we can obtain a contradiction by a similar proof
to main Theorems in [6] and [8]. Hence suppose that u is not Np-locally
connected. Since G is N2-locally connected, we can find a shortest path
P in N%(u) from zo to one of ut or u~. Since utzq, u~z0 ¢ E(G) and
Glu,u*,u™,z) # K13, utu~ € E(G). We may without loss of generality
assume that P is a path from zo to u* and that v~ ¢ V(P). Let the
longest cycle C and the edge zou be chosen so that the path P is shortest
possible and let zg, 21, ..., zx = ut be its vertices. From the minimality of
P we immediately obtain z;z; ¢ E(G) for |i — j| > 1. We further have the
following claim.

Claim 1. zj_; is not adjacent to u.

Suppose that z,_,u € E(G). By the choice of C and 29, we obtain that
Tk—1 is on C. Clearly, uz}_,,uz;_; ¢ E(G), otherwise, let uz;_, € E(G).
Then replacing on C the edge z;_,Zx—1 by the path z_,uzi;_; and the

path u~uu* by the edge utu~ we obtain a cycle C' of same length as C,
and such that if we denote u' = zj_; then v is a neighbor of u on C’
and in Nj(u) exists a path from zo to u' shorter than P. This is a con-

tradiction with the choice of C and P. Similarly, uz{_, ¢ E(G). Since
Glzk—1,25_1  u zx_,] # K13, :c;:'_la:,:_l € E(G). Replacing on C the
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path :c,':'_lzk_lx,:_l by the edge 3’;:'-—1"”1:—1 and the edge uut by the path
uzr_1u* we again obtain a contradiction. So Claim 1 is proved.

Claim 2. 3 <k <4.

Since zout,zou~ ¢ E(G), k > 2. If k > 5, then z3,z3 ¢ Ni(u), otherwise,
if z; € Nj(u), then we have that Glu,zs, zx, o] = K13, a contradiction.
Similarly, z3 ¢ N1(u). It follows that z;, z4 are in N, (u) (otherwise x3, or
z3 ¢ N2(u)) and k > 6 since zx—1u ¢ E(G). Hence {u, o, z4,zx} induces
K 3, a contradiction.

If £ = 2, then z; € V(C). Considering {z1,z],27,%o} we have z}z] €
E(G), and using this edge we easily get a cycle C' of length at least
|[V(C)| + 1, a contradiction.

Claim 3. z;_; ison C.

Let zx—1 ¢ V(C). If k = 3, then we easily see that z; € V(C) and so
z+z7 € E(G). Replacing on C the path z7 z;z{ by the edge =7z and
the edge uut by the path uzoz1zu* we obtain a cycle C’ longer than C,
a contradiction. Thus k = 4 by Claim 2.

We have that at least one of z;, = is on C since otherwise we eas-
ily construct a longer cycle than C. If z; ¢ V(C), then z2 € V(C) and
z;z7 € E(G). Replacing on C the path 23 zoz7 by the edge z; z3 and the
edge uut (=uz4) by the path uzoziz2z3u™, we obtain a cycle longer than
C. Thus z; € V(C), and then z7 z7 € E(G) since G[z1,z7,z7, zo] # K1,3.
If 73 ¢ V(C), then replacing on C the path z7 z1z7 by the edge z7 z{ and
the edge uut (=uz4) by the path uzoz1z2z3u™, we get a contradiction.
Thus z; € V(C), and then z3z; € E(G) since Glz2,z7,75,73) # Ki3-
If z; and z, are consecutive, then, e.g., 2 = z;, G has a longer cycle
Clz{,ulzoz1C~[z5 ,u*]z3z22] than C. Thus z; and z; are not consecu-
tive. Replacing on C the path zy z1z7 by the edge z7 =T, the path z7 z223
by the edge z; 7 and the edge uut by the path uzoz z2z3u™, we get a
cycle C’ longer than C, a contradiction. Thus Claim 3 is true.

By Claim 2, we consider two cases.

Case 1. k=3.

Then we easily get the following claim.

Claim 4. z; is on C, 27 z; ¢ E(G) and z7z{ € E(G).

Note that z € V(C) by Claim 3. I z; ¢ V(C), then z3z; € E(G).
Ifzy = :z:g’, then replacing on C the path u:caz;‘ by the path uwoxlxj, we
obtain a cycle of length |[V(C)|+1 in G. Thus z2 # z3. Replacing on C the
path z3 z,z§ by the edge =5 z7 and the edge uz; by the path uzoziz273
we obtain a cycle longer than C, a contradiction. Thus z; € V(C). Thus
z7 7y € E(G) since Glz1, 27,27, To) # K1,3.

If z7z; € E(G), then z; # z{ since otherwise G has a cyclea
Clay,ulzoC~[z1, z3(= u*)]zT of length |[V(C)|+1. We have that z; # z]
since otherwise G has a cycle Cz], u)zoz1C~ [z, ut (= z3)]z22T of length
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[V(C)] + 1. If 2 = zF, then G has a cycle C[z], u]zoz12223C 2, 27|z}
of length |V(C)| + 1. Thus z; # z3. Replacing on C the path z] z,z;
by the edge =7 =7, the path z; zox§ by the edge z; =] and the edge uu™*
(=uz3) by the path uzoz,zou*, we obtain a cycle of length |V (C)| + 1.
This contradiction shows =3 z3 ¢ E(G).

Claim 5. We can assume that the edge ;25 is on C.

Otherwise, since {z;,z;,z+,2,} would not induce K 1,3, Ty Or T§ is in
Ni(z1) (say z; z1 € E(G)). Replacing on C the path z; z1z; by the edge
zy z{ and the edge z; x> by the path Z, z1T2 we get a cycle C' of the same
length as C, and z;z; is an edge on C’. So the claim holds.

Claim 6. We have z] =z,.

Otherwise, z; = =z, deleting the edges z;z{ and uz; and adding the
edge 3z, and the path z;zou we obtain a cycle C’ longer than C, a con-
tradiction. Thus Claim 6 is proved.
Claim 7. uzj,uzy,u"zf,z5 21,7527, 2723 ¢ E(G) but i z,, 2325 €
E(G).
If uzj € E(G), then deleting from C the edges Tpz1, u~u, uzs and
zazg” , and adding the edges z2x3,z3u~ and x;u and the path uzoz;, we
would get a cycle C’ longer than C, a contradiction. Similarly, zzz1, uz;,
u~z3,2; zf,z 2] ¢ E(G). Obviously, |C[zs, z5]| > 3. Since {z3,u, 2], z,}
and {z2,z1,z;,23} can not induce Ky 3, we obtain z3xs,z3z; € E(G).
Thus Claim 7 is proved.
Now we complete the proof of Case 1.
Since G is a closed claw-free graph, Ni(z;), Ni(z2), Ni(u) and Nj(zs3)
are disconnected since otherwise, e.g., N1(z2) is connected, we have that
Ni(z2) is a clique. Thus u*z; € E(G), which contradicts the choice of
P. Note that if u~z{ € E(G), then N;(u~) and Nj(z7) are disconnected
since otherwise, e.g.,N1(u"~) is connected, we have uz] € E(G) since G is
closed. Thus G has a cycle Clu*, z;]zouClzf, u~Jut of length |V(C)| + 1,
a contradiction.

If uz; € E(G), then the induced subgraph of G on the set

{zo, 1, 2,3, u,u™,z§, xz]} is isomorphic to either G; or G2 (Figure 1), a
contradiction. Lo
If uz; ¢ E(G), then Ny(zo) is disconnected since G is a closed claw-free

graph. Thus
{u, zg, 21, T2, 3, u”,zd, z‘l"} would induce the subgraph isomorphic to ei-
ther G3 or G4 (Figure 1). So Case 1 is proved.

Case 2. k=4

Then z3 € V(C) by Claim 3 and we have the following claim.

Claim 8. z3 ison C.

Otherwise, we have z3z3 € E(G). If z; ¢ V(C), then replacing on C the
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path z3 x3x3 by the edge =3 .1;3 and the edge uz4 by the path u:co:z:zxsx,; we
obtain a cycle C’ longer tha.n C.Hencez; € V(C) It follows =7 =7 e E(G).
Replacing the path zyz1z] by the edge z7z7, the path z3z3z3 by the
edge edge z3 :1:3 and the edge uz4 by the path uzoz)z2T374 We obtain a
cycle C’ longer than C.

Claim 9. z, is not adjacent to u but z; is adjacent to u in G.

If uz, € E(G), since zoz2, 2224, o4 are not edges, {u,x4,22, 20} would
induce K, 3, a contradiction. Since z3,z3 ¢ Ni1(u), z u € E(G), otherwise,
T2,z3 ¢ N%(u). So the claim holds.

Claim 10. z; ison C.

Otherwise, by a similar proof to Claims 5 and 6 we can assume that z.z3
is the edge on C and z; = z3. By Claim 9, uz; € E(G). Thus we are in
Case 1, where z; plays the role of zg. So Claim 10 holds.

Claim 11. We can assume that the edge z1z2 is on C (say z] = x2).

Otherwise, without loss of generality assume that z; € C[z],z7] (and the
proof of the other case: 2 € Clz;,u"] is similar). Since z]u,uz, ¢ E(G)
and {z;,z], 2, u} would not induce K} 3, z7 2 € E(G) . Obviously, z2z7
is not a edge on C, otherwise, replacing on C the path z}z;z] x> by the
path mi"xl'a:la:z we obta.m a cycle C' of the same length as C and z1z; is on
C’. Obviously, a:2 z3 ¢ E(G), othermse, replacing on C the path z; z2z3
by the edge z; z7 and the edge z1z] by the path z;z,2} we again get a
contradiction. Since {z3,z7,;,21} would not induce K} 3, we have that
either z; z; or zJ x; is an edge. If 27z, € E(G), then replacing on C the
edge z; z, by the path 7 z,z2 and the path z] z,z] by the edge Ty x] we
obtam a cycle C' of the same length as C and the edge zy2, is on C'. So
T3z € E(G’) Replacing on C the edge zax7 by the path z,z1z3 and the
path z7 z;z7 by the edge z7 = we obtain a cycle C’ of the same length as
C and the edge 172 is on C’. So the Claim holds.

Claim 12. 24235 is not a path on C.

Assume that z4z322 is a path on C. If (u~)"z3 € E(G), then we ob-
tain a cycle

Clzt, (u™) " |rareu uzoz1Z227

longer than C, a contradiction. Thus (v~)"z3 ¢ E(G). Similarly, u,u™, z7,
(z)* ¢ Ny(x3). It follows from Theorem 6 that Ni(z2), Ni(z4), N1(u)
and N (z,) are disconnected. Since z2z4 ¢ E(G) and G is a closed claw-free
graph, Nj(z3) is disconnected. Hence {u, zo, z1, 2, 3, T4, 4™,z } induces
the subgraph isomorphic to either G4 or G3, a contradiction. Thus Claim
12 is proved.

Now we complete the proof of Case 2.

By Claim 3, we have z3 € V(C). Since G is a closed claw-free graph
and :Dou+,xowz,x1x3, ToT4 ¢ E(G), Nl('u.) and N1 (:L‘,) (i = 1,2, 3) are dis-
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connected. If Ni(x4) is connected, then Ny(z4) is a clique. Specifically,
uz3, 232§ € E(G). If z3u € E(G), then replacing z3z3 by z3uzs and
u~uut by uut we are in Case 1. So z3u ¢ E(G). Similarly, z3u ¢ E(G).
Considering a claw centered at 3, we have =7z € E(G). However, replac-
ing z3 73z by z3 2] and u~uzsz] by u~z4uzsz] we are again in Case
1. It shows that Ny (z4) is disconnected. Thus {u,z;, 22, =3, Z4, To, Z7, "}

induces a subgraph isomorphic to either G3 or G4. So Case 2 is proved.
Therefore, we have completed the proof of Theorem 5.

Figure 1
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