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ABSTRACT

For a finite field F=F(g),q= p"is a prime power, we will introduce the

notion of equivalence of subsets of F which stems out of the equivalence of
cyclic difference sets, and give the formulae for the number of equivalence
classes of k-subsets of F as well for the number of equivalence classes of
subsets of F by using Polya’s theorem of counting.

§ 1. Introduction

Let Z be the residue class ring of integers. Wei, Gao and Yangm propose

the notion of equivalence of subsets of Z,, which stems out of the equivalence

[

of cyclic difference sets'"', and give the formulae for the number of equivalence

classes of k-subsets of ZP, (0<k<p")and for the number of equivalence

classes of subset of ZP, ,where p is a prime and n is a positive integer, latter
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Wei and Xu" introduce the direct product of permutation groups, and then give
the formulae for the number of equivalence classes of k-subsets of Z,

(0 < k < v),and for the number of equivalence classes of subsets of Z,,where
v is an arbitrary positive integer. In this paper, we will introduce the notion of
equivalence of subsets of a finite field, and give the formulae for the number of
equivalence classes of k-subsets of the field as well for the number of

equivalence classes of subsets of the field.

Let F=GF(q) be a finite field with q elements, where g = p” is a prime power.

Let D be a subset of F, Then we denote

tD+s={td+s|deD}, t,seF a.n
Definition 1. Two subsets D, and D, of F are said to be equivalent, denoted
by D,~D, ,if there are t7#0,s EF such that

D,=tD, +s (1.2)

It is easy to verify that the relationship “~” so defined is indeed an equivalence
relation. Therefore, all the subsets of F are partitioned into equivalence classes.
Evidently, in an equivalence class, every subset has the same cardinality, which
will be called the subset-cardinality of the class.

The following problems arise naturally.

Problem 1 find a formula for the number of equivalence classes of subsets
of GF(q).This number will be denoted by N(q).

Problem 2 Find a formula for the number of equivalence classes of k-
subsets of GF(q), 0 < £ < g .This number will be denoted by N(q, k).

These two problems will be solved in § 3;To prepare the way, a related
permutation group and its cycle index will be investigated in § 2;and two
illustrative examples will be given in § 4.
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§2. A permutation group

From (1.2),it is natural to introduce the following subset of F X F:
X =X(F)={(t,s)e FxF|t#0}

Let a be a primitive root of F, then
F={laa’,,a"}

For (¢,s)e X, let o(t,s) be the mapping from Fto F:
o(t,s): fo>Hf +5 ,forall feF,
or ot,s) )=t +s.

Clearly, (¢, 5) is a permutation on F, and can be written into the usual form of

a permutation:
0 1 a a® - a'?
S t+s ta+s tal+s -t +s

P=P(g)={o(t,s)|(t,s) e X}. 2.1)
For two permutations o(u,v)and o(¢,s)in P, according to the multiplication

Let

of permutations, we have
(o, V)o(t, () =o@,v)ot,s) /), @v),¢t.s)eX, feF.
Then we have
Lemma 1. P isapermutation group.
Proof. Evidently,o(1,0)e P and is the identity permutation. If
o(u,v),o(t,s)e P, then
(o(u,v), o(t, sS) = o(u,v(o (1, 5)(/))
=o(u,v)(tf +5)
=(ut)f +(us+v)
=o(ut,us+v)(f), f € F.
Therefore, o(u,v)o(t,s) = o(ut,us +v) .Since u#0 and ¢+#0,it follows that
ut 70 and then o(u,v)o(t,s)eP.
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If o(t,s)e P then o(t",~"'s)e P and
ot ,=t"')a(t,s) ) =c( ~t"'s)Yf +5)
=t"'(f +s)-t"'s=f,feF
Therefore, the inverse of o(t,s) exists and (o(t,5))™" =a(t”,~t"'s). Hence
the lemma.
It is important for our purpose to obtain the expression of the cycle index of

group P, which we discuss now.
Let T={1,x} be a 2-set, where x is an indeterminate. Let

T =(h:F>T}

be the set of mappings from F into 7. Forany A € T write

wm =]Tr

SeF

which will be called the weigh of the mapping A As usual, the {/.x}-

Characteristic function of a subset D of F is the mapping # € T satisfying

x, feD,
l, feD.
A subset of F and its characteristic function will be regarded as the same thing.

h(f)={

Definition 2. Two mappings h,h, € T* are said to be equivalent, written

hy ~ h, if there is a permutation o(¢,5) € P such that
h(c(t,s)(f)=h,(f), forall feF.
It is easy to see the equivalence «__» so defined is an equivalence relation.

The following lemma states the relationship between the equivalence of two

subsets of F and the equivalence of two mappings in TF.
Lemma 2 . Two subsets of F are equivalent iff their characteristic functions
are equivalent.
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Proof. Let D,, D, be two subsets of F, and h,,h, their characteristic
functions, respectively. If there is a (t, s) € X such that D, =tD , +s, then

xf +seD,
1, otherwise

hy (o (t, s)(D)= {

1, otherwise

=h(f)

={x,feD,

And vice versa. Hence the lemma.

As usual, a permutation of type 1"2"..¢" or a 1'2"..g" -permutation, is a

permutation on q elements with /, cycles of length i(1 <i < g )when it is written

as a product of disjoint cycles. Such a permutation = corresponds to the

following element of ring Z[x | ,x , ,....x , I
= vh B Y
[x,,x, Xy =xlx).x),
Where Z is the integer ring, and x, (1< < g ) are indeterminate. This 7 [x,,

X3 ,X, ] is called the cycle index of = .Furthermore, the cycle index of the

permutation group P is

1

Qp(xl,xz,...,xq)=W > T[X)Xy Xy ] 22)
rel

We will now seek the expression of (2.2).

Let (t, s)e X and fe F .Denote by c(f) the length of the cycle of o(f,5) to

which f belongs. Then c(f) is the smallest positive integer m such that
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o (t,s)N)=1 . (2.3)

By induction, it is easy to prove

m-

o"(t,s)=o(",>.t's), m20 2.4)
Then (2.3) becomes
" f+ fz%:f. (2.5)

i=0

Lemma3. Let (¢,5) € X with f# 1 then the cycle index of o(Z,s) is

g
o(t,8)[x;, x50, x, ] = x,x,° (2.6)

where e is the order of t in the multiplicative group F~ = F\{0}.
Proof. When ¢ # 1,(2.5) can be rewritten as

@ -Df+@=-D's)=0. 2.7
There are two cases to consider.
Casel. f=—(-1)"s.
In this case, (2.7) holds for any m 21 .Therefore, c(f)=1.0n the other hand,

such f is unique, which itself forms a 1-cycle of o°(2,5) .

Case2. f=-(t-1"s.

In this case,(2.7) holds iff
" =1, 2.8)
i.e., c(f) is nothing but the order of t in the group F *:c(f)y=e. Since the length
of the cycle containing such f if c(f) and the number of such f is g-1,the number
of the c(f)-cycles is

g-1_ g-1

of) e
Hence (2.6).



Lemma 4. The cycle index of o(l,s) is

T(LS)X, 00X, | = et 9
] q : , ( )
Proof. When t=1 ,(25) becomes f*'ms—f, i.e.,
ms=0 (2 1 0)

There are two cases to consider.

Casel. s#0.
Since F has characteristic p, (2.10) holds iff m =0 (mod p) .Therefore,

c(f)=p for all f e F .Since each cycle has length p, there are %= p

cycles.

Case2. S=0.
In this case, (2.10) is true for any m. In fact, o(1,0)is the identity

permutation of P. Therefore, o(1,0)[x,,...,x,]= x/. This completes the proof.
We are now in a position to give the cycle index of P.
Theorem 1. Let ¢g=p" be a prime power and P the permutation group

defined in (2.1).Then the cycle index of P is

Q,(x,.%,) = ;(;-l——l; {x] +(g- l)x'fm + qj%)(o(e)x,xj_;l} 2.11)

where ¢(e) is the Euler function.

Proof. The factor q(g-1) in the denominator on the right hand side of (2.11)
is due to |P|=q(q-1).The first term in the brace corresponds to the identity
permutation o(1,0) of P; the second term corresponds to the (g-1)
permutations o(l,s) with s = 0.The reason for the third term in the brace is as
follows. It is well known that a positive integer e is the order of some element of
the multiplicative group F* iff
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g-1=0(mod ¢), (2.12)

and when e satisfies (2.12),there are @(e) elements of order e in F*. Therefore,
there are @(e)g permutation of the form o (¢, s) ,the order of tis e.

This completes the proof.
Note: when q is a prime,i.e.,n=1,(2.11) becomes

p(p {x"+(p Dx, +pd;)¢(e)xx },

. which coincides with the result in [3].

§3 Formulae for N(q) and N(q, k)

We are ready to apply Polya’s theorem of counting to obtain formulae for N(q)

and N(q, k).
Theorem 2.
Ng) = ){2"+<q 027" +¢ Y p(e)2 o @.1)
«'I(q-l)

Proof. By Polya’s theorem of counting,
N(q) = [Qp (xl sXg5ees xq )]ar.sur,-..,-urv aqr = Qp (2’23""2) .

which is, by Theorem 1,the expression on the right hand side of (3.1).
For the next theorem, we need the notation: For integer m and real number y,

denote
m . . . 3
(m) ( J, if y is a nonnegative int eger,
=\
0, otherwies.

Theorem 3. For 0<k<g

A g-1 q_“l
P e
(q’ )__(_-i-)-{( J (q l) i el(lr-zl.t:v—l)¢(e) ﬂ fl(Zl:-l) (e) o }
p e e
3.2)
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Proof. By Polya’s theorem of counting, N(q, k) is the coefficient of x* in

Q,(x+1Lx* +1,..,x" +1):

1.d.,
N(@, k) =210 0, (x4 by +D)],., (3.3)
By Theorem 1,

Q,(x+1x* +1,...,x" +1)=

kl— {(x+1)* +(g-1)(x* + ])% +q Zq)(e)(x +D(x° + l)(q-% } (B4
q(g-1 cltg=n

L/

The coefficient of x* in (x”+1)77 is

% 3.5)

Vz
p
The coefficient of x* in (x* +l)(q-% with e[(q-1) is

-1
! 4 (3.6)

and then the coefficient of x*in (x+1)(x* +1)“"* is

WANA
e )\

Therefore,

q g-1 qg-1

1 [q A A 4

N(q,k)=—_{( )+(q—l) +q Y, v(e) + 1}
q(q l) k % :117-!) k—'le %
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which leads to (3.2).
The following theorem states some properties of N(q, k).

Theorem 4.
N(q,k)=N(q,q-k), 05k<q, 3.7
3 N(g, k) = N(g), (3.3)
N(g0) =1, (3.9)
N(g,D) =1, (3.10)
N(g,2) =1, @G.11)
q—;—s—,qal(mod 6) (.12)
igz,qEZ(mon (.13)
N(g,3)= qTH,qE3(mod 6) (3.14)
qT+2,qa4(mod6) (3.15)
ﬂgl,qgs(mods) (.16)

Proof. It is easy to see that for any (f,s)e X, we have ¢F +s=F and then
for any subsets D,,D, of F,D, =tD, +s iff D,=tD,+s ,where D means

the complement of D in F. This proves (3.7).(3.7) can also be proved by
applying (3.2) and noticing that

e [HE
W 1y
‘q—z_q—%

el(k-lg-Diff el(g-k.q-1),

e|(k,g=1) iff el(g-k-1g-1),
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(% _ q Z

% (q—k)—%

By the combinatorial meaning of N(q,0),(3.9) is evident. For any two
elements f, f,eF, o, f,-tf,)/,)=t, +(f,-tf,)=f,, which proves
(3.10).

For any two subsets {d,,d,},{d,,d,} of F, we have

d,

d #d,,d +d,,——* —d, #0, and
d, ~-d,

d,-d, dd,-dyd
o-(dl d2 ’
d -d

3
= - + 1223 =4,
d -d, g Y= d, -d, d,-d, ’
0'( 3 4 dldl dsz )(dz) = d} -
d,-d,’” d -d, d -d, d -d,
Therefore,(3.11) holds.
All of (3.9)~(3.11) can also be proved by applying (3.2). As verification of the

validity of (3 .2) for these cases, we give it as follows. According to (3.2),

N(g,0)= ( U+~ I)+qd;”(o(e)(0+l)}
- q(ql_]) {g+gl(g-D-11} =1
N(q,n)=;(q+l){q+(q-n-0+qwz_“¢<e)(0+1)}
= o lardlig-D-1) =1
g-1) (g-!
N(g.2)= (q' (=D )+(q—1)~0+q%_n¢(e) A
. .

1 q(@-1 n9=!
q(q_l){ 5 TP}
=1 , if p#2
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qg-1 gq-1
1 q(q-1) lg e || e
N2 = +(q—)]p +q:|:Zl_',|¢(e) P }
e e
.1 4@-D, a@-D,
q(g-1) 2 2
=1, if p=2
We now prove (3.12)-(3.16).
When
p#2,g=1(mod 3), 3.17)
we have
9-1) (g-1
1 .ag-Dg-2) e e
Nad =5 5 — +(q DOW%)M‘?) NE 1}
e e
= FL70 o)l 2 [+01+00+] 3 1)
-1 _4@-Dg-2) g-1 2g-1, g+5
“aasnt e TGN
When
P=2, q is not congruent to 1 modulo 3, (3.18)
we have
g-1) (q-1
__ 1 (ag-1)g-2) e e
NaH=— +°+":,;,I,Z..,¢(e)g s 1}
e e
= 1 {q(q_l)(q_2)+0}= q_z
q(g-1 6 6
When
p=3 (3.19)
we have
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-1 q-1

(g-2 e || e
M= (TP g 1)[11:]+qm2“¢(e)[ s

e q-!

T g(g-1) 6 )

When
pP=2,9=1(mod 6) (3.20)

we have
q- l
e

g(g-1D(g-2 e
0
q(q_l){ : ++q"72|)¢(e)[_ +_ It}
e

N(g3)=

1 g(g-D(g-2) qg-1

~2@-1 6 +q9(3) -~ 3 }
_ 1 ,{q(q—l)(q—2)+2q(q—l)_}=_qj}_
q(g-1) 6 3 6

When
p# 2,3, qis not congruent to 1 modulo 3, 3.21)

we have
-1 qg-1

o1 alg-Dg-2) el e
Mg =~ (2 +0+q:§72_j”¢(e) 2 [P
e

1 g9(g-1)g-2) g-1
= { —+q9(2) -}
q(q-1) 6 2
_ 1 {q(q-l)(q—2)+q(q-1)}=qﬂ
q(g-1) 6 2 6.
On the other hand,(3.17)-(3.21) are equivalent to ¢=12,3,4.5(mod 6)

respectively.
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§4 Examples

Two examples will be given to illustrate what we have got in the previous
sections.
Example 1. Let a be a root of the irreducible quadratic polynomial

x* +x+2 over GF(3).Then GF(3%)can be expressed as

GF9)={0,12,a,a+,a+22a2a+12a+2}.
Applying Theorem 4 we have
{N (9,0)=NO9)=NOD=N(98)=N(92)=N9,7)=1
N(9,3)=N(9,6)=(9+3)/6=2.
Besides,(3.2’) gives

@.1)

A

8
N(9’4)=N(9’5)=£§{(3)+8~0+9Z¢(e)[ €+ Je 1

) %) \% 4.2)

1 (9 4 2
=55 {( 4J+9[¢(2)(2]+¢(4)(1 )1} =3,

It can be verified that the equivalence classes corresponding to (4.1) are A

GF(9 S
and (3 ( )J\A , where (k) stands for the family of k-subsets of S if S is a

set, and
A={{0,12},{a,a +1,a +2},{2a,2a +1,2a + 2},{0, 2,22},
{La+12a+1}.{2,a+2,2a+2},{0,a+12a+2},{l,a +2,2a},
{2,a,a+1},{0,a +2,2a +1},{l,a,2a + 2},{2,a +1,2a} }

and the equivalence classes corresponding to (4.2) are B,C and

(4GF(9)J \(BuwC(C), where
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B={{0,,a+1,a},{1,2,a+],a+2},{2,0,a +2,a},{a,a+12a2a +1},
{a+,a+22a+12a+2},{a+2,a,2a+22a},{2a,2a +1,0,]},
{2a+2,2a.2,0},{0,a,2a+11},{l,a+1,2a+2,2}, {20+ 1], + 2,20 +2},
{a+12a+12,a+2},{a+2,2a+2,0,a},{20,0,a +1,2a +1}, {2a +1,2a + 2,1,2},
{2a+2.2,a,2a},{0,a+1l,a+2},{l,a+22,a},{2,a,0,a +1},{2,a +2,22,0},
{a+12a+2,a+22a},{a+22aa2a+1},{2a,12a +1,2}, {2a +1,2,2a + 2,0},
{2 +2,0,2a,1},{0,a + 2,2 +1,2a},{l,a,a +2,2a +1},{2,a +1,a,2a + 2},
{a2a+22a+1,0},{a+12a,2a+2,1},{a +2,2a +1,2a,2},{2a,2,],a},
{2a +1,0,2, + 1} {2a + 2,1,0,a + 2}, {a,2a + l,a +1,2a + 2}, {a,2a,l,a +1} }

C={{0,L,a,a+2},{1,2,a+,a},{2,0,a+2,a+1},{a,a +1,2a,2a +2},
{a+la+22a+]12a},{a+2,a20+22a+1},{2a,2a+1,0,2},
{2a+2,2a,2,1},{0,a2a+,a+1},{LLa+12a+2,a+2},{2,a +2,2a,a},
{a2a,12a+2},{a+1,2a+1,2,2a +2},{a +2,2a +2,0,2a}, {2a,0,a + 1,1},
{2a¢+1,a+2,2},{2a+22,a,0}{2a +1,2a +2,1,0}}.

Also by Theorem 4,
N@O)=2[N©O,0)+ NO,)+ N(9,2)+ N(9,3)+ N(9,4)] =16.

Half of the 16 equivalence classes are

6. ({1} f <GFO)), (ZGF (9)), 4, [fF (9)) \4,
G 4.3)
B,C, (4 F(g))\(BUC),

and the other half can be produced from these eight as follows:
{D|D e H}

where H is one of the classes in (4.3).
Example 2. Let S be aroot of the irreducible polynomial x’ +x+1 over

GF(2).Then GF(2%) can be expressed as

GF@8)={01, 8,8+, +1,B* + 8,8, + B +1}.

Applying Theorem 4,we have

47



N(8,0)= N(838)=N(8,))= N(8,7) = N(8,2) = N(8,6) =1
N@83)=N(,5) = 8;62 =1.

Besides,(3.2’) gives

N@.4)= 5'—7 {[i} 7-[?]%2 ¢(d[{§}+[§]l}
2 i e e
- L[mn.s]:z,

8-7 4
and it can be verified that these two equivalence classes are E and

[GF(8)

]\ E ,where
4

E={{,0, 3, 8+1},{B*,B" +1, B + B, B’ + B+1},{0, B, B*, B* + B},
LB+, B+, "+ B+11,{0, B+1,8° +1,5° + B},{1, B, B*, B’ + B +1},
{8, B+10, 8"+ B+11,{L, B* +1, 8" + B, B},{0, B’ +1, B* .1},
{B.B+1,B°+B,B" + B+11,{01, B* + B, B* + f+1},{B, B +1, 8°, B+1},
{0,8°+1L,B,B* + B+11,{B" ), B* + B, B+1}},

Again by Theorem 4,

N(@B)=2[NB,0)+N@BI+N(8,2)+N(83)+N(8,4)]=10
Half of the 10 equivalence classes are
GF(S)J E

G
b, (U} f cGF®), (2 F (8)} (3

and the other half can be produced from these five as follows:

44

{D|D e H},

where H is one of the classes in (4.4).
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