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1. Introduction

In 1923 Nagell [4] studied the totient function 8(m,n) for
positive integers m, n defined as the number of positive integers z <
n for which (z,n) =1 = (m — z,n). Several interesting properties
and applications of the same were studied.

We shall denote by (mod®n;m), the set of all positive integers
z < n for which (z,n) =1=(m — z,n) and call it an RRS (Re-
duced Residue System) (modn;m). Note that (mod” n;n) is sim-
ply a reduced residue system modn, and is denoted by (mod*n).
As usual we shall denote a Complete Reduced System (CRS) modn
by simply writing (modn). In general, we define for r > 2,

0(my,my,...,my;n) as the number of positive integers z < n
for which (z,n) =1 = (my —-2z,n), i = 1,2,...,r, where my,
i = 1,2,...,r are positive integers, and denote analogously this
RRS (mod®n : m;,m3,...,m,). As the referee suggested, in or-
der not to confuse this with a congruence relation, for example, say
z = n(mod m), we simply write r = n modm, omitting parenthe-
ses. In this paper, we study the function 6(m;,m;...,m.;n) and
obtain some of its arithmetical properties and identities that appear
to be new. For the sake of simplicity we restrict ourselves mostly to
the case r = 2. As an application of this function, we construct the
Ramanujan Sum analogues associated with this function and study
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their properties. We obtain also some results involving an associated
zeta function analogue, and obtain applications to certain restricted
relative partitions mod N.

2. Preliminaries
Let pu(n) denote the well known Mdbius function given by
(-1)* ifnis a product of k distinct primes (k > 0)

0 otherwise.

H(n) = {
We recall that an arithmetic function f is said to be multiplicative
if

J(mn) = f(m)f(n) whenever (m,n)=1.

We say that f is completely multiplicative if this multiplica-
tive property holds for all m,n.

Further, if
en(z) wf exp {2wriz/n}
then
n if n|d;
Y en(zd) = ,
2(mod n) 0 otherwise.

The Ramanujan sum C(¢,n) (eee (3]) and some other arithmetic
functions that are needed in this paper are defined below.

ci,n) & Y en(=d)

z(mod°®n)
Li(n) & nt, Vn
E(n) = Io(n) == 1, vn
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l, n=1
Eo(n) = [1/n] = {

0, n>1.

(_l)uu {n) (_2)\‘03(0)(__3)!03 (n) ,
def when n is a product
= of distinct primes,

0, otherwise.

#(my,my;n)

A(my, my; ﬂ) d:."—.-.o‘f 9fa(n) 303(11)’

where
wi(n) = # {distinct primes p:p|(n,m;,my)}
wy(n) = # {distinct primes p:p|n and
p| just oneof my,my,my —mp}
wy(n) =# {distinct primes p:p|n and
p{ anyoneof m;,mzm; —my}
and

Qu(n), i=1,2,3 denote the total number of prime factors of n
carresponding to wi(n), § = 1,2, 3 respectively.

Let us call the primes of the above three types as primes of
type 1, type 2 and type 3 respectively with respect to the pair of
integers m;, my.

If f(n), g(n) are any two arithmetic functions of n (where
f or g or both may also be functions of some more parameters), we
denote by o the Dirichlet Convolution of f and g with respect to
n, for eg. I(n)o u(m;,mg;n) = Dirichlet product of I(n) and
p(my, my;n) with respect to the argument n.
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3. Formulae for 8(m,,my;n)

We first obtain a ‘MGbius type’ inversion formula given by
3.1. Theorem. Let f(xz) be a periodic function of a real variable
z with period 1 and

F(my,mg;n) = E f(r/n),

r(mod* n; my,ma)

then
(3'2) F(ml yma, n) = 2 p(dl)“(dﬂ)a(dh dﬂ; m,, Mz, ﬂ),

where the summation is over those divisor pairs dy,d; of n for
which (d;,mq) =1, $=1,2 and (d,d3)|(m; —~mz) and

G(dhd?;mlym;n) = Z ,(1'/71)

r{mod®n),rmm¢(mod d;),i=1.2

This is easily proved by the inclusion-exclusion combinatorial
principle.
In particular, chooeing f(z) =1, we bave

3.3. Theorem. 8(my,mg;n) = I u(di)u(da)é(n)/é(8) where
= {.c.m. {d,d3} and the summation is as in (3.2).

The proof follows easily by making use of the following well

known result of
Vaidyanathaswamy [7].

3.4. If d|N and (t,d) =1 then in any RRS (mod N) there are

¢(N)/$(d) integers congruent to ¢(modd).
When f(z) =1, Theorem 3.1 gives

$(n)/¢(8) if (d,dz}| (1 —me)

dy,da;m in) =
G( 1, 32; My, 2, ) {0 otherwise,
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where & = £.c.m. {d;,d3} by considering the simultaneous solutions
of r=my(modd;), i=1,2
Next we note

3.5. Lemma. Let f # 0, g,h,s be multiplicative arithmetic
functions and for any three positive integers n,m;,my, let

A = {ordered pairs of positive integers (d,,d3) such that dy,d; | n,
(diymi) =1, i=1,2andd=(d,ds)|(m1 ~mz)}.

Then
H(my,ma;n) ¥ a(n) 3 o(dy) h(da)/ f(drda/d)
A

is multiplicative in n.
In particular, for g=h=p, f=¢, s=E, weobtain that
6(my,mp;n) is multiplicative in n.

The result follows easily following the usual procedure of split-
ting each of the two divisors d; (j = 1,2) of n = nyn; with
(n1,m3) =1 and satisfying conditions in A into product of two rel-
atively price numbers dy;,d;3 dividing n; and n; respectively
and using the multiplicativity of f,g,h and s.

In the particular case mentioned in 3.5, we obtain through eval-

uation of @ at prime powers that
9(Mx,m;n)=¢(ﬂ)l;l( - -G;-) ( ;(2;))
DT HI6-E)

where u,p and q run through the prime divisors of n, of types
1,2 and 3 respectively.
Note that we have

(3.6) 8(m;, main) = I(n) o p(m,y, mz; n).
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which is convergent for 0 = RL s > 1, since
D35 30 35 XU SIS 3 T
v J P J T J

where w(n) = wi(n) + wa(n) + ws(n).
Then we have from (3.6) that

< Z 3w(n)n-a’

n

(1) 3 0, maim/nt = ¢(o ~ )/Clms,maie), REs>2.

nxl

We further note that A(my, ma; n) o u(my, mg;n) = E,(n) and so

ip(ml,mq,n)/n‘ = H (1-v"*) II (1-2p7) n (1-3¢7%)

nml u

= M(m;,m.;s), say,
which is convergent for ¢ = R¢ s > 1 since
i Eu"“ + E2p" + 2&1"

Hence we also have for R€s> 1

< 3271.".

(4.2) i)\(mbm;n)/n‘ = 1/M(my, ma; 8) = ((m1, m2; 8).

n=l
Let
(4.3) T(my, my;n) %’ E(n) 0 A(my, my; n)
and
(4.4)
o® (my, magin) B 3 2@ (n/d)* = Li(n) 0 A(m, ma;n).

din,
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Then 7 is a weighted divisor function of n, with a weight
2M2(n/d)30s(n/d) gttached to each divisor d of n. o*)(m;, my;n)
is the corresponding weighted sum of the k-th powers of divisors of
n. We then have

Z T(mlt'n?; ﬂ)/ﬂ‘ = ((’)((mlt’nﬂv 3)9
1
(4.5) Rts>1
Z a(b) (ml’ ma; ﬂ)/ﬂ' = c(’ - k)((mls ma; 3):
1
(4.6) Rts>1, k2>1.

These identities can be easily verified. We further have the following
multiplicative and summatory results.

8(my, mg; nyna)0(my, my, (ny,n3))

(4.7) = (n1,n3)0(my, mg; 1y )0(m,, mz; n2)

(4.8)
0(m1, mg; {n1,m})0(m1, ma; (n1,m2)) = 6(my, ma; 11)0(m, mz; ng)

(4.9) Y 6(m1, ma; d)u(n/d) = 6(m, mz; n)(n) /n
din
(4.10)
Zo(ml’ my, d)p(ml) ma; ﬂ/d) = {a(mhfn‘);n)}z /""
din

We shall indicate the proofs of (4.7) and (4.9).

Proof of (4.7). Since the functions are multiplicative, it is enough to
prove the result when n) =p™, ng=p™ (prime powers).
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I p) # p3, using the multiplicativity of 6, we have

6(m1, ma; pY p3?)8(m1, ma; (05", p3°))
= 6(my, my; pi*)0(my, mp; p3)8(my, my, 1)
= O(mq, ma; pi* )0(my, ma; p3?) (PP, £37).

If py =p3 and p; dividesboth m; and m; wehave (p{*,p3?) =
min (a1,03)
P and 8o

(i, ma; p7 7?8 (1, ma; (972, £7?))
= O(ma, ma; p21+22)8(my, mg; p] " (21 ))
= p217%3(1 - 1/py)p " (1 — 1/py)
= 6(m1, ma; p1* )0(m1, ma; p3° ) (7, £7°)
since p; = p3.
The results in the other cases follow similarly.

Proof of (4.9). For n=p®, we have

i: 8(rmy, ma; PP)p(p™ ) = 8(my, mg; p%) — B(my, ma;p°~1)
A=0
= 8(my, mg; p*)(1 ~ 1/p)

= 0(my, ma; 2%)(p") /p°.

5. Allied Ramanujan Sum Analogues
We define two Ramanujan sum analogues:

(5.1) Clm,ma,t,n) &= Y ealtr)

r(mod*® n;m;,m3)
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and

(5.2) Cmy, ma;t,m) € Y- du(my,my;n/d).
di(tn)

It is easy to see that C is modular or periodic in each of
my,m; and é(modn) since (n,my +kin—r) = (n,m; —r) and
e((€+ kn)r) = en(er). Further, since ((4,n),n) =(4n), € isan
even function of £(modn). We refer to E. Cohen {2] for the definition
and properties of even functions. Also whenever (n;,n3) =1, we
have (¢,ning) = (¢,n1)(¢,n3), where ((£,m1),({,m2)) =1 and so
C is multiplicative in n.

We also have a translation property of C given by

5.3. Theorem. If (m,n) =1, then
C(my, mg; tm,n) = C(mym,mym; ¢, n).
This follows on noting that when (m,n)=1, r runs

(mod*n;m;,my) if and only if mr runs (mod°®n;mm;,mms).
In the particular case when n|¢, we have

5.3.1. Corollary. If (m,n) =1, then

0(my, my; n) = 6(mym, mym; n).

When n|m, and m; in (5.3) we have

5.3.2. Corollary. When (m,n)=1 the Ramanyjan sum C(¢,n)
satisfies C(fm,n) = C({,n).

§.4. Theorern. Whenever (n;,ng) =1, we have
C(my1, m12; &1, m)C(mar, maz; ba, ) = C(My, Mai £, mimz),

where £=£ing+8ny, My =myuny+man, and Mz =mpnz+
magni.
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Froof. Let ri(mod®*n;;my,mi3) and ry(mod®n;myy, mp) and
= nir3 + ngry. Since (n3,m3) = 1 we have (r,m) =1 and
(v2,m2) =1==> (a,mn3) = 1. Again because of the same reason
(my—ri,ng) =1, (myy—rg,n3) =1 == (M;—s, vim»;) =1i=12
So, also for s(mod*n;nj; My, M3) and this proves the theorem since
C(my1, ma3; 4, 7, )C(may, maa; &2, )

= z exp (2ni(&yring + &rany ) /nyng)

¢ (mod" neIMe |m3’) S=1,3

= E exp (27ls/nyn;)
s(mod n1nz; My, M3)

= C(My, M3; £, nyn3).

We also have an analogue of a result of Ramanujan.
6.5. Theorem.

o0
0(.)(2) = t‘C(mlo ma;s + 1) Z a(ml’ m;ﬂ)/ﬂ‘-n, REs> 0)

nul

where o(*)(£) = sum of the s*" powers of the positive divisors of

This follows on noting that we can write (5.2) as C(m1, mz; 4,n)
= I(£,n) o (my,ma;n) where

n if njé

0 otherwise,

I(€,n)= {

on realizing that i I8, n)/n® = o1=9(2) = ale-1)(8) Je*=1.
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5.6. Theorem. Hilder type identity for C(m,,ma;¢,n). When-
ever d|(¢,n), we have

C(my, mg; £, 1) = 8(my, mg; n)C(my, my; ¢/d,n/d)/6(m,, ma; n/d).

This follows from the definition of C, using the

5.7, Lemma. For any given divisor d of n, and any given j
belonging to the residue system (mod®d;m;,m;) there are

6(my, ma;n)/6(my,ma;d) numbers congruent to j(mod d) in the
residue gystem (mod®n;m;,my).

This lemma is easily proved on the same lines as result (3.6)
above of
Vaidyanathaswamy [7].

6.8. Corollary. Wken g = (¢,n),

C(my,my; ¢, n)
= 0(my, mz;n)C(m18/g,mat/g; 1,n/g)/6(m1, ma;n/g).

This follows from Lemma (5.7) and Theorem (5.3).
Next we shall obtain some identities for C(my,m2;¢,n).

6.9. Theorem. If g = ({,n), then the identity
C(my, ma; 4, 1) = 8(my, ma; n)u(my, ma; n/g) /8(my, ma;n/g)

holds under the following conditions.

(i) For all my,m; when (n,6)=1
(ii) For those my,my with reapect to which 2 is not of type 2,

whenever 2|n and
(iii) For those m,,m; with respect to whick 3 is not of type 3,
whenever 3in.

This is a particular case of the following
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5.10. Theorem. Let f be a completely multiplicative function
and let A(n) = p(my,my;n)h(n), where h(n) is a multiplicative
function. Then the sum

(m1,ma; b, n) ¥ Y f(d)A(n/d), g=(tn)
dlg _

satisfies the identity
8(m1,ma; £,n) = F(m1, ma; n) A(n/g)/ F (m1,m2; n/g)
where
F(my,ma;n) = (f o A)(n)

(m1, ma; p)A(p)
=f(n)£! (14 BBl

provided that

(i) f(p)#0, for all pln

(i) f(p) # h(p) for pin of type 1
(ii) f(p) # 2h(p) for pin of type 2 and
(v) f(p) # 3h(p) for pin of type 3.

(Note that A(n) is actually a function of m,,m; and n) This
theorem is a generalization of Theorem 8.8, pp. 163-164 of Apostaol

[1]-
Proof. We firet note that

3(’"1) ma; ts ”) = ZI (d)y(m;, ma; n/ d)h("/ d)
dig

(noting that n/d = (n/g)(g9/d) has a square factor whenever
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by
O(m1,main) Y du(n/d)/6(my,my;d)
din,(¢,d)=1

= O(my, ma; 4, n)p(n)ps(n/g)A(m1, ma; n/g) /u(mm1, ma; m/ g)
where g = (¢,n).

Proof. Defining f(n) = n/0(m,,ma;n),
h(n) = A(m;y, mg;n)/6(m,;, m3;n) (withfixed m,, m;), wesee that

)= 1) == f(p°) = h{p) +1

for every prime factor p of n.
Hence, from the general Brauer-Rademacher identity obtained
by Subbarao (6] and Theorem 5.9, we obtain the required identity.

6. Applications to Certain Restricted Relative Partitions

We shall first prove

6.1. Lemmma. Let A be a nonempty set of positive integers and
n, N be any two integers such that 0 <n < N and for & given v,
where ©«=0,1,2,...,N -1, let

Q.

]

af E eN(rt),

LEA
reBumod N

C(A;u,N)

o0
and we deaote C(A;0,N) by 6(A;N), Then if G(z) = ;op,a:'
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is a power series with a finite non gero radius of convergence, we have

3 Glen(O)en(~tn) = 64 N)( 3 pmsen)

teA tml

N-1 oo
(6'2) + Z C(A;u,N) ( 2 PnitN +u)
uwsl

tm]

This follows on collecting the terms containing r in the same
residue class mod N.
Let A and B be two nonempty sets of positive integers and

P,(B;N,n) = the number of restricted relative partitions of n

8
modulo N for which nEZa,(modN), a; €B
Jml

and

P,(A,B;N, n)
def =
£ 6(A,N)P,(B;N,n) + Y C(A;u, N)P.(B; N,n +u).
uml

This P,(A, B; N,n) is a weighted relative partition function
into summands belonging to B. In this, every partition of every
positive integer in the residue class 0(mod N) is counted 8(A4, N)
times and any partition of any integer belonging to any other residue
class u(mod N) is counted C(A;u,N) times.

We then have, on utilizing & method of Subbarao {5},

6.3. Theorem. P,(A,B;N,n) is given by

P.(A,B;N,n) = ) _ (C(B;¢,n)* exp (~2mitn/N)),
LeA
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where

C(B;¢,N) =Y en(lz).
z€EB

Proof. We note that
Py(B;Nin)=#{n:n=a; +a3+:-++a, (mod N), a; € B}
so that if

G(z) = Z gortordta. i pez’,

a €D r=0

so that

P = number of partionsof n into s summands € B,

we have

Py(B;N,u) = Z Pr
r@u({mod N)

and subetituting this in (6.2) and rewriting the left hand member
of (6.2) for the present choice of G(z), in terms of C(B;{,n) the
theorem follows.

6.4. Corollary. Choosing

A={£:2>0, {mod*N;my,ms)}
B={a:a runs(mod°N}}

and by setting P?(N,n) = P,(A,B;N,n) and P;(N,n+u) =
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P,(B;N,n) for these A,B we have

N-1
8(m1, ma; N)P}(N,n) + Y C(my, ma;u, N)P? (N;n + u)
uml

=) C(t, N)* exp {~2xitn/N}.
teA

Acknowledgement. The authors sincerely thank the referee for
pointing out some errors and inaccuracies.

REFERENCES

1. Apostal, T .M., Introduction to Analytic Number Theory, Springer Interna-
tional Student (Narosa Publishing House) Edition.

2. Cohen, E, Representation of even function (mod r) 1. Arithmetical identi-
ties, Duke Math. J. 285 (1958), 401-431.

3. Hardy, G.H. and Wright, E.M., An Introduction to the Theory of Numbers,
Oxford, 1954.

4. Nagell, T., Veralligemeinerrung cines Satses von Schemwmel, Skrifter Utgitt
abdet Norske Videnskapa, Akndemi Oslo {Math. Class) I, No. 13 (1923),
23-25.

5. Subbarao, M.V., Ramanujan’s trigonometric sums and relative partitions, J.
Ind. Math. Soc. (2), 18 (1951), 57-64.

6. Subbarao, M.V., The Brauer Rademacher identity, Amer. Math. Monthly
72 (1963), 135-138.

7. Vaidyanathsswamy, R., A remankable property of the integers mod N a
A nd
cu;.;;nﬁny on Group Theory, Proc. Ind. Acad. Sdi. 8, No. 1, Sec. A (1937),

96



