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Abstract

In 1973, Deuber published his famous proof of Rado’s conjecture re-
garding partition regular sets. In his proof, he invented structures called
(m, p,c)-sets and gave a partition theorem for them based on repeated
applications of van der Waerden’s theorem on arithmetic progressions.
In this paper, we give the complete proof of Deuber’s, however with the
more recent parameter set proof of his partition result for (m, p, c)-sets.
We then adapt this parameter set proof to show that for any k,m,p,c,
every K-free graph on the positive integers contains an (m, p, ¢)-set, each
of whose rows are independent sets.

1 Introduction

* Deuber’s proof of Rado’s conjecture appeared first in German (3] and various
forms have since appeared in surveys (see, e.g.,[4], [16], [18]). The main tool
in Deuber’s proof is a structure called an (m,p,c)-set. We give a proof of
Deuber’s theorem to detail the connection between (m, p, c)-sets and partition
regular systems. Some parts of the proof given here can be found in the above
sources, but this proof follows a slightly different outline given by Deuber [5).

We also examine a parameter set proof for Deuber’s partition result on
(m, p, c)-sets. Although this proof has been outlined to various degrees in the
literature, we will need to closely examine the technique for later use, and so
we include the proof in complete detail for reference.

In trying to answer questions regarding independent sets in triangle-free
graphs, (m, p, c)-sets arise in a very natural way. As a step in answering such
questions, we prove that for any k,m,p, ¢, every Kj-free graph on the positive
integers contains an (m, p, c)-set, each of whose rows are independent sets.
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In the next section, we describe Rado’s conjecture regarding partition reg-
ular sets and Deuber’s solution. In Section 3, we give the notation and major
theorems for parameter sets. The parameter set proof for Deuber’s partition
theorem for (m, p, c)-sets appears in Section 4. In Section § we review some
of the recent research done regarding arithmetic structure of independent sets
in Kj-free graphs on natural numbers. Finally, in Section 6, we prove the
statement in the abstract regarding independent rows of (m, p, c)-sets.

We use N, Z, and Q to denote the natural numbers (not including zero),
the integers, and the rationals, respectively. We also use the notation [a,b] =
{z € Z : a < z < b} and occasionally abbreviate [1,7] by [n]. A partition of
a set X into r parts can be interpreted as a colouring A : X — [r], where a
subset of any one colour class A~!(j) is called monochromatic. Both partition
and colouring conventions will be used in this paper.

2 Rado’s conjecture and Deuber’s solution

Definition 2.1 Let M be an m by n matriz with integer entries. The linear
system Mx = O is partition regular (over N) if for any finite partition N =
Ci1U---UC;, there exists i and y € (C;)" so that My = 0. The matriz M 1s
partition regular if and only if the linear system Mx = 0 is partition regular.

If the matrix M in the above definition were to have rational coefficients, multi-
plying by an appropriately large number gives an equivalent system with integer
coefficients.

A solution to the equation £ +y— 2z = 0 is a 3-term arithmetic progression
of the form {z, (z + y)/2, y} and so the equation is partition regular by van der
Waerden’s theorem [24). Corresponding to a triple z,y,z + y is the equation
z+y— z=0, and so is also partition regular by Schur’s theorem [23]. On the
other hand, the system z + y = 3z is not partition regular (see, e.g., [9], [16],
or [18] for details and more examples).

In his thesis, Rado [20] gave a characterization of partition regular systems
in terms of something called the “columns property” —which we now define.

Definition 2.2 Let A = [a; ...a,) be a matriz with integer entries and column
vectors a;. We say that A has the columns property if there exists a partition
[Rl=NU---Uln so that } ;c; ai =0, and for each j=1,2,...,m — 1, there
exist rational numbers ; ; so that

E Qa; ja; = E a;.

iehu..ul; i€1541

Theorem 2.3 (Rado [20]) If A is a matriz with integer coefficients, the sys-
tem Ax = 0 is partition regular if and only if A has the columns property.
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Rado extended his results in {21] to include other cases, for example, to systems
Ax = b where entries from A are algebraic numbers, entries in b are complex
and solutions are complex. In [16] is a short proof of how partition regularity
over N is equivalent to partition regularity over Z\{0} or Q\{0}, however we
continue to use only solutions in N. See, for example, [1] and [2] for other
extensions of Rado’s theorem.

Definition 2.4 A set X C N is called partition regular (or large) if and only if
for every partition regular matriz P, X contains a solution of P, that is, there
ezists x € X" so that Px=0.

Rado conjectured that if a large set was partitioned into finitely many sets then
one of these sets was again large. This conjecture remained open for forty years
until Deuber (3] proved it in his PhD thesis. His main tool was a structure
he invented called an “(m,p,c)-set”; we will outline Deuber’s proof of the Rado
conjecture, but we invite the interested reader to see the thorough works [4],
(16] and [18] for more details.

We remind the reader of the notation [—p,p] = {z € Z : —p < 2z < p} which
appears in the following definition.

Definition 2.5 A set of integers M is an (m, p, c)-set if each element of M is
positive, and there exists positive integers xg,z1,...,Tm so that M is a union
M = Ro(M)U R (M)U---U R, (M), where

RO(M) = {c$0+)\1l‘1 +/\2$2+~-+Am3m : A11"'!Aﬂ‘l e[_p)p]})
Ri(M) = {ezi+Xoza+ ...+ Anzm t A, ..., A € [-p, 7]},
Rm-1(M) = {cZm-1+ Amzm : Am € [-p, 7]},
Rm(M) = {czm}.

In this case we write M = (2o,21,...,%m)p,c and we say that Ri(M) is the

(k+1)-th rowof M.

Deuber’s original definition had the generators starting with z;, and so,
for example, his notion of an (1,p,c) set was a singleton {cz;}, whereas we
use generators starting o, and so the singleton {czo} is a (0, p, ¢)-set. From
the definition of an (m, p, c)-set with generators zg,z,..., Zmn, the z;’s must
decrease rapidly in size in order that entire set consists of non-negative integers,
and for any m, p, ¢, an (m, p, c)-set exists by first choosing z,, arbitrarily, then
Zm-1 large enough, and so on. The generators of an (m, p, ¢)-set can be chosen
so that any element of the set appears in exactly one row and is determined by
precisely one linear combination therein.
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The key connection between solutions to partition regular systems and
(m, p, c)-sets is that they are “cofinal”:

Theorem 2.6 (Deuber) (i) For every partition regular matriz A, there exists
m,p,c so that every (m,p,c)-set contains a solution of Ax = 0, and (ii) for
every m,p,c, there erists a partition regular matriz A (usually huge) to that
every solution of Ax = 0 contains an (m,p, c)-set.

Proof of (i): By Rado’s theorem, A has the columns property, that is, there
exists a partition [n] = J; U---U I, so that 3 ., a; = 0, and for each j =

1,2,...,m — 1, there exist rationals a; ; so that Z a;jai = Z a;.

fGIIU"'UIj S’EIJ‘.’.‘
Let ¢ be a common multiple of the denominators of the a; ;’s, and let p =
max; j |ca; j|. We claim that m, p, ¢ are as desired. For each k =1,...,m, let

Ay be the submatrix of A with columns indexed by I; U --U I,. We will prove
by induction on k that every (k,p, ¢)-set contains a solution of Axx = 0.

For k = 0, the claim holds since )", a; = 0 and so any z with all entries
identical is a solution.

Suppose that the claim is true for some & > 0, and examine a (k+1, p, ¢)-set
(zo,1,...,Tx+1)p,c. By induction hypothesis, for each i € Iy U---U I there is
Yi € (o, 1, .., %k)p,c, SO that

Z a;Y; = 0 (1)
HIAYnA
By the columns property of A,
DRI
i€elu--- Ul i61k+1
Putting §; = —ca; s and multiplying by zx4 gives
Z a;BiTkpr + Z ajcxr4r = 0. (2)

1€U--UI) iGIk+1

Adding equations (1) and (2) yields

Z a;(yi + Pize41) + Z ajcTr4y = 0.

ielu---ul, €041

Each y; € (zo,21,...,%k)p,c and since B; ; € [—p, p] we have each y; + fizk41 €
(zo, 21, -y Tht1)pc- Also czpyy € (o, z1,...,Tk41)pc- So we have exhib-
ited a solution of Ax4+1x = O contained in (zo,Z,...,Zk+1)p,c, completing the
inductive step and hence the proof of (i).
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Proof of (ii): The proof is by induction on m. For m = 0, the system
cy1 — cyz2 — y3 = 0 is partition regular and its solution contains an element of
the form cb, and {cb} is a (0, p, c)-set.

Now supppose that Ay = 0 is a partition regular system whose every so-
lution contains an (m,p,c)-set. Let A = (a;;) be r x n with integer entries,
and let [n] = I; U-- .U I, be the partition guaranteed by the columns property.
Examine the (r + (2p + 1)n) x (2n + 1) matrix

(a“ a2 ... Qin 0 0 0 \
Ay G2 ... QG 0 ... ... O 0
c 0 ... 0 — 0 ... 0 ?
c 0 ... 0 — 0 ... 0 p-1
c 0 0 — 0 0 -p
0 c ... 0 0 — ... 0 p
A = 0 c ... 0 0 — ... 0 p-1
0 c 0 0 —c 0 —-p
0 0 c 0 o0 - p
0 0 c 0 o0 - p-1
K 0 0 ... ¢ 0 0 ... —¢ -p }

For each j = 1,...,¢, put i =Lu{i+n:iec I} and put Iy ={2n+1}.
With the partition [2n+ 1] = J{U.--U I} +1, A’ satisfies the columns property
and so is partition regular.

Let (41,..-,%m41) € N?"*! be a solution to A’y = 0 and put ¥ =
{#1,- - %5041} Then by induction hypothesis, {¥1,-.., ¥4} C Y contains an
(m,p,c)-set X = (zo,. -+ Zm)p,c (looking at the first r equations in Ay = 0).
Setting 5,1 = Tm41, it is not too difficult to verify that the (m+1,p,c)-set

(zo, .. 9Ty Emit)pe = {2+ Amp1 iz € X, A € [P, P} U {czmt1}

is contained in Y. a
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Deuber’s classic characterization of partition regular sets now follows di-
rectly from definitions and Theorem 2.6.

Corollary 2.7 (Deuber) X C N is partition regular if and only if for every
m, p,c, there is an (m, p, c)-set contained in X.

Proof: Let X be partition regular, and let m,p,c be given. By (ii), find P
so that every solution of Px = O contains an (m,p,c)-set. By Definition 2.4,
there exists y € X™ so that Py = 0, and so y ‘contains’ an (m, p, c) set. Now
suppose that for every m,p,c, X contains an (m,p,c)-set. Let P be partition
regular, and by (i), fix m, p, ¢ so that every (m, p, ¢)-set contains a solution of
Px = 0. By assumption, X contains an (m,p,c)-set and hence a solution of
Px =0. (m]

Partitioning large sets is thus tantamount to partitioning (m, p, c)-sets, and
Deuber found a partition theorem for these, completing the last major link in
the proof of Rado’s conjecture.

Theorem 2.8 (Deuber) For every m,p,c,r, there ezists n,q,d so that for
every (n,q,d)-set X and for every finite partition X = X, U---U X,, there
exists i and an (m,p,c)-set Y so that Y C X;.

We defer the proof of Theorem 2.8 to the next section; we will not follow
the original but instead give a parameter set version. We first conclude how
Theorem 2.8 proves Rado’s conjecture.

Theorem 2.9 (Deuber) For every large X and every finite partition X =
X1 U---UX,, some X; is large.

Proof: Without loss, assume that » = 2. In hopes of a contradiction, assume
that the theorem is false, that is, there exists a partition X = X; U X so that
neither X; nor X is large. By Corollary 2.7, there exist my,py, c;, ma, p2, ca
so that for every (my, p1, ¢1)-set M) and (mg3, p2, c2)-set M, both M; € X, and
M3 € X5. Let m, p, c be large enough so that any (m, p, c)-set contains both an
(m1,p1,c1)-set and an (mg, p2, c2)-set (we leave this as an exercise to find such
m, p,c). By Theorem 2.8 there exists n,q,d and so that for every partition of
an (n,q,d)-set N = N, U N, one of Ny or N» contains an (m, p, c)-set. Since X
is large, it contains an (n, ¢, d)-set N’. Putting X{ = NN X; and X} = NN X,,
one of X{ or X3 contains a (m,p,c)-set M'. Supposing X! contains M’, this
contradicts My ¢ X,. 0

Added remarks: If for each m,p,c an (m,p, ¢)-set is fixed, the set of sums
using at most one element from each (m, p, c)-set was found to be partition reg-
ular in {13]. One of Deuber’s students, Meike Schroder [22], used a generalized
columns property and (m, p, c)-sets to characterize partition regular systems of
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linear inequalities. Also, Promel (another student of Deuber) has written a very
poignant note [17] in memory of Deuber.

In the next section, we give the necessary information about parameter sets
to prove Theorem 2.8 in Section 4 and an adaptation thereof in Section 6.

3 Parameter words

See [19] for a recent survey of results, applications, and notation for parameter
words. Let A be a finite alphabet and &1,£3,...,£n be symbols not in A, called
parameters. As usual, we use A® = {f : n = A}. For 0 < m < n, define the
set of m-parameter words of length n over A by

[A](Tl) _ fn'—)(AU {51,52,_”’&"}):VjSm,f"l(Ej);é@,
m/ and, Vi < j, minf~1(§;) < minf~1(&;) |

So [A](2) can be viewed as a set of ordered n-tuples containing each of
£1,...,€m at least once, and if i < j, the first occurrence of & must precede
the first occurrence of &;. Observe that A = [A](3). For f € [A](}) and
g € [A](}) we define the composition f o g € [4](}) by

_ [ £G) i £(i) € A,
f”‘{g(j) if £(i) = ¢;.

It is straightforward to check that composition of parameter words is associative.
The shorthand notation f o [A](}) = {f o g : g € [A](})} is often useful.

For f € [A]([), define the space of f, sp(f) = f o [A](), to be the set of
(0-parameter) words from [A](};) which are formed by replacing all occurrences
of any one parameter with the same element from A throughout the word.
The space of a parameter word is often referred to as a parameter set. An m-
dimensional (combinatorial) subspace of A™ (or simply, m-space) is the space
of some word in [A)(2). If f € [A](}) then we say sp(f) is a combinatorial
line in A®. For example, for some alphabet A, if f € [A](3) is given by f =
(a,61,€2,&1), then sp(f) = {(a,z1,z2,21) : 21,22 € A} is a 2-dimensional
subspace of A*, and for g = (£1,b), sp(f o g) = {(a,z,b,2) : z € A} is a
one-dimensional subspace of sp(f).

There are two main theorems regarding parameter sets which we require.

Theorem 3.1 (Hales-Jewett [12]) For each finite alphabet A and positive
integers m and r, there ezists n = HJ(|A|,m,r) so that for any r-colouring
A : [A)(5) — [r] there exists f € [A](]) so that fo[A](T) is monochromatic.

The Hales-Jewett theorem was generalized from colouring of points (0-spaces)
to colouring of k-spaces.
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Theorem 3.2 (Graham-Rothschild [11]) Let m > k > 0, r > 1 and a
finite alphabet A be given. Then there erists n = GR(|A|, k,m, ) so that for
every r-colouring A : [A](}) — [r], there egists f € [A]() so that f o [A](})

is monochromatic.

4 Proof of partition theorem for (m,p, c)-sets

Leeb [14] first suggested a parameter set proof (which repeatedly invokes the
Hales-Jewett theorem) for Deuber’s partition theorem for (m, p, c)-sets (Theo-
rem 2.8). Promel [16] developed Leeb’s idea and wrote a very elegant parameter
set proof for Deuber’s theorem. For reference, we repeat it here (with kind per-
mission). The proof is non-trivial, so we give it complete with all details; the
technique will be repeated in the next section.

We repeat the statement of Deuber’s partition theorem for (m, p, c)-sets,
however with colouring notation:

Theorem 2.8 For every m,p,c, and r, there exists n,q,d so that for any
(n,q,d)-set X and any colouring A : X — [r], there exists an (m,p,c)-set Y
which is monochromatic.

Proof: Throughout the proof, r is fixed (in fact, it suffices to prove the theorem
for r = 2, but the extra generality comes at no extra cost). Assume, also with
loss of generality, that p > c, since if p is smaller, we carry out the proof for a
larger p', then restrict the alphabet of coefficients for the found (m, p’, c)-set to
find an (m, p, ¢)-set contained within.

For each k = 0,1,...,rm, let & = ¢ p, di = "%, and Ax =
[~gx, gx]. Note that dy_; = d,f and that qx—1 = qxdx. Now let rm+1=n,pn <
Rem—1 < ... < 1 < ng, satisfy the recursion

2rm—k_l

ng — k= HJ(IAk.H‘, Nkl — k, 7‘)

for each k = 0,1,...,rm — 1. Put n = ng, ¢ = go, d = do, let X = Np be an
(n, g,d)-set, and ﬁx an r-colouring A : No — [r].

The first idea in the proof is to examine the colouring A restricted to the
first row of X = Np, and in this row, find a monochromatic first row of some
(n1,q1,d1)-set N; C No. We then look at the second row of Ni, and find a
monochromatic second row of some (n2, g2, d2)-set No C Ny. The first row of
N will be contained in the first row of Nj, and hence is also monochromatic
(though perhaps of a different colour than the second row). We iterate this
procedure recursively until we find a sequence Ny, Na,...,Nym where X =
No O Ny O ... D N, and each Nj is an (ng, gk, dx)-set so that for each
i =0,...,k—1, Ri(Ng) is monochromatic. We now give the details to the
recursion.
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Recursion step: For some k > 0, assume we have found an (ng, gk, di)-set
N = Ni(wo, w1, ..., Wn,)q,de C No

where for each i < k, R;(Nj) is monochromatic with respect to A (note that
for k = 0, this is a vacuous assumption). Furthermore assume that for each
i=0,1,...,n%, we have w; = ZjEI.' Bi jx; where each f; ; € [—qo,go], where
the I;’s are disjoint, and min(J;) < min(f;:) whenever j < j' (note that in the
case k = 0, each [; = {j}, and so this assumption is again trivial).

The colouring A restricted to Ryx(Ny) induces another colouring Agy :
[Ak+1]("*o—k) — [r] of each f = (f(k +1),..., f(nk)) € [Ar+1] (""o'k) defined
by

Apy1(f) = Aldewr + di1 f(k + Dwegr + - .-+ dig f(ni)wn,),

where for each j = k+1,...,nt, f(§) € [~0k+1, q+1] = Ak, thus dx41 f(§) €
(—gk,9x] = Ak, and so Ay, is a partial colouring of the (k + 1)-th row of Nj.
By the choice of ng, there exists h = (h(k+1),...,h(nk)) € [Ak+1](n"k::fk), so
that sp(h) is monochromatic. Fix such an h with parameters Axt1,..., Anyyys
name the set of fixed coordinates Ci = {i: h(¢) € Ax4+1}, and the sets of moving
coordinates by Ci41 = {i: h(5) = Mey1}, ..., Cnpyy = {81 h(d) = An,y ). By
the notation used for parameter sets, we have & < min(Ck41) < min(Ck42) <
... < min(Cl,,,) and that all the C;’s are pairwise disjoint.

Translating this, there exists Sy C Ri(Nk), of the form

diwi + dy4 Z h(i)w; + /\k+lz dirwi + ...+ Ay, Z dicy1w;
Sk= i€Cy 1€ECk+1 iEC"k+l

SAREL ey Angg € Akl

_ dk+1(dk+1wk + Z h(i)wi)+ /\k+lz:dk+lwi +.ooF Ao Edk+lwi
- 1€Ck 1€CK41

1€Cn; 4,y
H Ak+1, ey )\,—,k+l€Ak+1

which is monochromatic.
Set zk = dky1wk + ) i, h(i)wi and for each j = k + 1,...,n%41, put
2z = ZiECj dk+1w;. Define

Nk+1 = Nk+l(dk+lw0) dk-l-lwl, ey dk-l-lwk—l’ Zhy ooy znk+1 )Qk+hdk+l )

which we claim is an (ng41,qk+1,dr+1)-set. To see that Niy; is indeed an
(k+41, Gk+1, dk41)-set, we need to show that Niyi consists of non-negative in-
tegers. For this it suffices to show that Niy; C Nj.

Claim: Niy, C Ng.

Proof of Claim: By construction, Ri(Nk41) = Sk C Rk (Nk) and so Ri(Ni41)
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is a (monochromatic) subset of Ny C Np. For each j =0,...,k—1,

R;j(Ni41)
= R] (Nk-l-l(dk-*-le; dk+lw1) ey dk-}-lwk—l, Zhyoony znk.;.‘)qk.'.,,dk“)

k-1 N4l
= {dk+1(dk+le) + ) Adkpiwi + DNz Ajsts e dney € Ak+1}

i=j+1 i=k

k-1 Nkl
c {dkwj + 30 Nwit Y Nz A0 Ak € Ak}
i=j+1 i=k

= Rj(Nk(wo,wl,.‘.,w,,,‘)q,‘,dk),

since for each i = j+1,...,k — 1, \; € Ax4y implies that A\jdi41 = )\; € Ag.

To complete the proof of the claim that Ni41 C Ng, it remains to see that
for any j > 0, we have Riyj(Nk41) C Ni. To check this, fix j > 0 and let
z € Ri4j(Ni) be arbitrary, given by

¢ = drg12k4j + Ektit1Zk4i41 oo Fnir T

where each & € Ak is fixed. Then

g = digr ) depwi 4 Ekpjerdis dowi +...4 Enppdhs1 Y Wi
i€Ck4; 1€CK+j41 i€Cn,

which is an element of Ruin(c,,;)(Nk) C Nk, because min(Cj4;) is indeed the
smallest element of U?;:;jC,-. This concludes the check that Ri4;(Nk4+1) C N,
and hence the proof of the claim that Nxy1 C Ng.

Claim: Each of the rows Ro(Nk41), - - -, Rk(Nk4+1) are monochromatic.
Proof of Claim: We have shown that for each § =0,...,k— 1, Rj(Nk41) C
R;(Nx) holds and since each for j < k, R;(Nk) is monochromatic by assump-
tion, so is each R;(Ni41). By construction, S = Ry (Nk41) is monochromatic,
finishing the proof of the claim.

End of recursion step.

Observe that grm = p, drm = c. Using the above recursion, find successively
Ny D N3 D...D Ny, where,

Nem = Nem (Y0, 91, - -+, Yrm)p,c C No

is an (rm, p, c)-set with each of the rows Ro(Nem), Ri(Nrm), - . Rem=1(Nrm)
monochromatic under A. Since Rym(Nrm) = {cyrm} is a single element, it is
also monochromatic. Hence all rm+ 1 rows of N,.,,, are monochromatic. By the
pigeonhole principle, there exists a subfamily of m+1 rows Rig(Nrm), Ri, (Nrm),
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.+ Ri,(Nrm), all of which receive the same colour. In this case, since the
leading generator in each R;(Nyp) is yi, then

M= M(yfo)yiu' . ')yim)p,c C Nem

is the desired monochromatic (m, p, c)-set. m]

5 Independent sets in K;-free graphs

For a set S let [S]®> denote the set of unordered distinct pairs of elements of
S. Let G = (V(G), E(G)) be a graph on vertex set V(G) with edges E(G) C
[V(G)]®. Asubset X C V(G) is said to be independent in G if [X]2N E(G) = 0.
The complete graph on n vertices is denoted by K.

Erdés (7] and Hajnal (see [8]) inspired questions about arithmetic structure
on independent sets in Ky-free graphs on N. For example, in a triangle-free
graph on N, can one always find an independent set of the form z,y, ¢+ y?
Luczak, Rodl and Schoen [15] proved that in any K free graph on N, arbi-
trarily large finite sum-sets could be found independent. In [6] certain infinite
analogues were discussed. In [10], arbitrarily large multiple arithmetic progres-
sions could be found independent and arithmetic progressions together with
their difference, also independent. Many, including Deuber, Leader, Promel,
Rodl, and this author have been actively pursuing the question: If G is a K-
free graph on N, can one solve any partition regular system of equations in an
independent set, that is, are there arbitrarily large independent (m, p, ¢)-sets?
In the next section appears only one step to answering this question in the
affirmative. We now look at some of the techniques in [10], since one of these
is a notion central to the proof in the next section.

The following guarantees independent lines in a Hales-Jewett cube whose
elements are vertices of a Kj-free graph.

Theorem 5.1 ([10]) Given k and alphabet A = {ay,az,...,;}, with I > 2
letters, there exists n so that for every Kji-free graph G = (A", E(G)), there
ezists h € [A](]) so that sp(h) is independent in G.

Just as van der Waerden’s theorem follows directly from the Hales-Jewett the-
orem, the following is a direct consequence of Theorem 5.1.

Corollary 5.2 ([10]) Given k and £, if G is a Ky-free graph on the positive
integers, then there exists a £-term arithmetic progression which is independent

in G.

Generalizing Theorem 5.1 from lines to spaces was done by replacing the
alphabet A with AP, however we give the direct proof here for completeness.
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Theorem 5.3 ([10]) Given k, p, and alphabet A with |A| = | > 2 letters,
there ezists n = IS(|A|, k,p) so that for every Ki-free graph G on vertez set
A", there exists h € [A](}) so that sp(h) = ho[A] (3) is independent in G.

Proof: Fix m > k —1 and put n = GR(|A], p, mp, (';) +1). Suppose that G is
a graph on A® which is Kj-free. Let C = {{w,2} :w € AP,z € AP, w # z} and
fix some linear order < on these (l;) pairs. Define a colouring A : [A] (z) —

C U {0} of each h € [A] (:) according to where edges first occur in sp(h) as
follows:

_{ {w,2} if {w, 2} is least in (C, <) so that (how,ho z) € E(G),
Aalh) = { 0 if E(G)NEp(h) =0.

So A(h) = 0 means that no edge occurs in the graph induced by sp(h). Under
this colouring, guaranteed by the choice of n, fix f € [A](,. p) and c € CU {0}
so that for each g € [A]("}F), A(f 0 g) = ¢. We want to show that ¢ = 0.

Seeking a contradiction, suppose that ¢ # 0. Then ¢ = {w, z} for some fixed
words w,z € AP, that is, for every h € f o [A]("F), A(h) = {w,z}. We now
need to describe some particular parameter worcrs gi,j» and to do this simply,
we give two local definitions. Let £ € [0] (z) be an abbreviation for the word
(€1,---,&). We also use the notation zy to mean simple concatenation of two
parameter words,  and y; for example, ww = (w(1),...,w(p), w(1),. ., w(p))
and €€ = (&1,...,&,€1,...,&). Now for each 0 < i < j < m, examine the
word

9ij —ww-"-w&‘--ﬁzzu:z.
i coples j-i  ™=j

Notice that when i # j, gi; € (4] (";”), and for each i, gi; € [A]("Y). Put
hij = fogi ;. Weclaim that the m + 1 vertices of the form h;;,i=0,1,...,m
determine a complete graph. To see this, observe that for every ¢ < j,

hi; = hijoz €sp(hi;)

hj ;= hij o w € sp(hij),

and since A(hi;) = {w,z}, (hi;, hj;) € E(G). Thus we obtain a complete
graph on m + 1 vertices, a contradiction since m +1 > k.

Hence ¢ = 0, and so there exists g € [A](";p) so that for h = fog, A(h) =0,
that is, sp(h) = ho [A](}) is independent. In fact, for the case p =1, for all
9 € [AI(T), sp(f o g) is an independent set. u|

For integers s and £, a s-fold arithmetic progression of length l is a set of
integers of the form {ao + A1ay + Azaz + ...+ Asa, : AL, .., A € [0,1=1]}.
Just as Corollary 5.2 was an easy consequence of Theorem 5.1, so too the next
result follows from Theorem 5.3.
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Corollary 5.4 ([10]) For every k, s > 1, and l > 2, there exists an n so that
for any Ky-free graph G on [1,1"], there is an s-fold arithmetic progression of
length | which forms an independent set in G.

6 Independent rows of (m,p, c)-sets

Theorem 6.1 For every k,m, p, c there exists n,q,d so that for any (n,q,d)-set
N = N(zo,...,%Tn)q,a and any Ki-free graph G on N, there exists an (m,p, c)-
set M = M(yo,-..,Ym)p,c so that

(1) each row of M is an independent set in G, and

(2) there are disjoint sets Jo, J1,...,Jm with min(Jy) < min(J;) < -+ <
min(Jy,) and constants fB; ; so that yo = z:jEJo BoiTjy. - Ym = 2ied, Bni%i;
so for i < j, Ri(M) is contained in an earlier row of N than is R,-(MVS.

Proof: The proof is similar to that of the parameter set proof for Deuber’s
partition theorem for (m,p,c)-sets, except that rather than using the Hales-
Jewett theorem at each step, we invoke Theorem 5.3.

Assume, without loss of generality, that p > ¢. For each s = 0,1,...,m,
define g, = ¢*" "“lp, d; = " and let A, = [—q,,q,]. Note that for each
8>1,d,_y =d?, gs—1 = gsd,, and A, C A,—,. Using the notation in Theorem
83, let m+1=n, <np_y <...<n; < ng, satisfy the recursion

Ng—8§ = IS(|A5+1|,k,n3+1 - 8)

for each s = 0,1,...,m—1. Putn=ng, g =qo,d =dp and let N = Ny =
No(zo,Z1,---,%ny)g,a be an (n,q,d)-set, and let G be a Kj-free graph with
vertex set N.

Recursion step: For some s > 0, assume we have found an (n,, g,, d,)-set
N, = Ns(wo"wl: ce- 7wn,)q.,d. C Ny

where for each i < s, R;(N,) is an independent set (note that for s = 0, this is
a vacuous assumption). Furthermore, assume that for each i = 0,1,...,n,, we
have w; = Y .., Bi;jz; where each B;; € [—go,qo], then the I;’s are disjoint,
and min(l;) < min(f;;) whenever j < j' (note that in the case s = 0, each
w; = z; where I; = {5}, and so this assumption is again trivial).

Examine the function a4 : [As41](™ °) — Rs(N;) defined by

as+l(f(3 +1),..., f(ns)) =dsw; + ds1f(s + Dwsgy +...+ ds+1f(ns)wn. ’

where for each j = s+ 1,...,n,, f(j) € [~@s+1,9s4+1] = Aey1, and thus
ds+1f(j) € [~¢s,9s] = A,. By choice of n,, there exists h € [Aet1]([*272,), so

Ny41—8
that sp(h) is independent. Fix such an h with parameters Ag41,..., An, + and
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put Cs = {'t : h('l) € A3+1}, Csr1 = {’l. : h(’l,) = /\5+1}, ceny Cn..n = {’l. : h(z) =
An.s1}- Note that min(Cst1) < min(Cs42) < ... < min(Ch,,,) and that the
C;’s are pairwise disjoint. This means that there exists S, C R;(N,), of the
form

dswg + ds1 Z h(‘i)'w,' + Ast1 E dsprwi+...+ )\n.“ z ds+1W;i
Ss= ieC, i€Cupr i€Cn, 4,

= VIR PR )\n..“ € As+1

_ dst1 (d,.uw, + Z h(i)w,-) + As1 Z deprw; + ...+ /\n.“ Z ds+1W;
- i€C, ieC, 1 i€Cn, 4

: /\s+1a [ERE} An.+1 € As+1

which is independent.
Set
2y = deprws + ) h(wi
i€C,

and foreach j =s+1,...,n541, put 2; = Ziecj ds+1w;. Define

Ns+1 = Ns+1 (d3+11U0, ds+1wl, ey d8+1w8—la 251241y zn.+1)q,+1,d.+n

To see that N,y is indeed an (ng41,gs+1,ds+1)-set, we need to show that Nyy1
consists of non-negative integers, for which it suffices to show that Ny C N,.
By construction, Ry(N,+1) = Ss C Re(N;) and so Rg(Ns41) is a (independent)
subset of N,. It is also easy to see that for each j =0,...,8 = 1, Rj(Ns41) C
R;(Ns). Now for some j > 1, let z € R,y (Ns+1) be arbitrary and given by

T = 125§ + Notjr1Zs+j+1 + oo+ Mgy 20,

where each 7; € Ag4, is fixed. Then

r = ds+lzds+lwi + Nepj+1ds+1 Zwi +...+ nn.+1da+lz:wi
i€Co+j i€C 4j+1 i€Ch,

a1

and since min(Cy4;) is indeed the smallest element of U; 23} ;C;, we have

T€E Rmin(C.+,~)(Ns) C N;.

Hence R;s4j(Nst1) € N, and 50 Ny C No.

We have noted that for each j =0,...,s—1, Rj(Ns41) C R;(N) holds, and
since each for j < s, R;(N;) is an independent set by assumption, so is each
R;(Ns41). By construction, S; = R, (Ns41) is an independent set, and so each
of the rows Ro(Nys1), . . -, Rs(INs41) are independent sets. Lastly, since the sets
of coordinates C; were disjoint and the sets I; were disjoint, the generators of
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Ns+1 are linear combinations over disjoint collections of z;’s. This completes
the recursion step.

Observe that for s = m, we have g, = p, d; = ¢. Using the above recursion,
find successively N1 D N2 O ... D Ny = M, where M = (20,21,...,2m)p,c C
Ny is an (m, p, c)-set and each of the first m rows Ro(M), Ry (M), ..., Rpn-1(M)
are independent sets. We also observe that R,,,(M) consists of a single element,
and so is also an independent set. Hence all m + 1 rows of M are independent
sets. m]
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