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Abstract.

We prove that the number of nonisomorphic minimal 2-colorings
of the edges of Kin+3 is at least 2n less than the number of noni-
somorphic minimal 2-colorings of the edges of K4n42, where n is a
nonnegative integer. Harary explicitly gave all the nonisomorphic
minimal 2-colorings of the edges of K¢ . In this paper, we give all
the nonisomorphic minimal 2-colorings of the edges of K7.

1 Introduction and background results

Definition 1.1 If a graph G with 2-coloring of the edges has the minimum
number of monochromatic triangles then that coloring of G is said to be a
minimal coloring. We denote by M(K3,G) the number of monochro-
matic triangles in a minimal coloring of G.

A.W.Goodman [1] has proved the following result regarding M (K3, K},),
where K, is the complete graph on n vertices. The same result was proved
by Sauve [3] in a more elegant and simple way using the method of weights.
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Proposition 1.2 [A. W. Goodman]

M(K3,K,) t(t-1)(t-2) if n =2t
t(t-1) (4t +1) ifn=4t+1,

F(t+1) d-1)  if n=dt+3.
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Definition 1.3 Let G be a graph in which the edges are colored with two
colors, say, red and blue. Let v be any vertex of G. We define the degree
pair of the vertez v as (s,t) where s is the number of red edges incident at
v and t 13 the number of blue edges incident at v.

Sauve [3] has proved the following result about the degree pairs of the
vertices in a minimal coloring of K.

Proposition 1.4 [ L. Sauve | A 2-coloring of the edges of K,, is a min-
imal coloring if and only if the degree pair of

(1) any vertez is (t,t — 1) or (t — 1,t), when n = 2t;

(2) any vertex is (2t,2t), when n =4t +1;

(3) 4t+2 vertices are (2t+1,2t+1) and the degree pair of one exceptional

vertez is (2t,2t + 2) or (2t + 2,2t), when n = 4t + 3.

Definition 1.5 Let G be a graph. Suppose Ci(G) and C2(G) are two 2-
coloring of the edges of G. Ci(G) and C2(G) are said to be non-isomorphic
if and only if the graph defined by one color of C\(G) is not isomorphic to
the graph defined by either color of C2(G).

2 2-Colorings of Ky,.3

In this section we prove that in any minimal coloring of K4,43, if we remove
a suitable vertex we get a minimal coloring of K4,42 and that a minimal
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coloring of Kgp42 can be extended to a minimal coloring of Kyn43 in at
most one way. We construct all the 4 non-isomorphic colorings of K7 using
the non-isomorphic minimal colorings of K¢ given by Harary [2).

B. Radhakrishnan Nair and A. Vijayakumar [4] have proved the fol-
lowing theorem about the number of monochromatic triangles incident at
a vertex v in any 2-edge coloring of a graph G. Their theorem, in our
language is as follows.

Theorem 2.1 Let G be a complete graph on n vertices in which the edges
are colored with two colors, say red and blue and r be the number of red
edges in G. For any vertex v of G, let d(v) = the number of red edges
incident at v, N(v) = the set of all vertices which are joined to v by red
color and T (v) = the number of monochromatic triangles which are incident
at v. Then

Tw) = Y dw) - r + % [n - dw) — 1] [n — d(v) — 2.
ueN(v)

Theorem 2.2 Any minimal coloring of Kinys is an extension of a mini-
mal coloring of K412 and the number of non-isomorphic minimal colorings
of Kanys is at least 2n less than the number of non-isomorphic minimal
colorings of Kanyo.

Proof : Consider Ky,43, where n is a nonnegative integer. Any 2-coloring
of the edges of K4,.3 will be a minimal coloring if and only if the degree
pairs of 4n + 2 vertices are (2n+1,2n+1) and the degree pair of one excep-
tional vertex, say P is (2n,2n + 2) or (2n + 2,2n) (1.4). The number of
monochromatic triangles that lie on the vertex P is 2n? (2.1) and using
Goodman’s formula (1.2) we get

M (K3, Kanys) — M(K3, Kqpp2) = 202

So, by removing this vertex P from K4n43 we get a minimal coloring of
K4n42. In other words, any minimal coloring of K4, 43 is obtained precisely
by extending a minimal coloring of K4y, yo.
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We consider a minimal coloring of K4,+2 and find all possible extensions
of this to a minimal coloring of K4n+3. In any minimal coloring of K42,
the degree pair of any vertex is (2n,2n + 1) or (2n + 1,2n) (1.4). Hence
to extend a minimal coloring of K4,44 to a minimal coloring of Ky,,43, we
have to add a new vertex P and join this with the vertices of K454 in such
a way that the degree pair of P is (2n,2n+2) or (2n 42, 2n) and the degree
pairs of all other vertices are (2n+1,2n+1). It is clear that there is at most
one extension possible. In fact, an extension is possible only when exactly
2n vertices of Kyn2 have degree pair (2n,2n + 1) or exactly 2n vertices of
K442 have degree pair (2n + 1,2n). If C) (Kant3) and Co(Kyns3) are two
minimal colorings of K4,,3 which are extensions of two non-isomorphic
minimal colorings of K4n,42, then Cy(K4n+3) and Co(K4nt3) are also non-
isomorphic, for an exceptional vertex must be mapped to an exceptional
vertex under any isomorphism.

We claim that there exist 2n non-isomorphic minimal colorings of K4, 42
which are not extendable to a minimal coloring of K4pq43.

For each integer k such that 0 < k < 2n + 1, we construct a minimal
coloring Cy of Kyn4» such that C; is non-isomorphic to Cj, for i # j.
Suppose uy,us,...,uUsns1 and vy, vs,... V2041 are the vertices of Kypyo
and the edges are colored with red and blue. The red edges of Cj are
precisely ujuj, for 1 <i<2n+1,1<j<2n+L,i# j, v for 1 <i <
m+1,1<j<2n+1,i#j,andif k>0, usv;, for 1 < i < k. It is easy
check that Cy is a minimal coloring of Kypn40, for each 0 < k < 2n + 1,
Also Cys are all mutually non-isomorphic, because in these colorings all the
monochromatic triangles are of red color and the number of red edges are
distinct.

The minimal colorings
C()a Cl IR Cn—l ) Cn-{-'h Cn+31 .. 7C'2n+l

of K4,,42 are not extendable to get minimal colorings of Kj,4+3. These are
2n in number. Hence the theorem. 0O

Remark: We note that in Theorem 2.2, the colorings C, and C,4, are
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extendable to get minimal colorings of K4,.3 and hence there exists at
least 2 non-isomorphic minimal colorings of K4y43.

Theorem 2.3 There exists precisely four non-isomorphic minimal color-
ings of K.

Proof : Suppose we color the edges by red and blue. Harary (2] has
constructed all the 6 non-isomorphic minimal colorings of K which are
given below in Figures 1 through 6 with only the red edges present.

va Vi V2 Vs

v, v, v, v,
Vo Vs Ve Vs
FIGURE | FIGURE 2
Va v Va2 vy

Vl VA VI V"
Vo Vs Vo Vs
FIGURE 3 FIGURE 4
Va2 Vs Va Vi

v, v, v, v,
Ve Vs Ve Vs
FIGURE 5 FIGURE 6
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By Theorem (2.3) there are at most 4 non-isomorphic minimal colorings
of K7. It is easy to see that the colorings .given in figures 2, 3, 5 and 6 are
extendable to a minimal coloring of K7. These are given below in Figures
7 through 10 with only the red edges present.

va Vi
4

v

7

FIGURE 7 FIGURE 8

FIGURE 9 FIGURE 10

Hence the proof. O
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