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ABSTRACT: Let R(n) denote the number of two-color partitions of n.
We obtain several identities concerning R(n).

AMS CLASSIFICATION: 11P 83

Introduction: We prove several identities that link R(»n), the number of
two-color partitions of n, with p(n), the unrestricted partition function, and
ga(n), the number of self-conjugate partitions of n. We also show that R(n)
- changes parity infinitely often.

Preliminaries: Letz €C, |z| < 1,n€ NuU{0}.

Definition 1: Let R(n) denote the number of two-color partitions of n.

Remark: In the literature, R(n) is sometimes denoted p_2(n).
Definition 2: Let p(n) denote the unrestricted partition function.

Definition 3: Let go(n) denote the number of self-conjugate partitions of
n.

Definition 4: Let cz(n) denote the number of 2-core partitions of n.

Definition 5: Let w(k) = k(3k — 1)/2 where k € Z.  (pentagonal num-
bers)

ARS COMBINATORIA 65(2002), pp. 149-154



n= n=1
> p(me” = [T~ =" (2)
n=0 n=1
> aolm)s” = [T(0+5™7 ®
n= n=1
o0 . 0o (l_ﬁzgn)g o 1 g™
’gcz(n)w = J-;'I;wl~:cn = n=1.1_-7;§_;1_~_1 (4)
_flifn=jG+1)/2
cz(n) = { 0 otherwjisé (5)
H(l —2z") = i (~1)kx"(3"'1)/2 (©)
k=—co
H(‘l — ;p:ﬂ)l! - i(*l)k@’” 1)1"‘("“)/2 (7)
k=0
1:'[1 i__'_z: = --goo(-—]_)"agﬂ2 =1 -+ 2;(_])711:“3 (8)
]?.1(1"3’")3(1—-:x:z"“)2 = i (1 - 6k)ze(®) o)
n=1 B
ﬁ(1+“’n)= :E:)I(l--a:z"“l)‘1 (10)
n=l n=1

Remarks: Most of these identities are well-known. (9) is due to B. Gordon.
(See [2]). ‘
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The Main Results

The first several theorems involve R(n) and p(n).

Theorem 1:

(n/2]
p(n) = ) can ~ 2j)R(j)
j=0
Proof: (4) implies
H p(n)z" = (Z c2(n)z") H(] o
n=1 n=0 n=1
Now (1) and (2) imply
Yop(m)a™ = (3 ea(m)a™)(D R(n)e")
n=0 n=0 nz=0

The conclusion now follows by matching coefficients of like powers of z. B

Corollary 1:

k(k: )y ik=0,3 (moda))

p(2m) =Y {R(m -
that is,

p(2m) = R(m)+ R(m —3)+ R(m -5)+ R(m ~ 14) + - .-

Proof: Let n=2m in Theorem 1 and apply (5). W
Corollary 2:

k(k: D _ %); :=1,2 (mod 4)}

p(2m+1) = Z{R(m -
that is,

p(2m+1)=R(m—-1)+ R(m—2)+ R(m—8)+R(m~-11) +---

Proof: Let n=2m+1in Theorem 1 and apply (5). B
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Theorem 2:

pn) = > (~1)*R(n—w(k))

W= -0

that is,

p(n)=R(n)~R(n~1)—R(n—-2)+R(n—-5)+R(n~7)+---

Proof: (1) implies

(JTa-=2"pQ Rin)=") = [T (1= 2"
n=] n=0 n=1

The conclusion now follows from (2) and (6), matching coeflicients of like powers
ofr. W

Theorem 3:

kel

R(n) = p(rn—j)p(j)

i=0
Proof: This follows easily from (1) and (2). B
Corollary 3:

p(n/2) (mod 2) if n is even
Rin) = { 0 (mod 2) if n is odd

Proof: Theorem 3 implies

]
-

R(2m) =2 ) p(2m — j)p(j) + p(m)*
i

1]
o

m-=1

R(2m-—1)=2 Zp(’zm - 1-j)p(j)

Jj=0
The conclusion now follows. B
Corollary 4: R(n) changes parity infinitely often.

Proof: This follows from Corollary 3, since it is known that p(n) changes
parity infinitely often. (See [3].) B
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The next theorem is a recurrence involving only R(n).

Theorem 4;

Sk prin KR < { {0 T =07 /2
Proof: (1) implies
(H 1 —w")s)(Z R(n)z" = [T(1-2")
n=1 n=0 n=1

The conclusion now follows from (6) and (7), matching coefficients of like powers
of . Bl

The final theorem involves R(n) and ¢o(n).

Theorem 5:

(=]

Y (1= 6k)R(n — w(k)) = (=1)*(go(n) + 2> a(n ~ j°))

A=—c0 i=1

Proof: (9) implies

ﬁ(l—w“)( 2?12 = H(l—-.z f: (1= 6njz<0")
n=| n=l n=-oo

(10) implies

H 14 zn H(I‘f"")‘ H(l—x X Z (1~ 6n)zin))

n=1 n=l n=-—o

(8), (3), and (1) imply

(1+22( )" 2 (Z( 1) gu(n)z™) (ZR(Tl)il?n)( Z (1—6")1?”("))

n=1 n=0 ns-o0

The conclusion now follows by matching coefficients of like powers of z.
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The table below lists R(n) for 0 < n < 26.

Rin) || n| R(®) || n|{ R(n)
1 9 300 18| 12230

2 110} 481 }| 191 17490
5111} 752 | 20 | 24842

10 | 12 | 1165 || 21 [ 35002

20 || 13 | 1770 || 22 | 49030
36 || 14 | 2665 || 23 | 68150
65 || 16 | 3956 || 24 | 94235
110 || 16 | 5822 || 25 | 129512
185 || 17 | 8470 || 26 | 177087

OONOAU‘»&C»JROO—‘O:_

Concluding remarks: The reader may note that apparently

R(n)=0 (modB) if n=23,4 (mod5)

This is a known result. (See [1], (4.9), p. 271.)
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