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ABSTRACT

Every labeling of the vertices of a graph with distinet natural mumbers
induces a natwral Iabeling of its edges: the label of an edge e is the absolute
value of the difference of the labels of v and e. A labeling of the vertices of
a graph of order pis minimally k-equitable if the vertices are labeled with
2o+ opand in the indueed labeling of its edges every label cither ocenrs
exactly b times or does nor oecur at all, We prove that the corona graphs
("5, Oy arve minimally 4-cquitable.

1. INTRODUCTION

A labeling of the vertices of a graph G is an assignment of distinet
natural numbers to the vertices of G0 Every labeling induces a natmral
labeling of the edges: the label of an edge we is the absolute value of the
difference of the Jabels of w and ¢, Bloom [3] defined a labeling of the
vertices of a graph 1o be A-equitable if in the induced labeling of its edges.
every label oceurs exactly A-times, if at all. Furthermore, a b-equitable
labeling of a graph of order p is said to be wdndmal i the vertices are
labeled with 1220+ - Cpc A graph is manimally k-cquitable if it has a minimal
k-cquitable labeling,

Blomn{3] posed the following question: is the condition that & is a
proper divisor of  posufficienmt for the exvele ¢, 1o lave a minimal
k-cquitable iabeling”? Wojciechowski [3]) gave a positive answer to this gues-
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tion. Barrientos. Dejter and Hevia [2] have shown that forests of even size
arc 2-equitable. They also prove that for & = 3 or k == 4 a forest F of size
lraris k-equitable if and only if the maxinmun degree of Fis at most 2 and
that if 3 divides the size of the double star S, ,,(1 < m < n). then S, ,, is
J-cquitable if and only if ¢/3 < < [(¢ — 1)/2]. Heve Sy, 18 b with
pendant edges attached at one end and e pendant. edges attached at the
other end. They discuss the A-cquitability of forests for & > 5 and char-
acterize all caterpillars of diameter 2 that are A-cquitable for all possible
values of &,

The corona GOGy of two graphs G and Gy was defined by
Frucht  and Harary [1] as the graph G obtained by taking one copy of (7

which has py vertices and py copies of G and then joining the /" vertex

of () to every vertex in the i' copy of Go. The authors (1] have recently
established minimal 3-equitability of corona graphs Cy,, OR.

Here we prove that the corona (Ch,OK | is minimally 4-cquitable.

2. MAIN RESULT.
The main result is as follows.

Theorem: The graphs (5, QN are minimally 4-equitable. n > 2.

Proof: Here p(Ch, ONK)) = 40 = (Co,, OKy). We show that this graph is
minimally 4-equitable with edge-weight set 117 = {1.2.--- .n}.

Let V(Cy, OR ) = {ugouas o« ctayivp van o Ly, b where wgoua. iy,
is the evele Ca,, and ¢; is the pendant vertex adjacent to ;.1 <7 < 2.

We consider two cases corresponding to o = 0. 1(mod2) and in cach
case we deseribe a labeling function when o > 5.0 We deal with the cases
o= 2,34 seperately at the end. " In both the cases with o > 5 the labeling
function f is given in four parts. viz., Pare I Part I Part HI and Part 1V,

The Case 1 = O(inod2): In this case Part I describes the labeling function
for the vertices w; 0,1 <7 < 5. Part Il for wjovi. 5+1<7 <o Part
I for u;.e;n+1<i < —‘_j—' and Part IV for u;.v;. % +1<i<2n

In this case Part T and Part IIT are smooth so we describe them firse
and then Part IT and Part IV
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Part I: Here we define

fluy,y) = n+3-2i | 1<i< :—I when n = 0(modd)
and
1<i< [;—'] + 1 when n = 20maodd).
Slesioy) = 2i—=1| 1<i< il—l when 1w = O(mnod1)
and
L
1<i< [1-] + 1 when n = 2(modl).
flus) = 2 . 1<i< [5:-].
Flew) = n+2-2 .1 gig{;—'].

The edge-weight sequene in Part Tis smooth in the sense that the edge-
weights of the edges eyuyouyus, uavs usug. - cunes is non—=1.n =2,
no 3.2, T

We record here the labels used and the edge-weights covered in Part [

Labels Used: 1 ton + 1 except § + L.

Edge-Weights Covered: 2 to n.
Part ITI: We define

flug.os ) = 3n=-24+2i . 1<i< ;—, when 1 = O(modd)

and

IA

i < [%] + | when v = 2(modl).

. on
Slensa ) = n+2-2 . 1<i< I when n = 0(mnod 1)
and
. 7
1<i< [—l] + 1 when o= 20mod 1),

f(“ulﬂl)

A+ 1 =20 l<i§[;—'].

Fllpan) = 30— 1+ 2 .15,'5[%].

The labels used and the edge-weights covered in Part 111 are:
Labels Used: 3n to 3t — 1: 28 + 1 to 4n.
Edge-Weights Covered: 2 to n.
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Next. we deal with Part 1T and Part IV. Each of these parts is further
divided into four sub-parts. Also. we take n > 8 for these two parts and
deal with the cases = 6.8 seperately.

Part II: As mentioned above. Part ITis divided into forr Sub-parts. We
call them 87,855,855 and .

Sub-part S;: This Sub-part contains only two vertices we o and o .
| ) | 8
The labeling funcetion is

-

3
f(llf_gq):%-Fl.f(l‘;_;_“]:#

Henee the labels nsed and the edge-weights covered in Sub-part Sp ave:
Labels Used: 2 4 1.3% — 9,

Edge-Weights Covered: 1.1 — 3.
Here 1is the weight of the edge vz ue g as ue has received label 2
when v = O(modd) and % + 2 when 0 = 20modd) in Part 1 aned o

receives label 5+ Lin Sub-part ).

Sub-part Sy: This Sub-part contains six vertices.  The  labeling

functions  for  n = 0(modd) and n = 2(modd) are slightly ditferent.
When v = 0(nodd) it is defined as:

S 3n
f(“‘_‘;~'.') = o .f(l"_:.-_.) = =5 ¥l
; 3 : 3n
i) (“;’;; 3) = # -3 .f (l‘%+;‘) = -2
dn 3
f(u;_;u):—é—+3 .f(l'.'-',.‘._l) = _'T, - 1.

When n = 20modd) the labeling function is:

3n A 3u

Tlug.2) = P} Sleg ) = 5t l.
3o, 3n

f (“5_: 1) = 5t 3 f(l_,H) = 5 - 1.
: o, 3n

flugaa)=—5 -3 f(ezn) = 5 +2

The labels used and the edge-weights  covered for both o = O(maod 1)
28 8
and v = 2(mod1) are same. They are:

Labels Used: %t — 3.3 — 1.3 10 32 4 3,
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Edge-Weights Covered: 1. 3 to 6.1 — 1.
Here v = 1is the weight of the edge we o pue w0 sinee ne oy has received

. B . . 3 . B B
label £ 4+ 1 in Sub-part Sy and we o receives Ilabel 22 in Sub-part S,

Sub-Part 5;: Here we define.

S, o) = n+2i . ISiS[%]—Z.
T (Cnoimyy) = 2=2i 1<i< [%] —9,

flu, ) = 20n-(2i+1) . 1<i< I—l- -3 when v = U(maodl)
and

1<i< ['—;] =2 when n = 20modd).

f, ) = n+2i+1 . 1 <i<~=-3 whenn=00modl)

and

1<i< [%] —2 when n = 2(moddy.

Remark 1: Consider the situation # = 2(mod-t). Heveo in the Sub-panrt
Sy. for the validity of the range of the parameter 7. we need 0 > 120 T
8 < n < 12, we have only one value of # which is 10, When o = 10,
the set of vertices belonging to Sy is an empty set. Consider the situation
n = O(mod). For the validity of the range of the parameter 7. we need
1> 12 for the first two steps in the definition of the labeling function f
whercas we need 7> 16 for the third and the fourth steps in the definition
ol the labeling function f. When » = 12, Sy has ouly two vertices uyy and
[N

For the Sub-part S3 the labels used and the edge-weights covered
for both n = O(modl) and n = 20modd), n > 8 are:

Labels Used: » + 210 2 — 38 4 J 1o 2y = 2,
We recall that for n o= 100 the set Sy is empty and henee no labels arve
nsed,

Edge-Weights Covered: 7 to n — .
When n = 10 the set Sy is empty and so no edge-weights are covered.
Here 7 s the weight of the odge wepyue 5 as s oy has reecived Tabel
—1' +3 when o = O(modd) and 22 =3 when = 20m0d-1) in Sub-part Sy and
s reccives laboel 22— \\’hvn-m = O{modd) and 3+ 1 when n = 20mod 1)
in-Snly-p;u‘l Sa. i )
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Sub-Part 5: This Sub-part contains only two vertices u, and r,. The
labeling function is

fluy) =20 f(v,) = 2n + 2.

So. the labels used and the edge-weights covered in Sub-part Sy are:
Labels Used: 20,20 + 2.

Edge-Weights Covered: 2.1 ~ 2.1,

Heve no-- 2 and noare lln' weights of the edges w,, yuy, and w,uy,
respectively as wy, - has received label # 42 in Sub-part. Sy and o, receives
label 21 in Sub-part Sy and u,,.; has received label 30 in Part 111

As Sy is empty for vo= 100w,y of CogOR| receives label 1o+ 2 in
Sub-part S,.

Part IV: As mentioned earlier we take n > 8 and Part IV is also divided
into four Sub-pavts. We call thewm 7. 1. Ty and T

Sub-Part 7: This Sub-part contains two vertices s, and a0 The
labeling function is

.I'(“;%,,‘,I) = .'_'i f(u‘:‘. ) = .J.Z'_' + 3.

Hence. the labels used and the edge-weights covered in Sub-part T are:
Labels Used: 2. + + 3.
E(lge-Weights Covered: 1. n - 3.

Here 1is the weight of the edge wan u: gy A8l has received label

oo 1 when o = 00modd) and -] \\h('n n= Z(IHmH) in Part 111 and
war ., receives label 2 in Part IV

Sub-Part T5: This Sub-part contains six vertices.

The labeling functions for 1 = 00maodd) and o = 20mo0dd) arve slightlyv
different.

When o = O(maodb) it is defined as:

317) I
on an

~

N

=

cff

N S’
It
l\—l%‘[\-l

+lf(f_:_ ):i')—'
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When v = 2(mod4) the labeling function is :

2
f(“f; i) = %—Z.f(vi;u)=:’2'~'+2
o1 Y

A
N
~
=

i
¢
<
N—
li
lvl
<

D
-+ l.f (l':_{. +._,) = e

The labels used and the edge-weights covered are same for both
n = O(modd) and 1 = 2{maodd). They are:

Eh

Labels Used: % — 2o Wopp de oy

2 2
Edge-Weights Covered: 1.3 to 6. n — 1.
Heve s = 1s the weight of the edge wan s, as wse ) has received

label 5t in Sub-part T} and u . ., veceives label 22 4+ 1 iy Sub-part 75,
3 ! 42 2

Sub-Part 73: Here we define.”

Ssparos) = Bu+1-2i | 15/5[%}-2.
Jany 0) = 204142 1<i< [%] -2
Sl 2y = 204242 . 1<i< % =3 when o = 0(modt)
and
1<i< [%] =2 when i = 20modd),
e, w) = 3n=2 . 1<i< 'TI =3 when v = Wmodl)
| and

1<i< [;—'] -2 when n = 20modd).

Remark 2: Remark 1 which was for the labeling function for Sy is appli-
cable for Ty too. the only change being that when n == 12 T4 has only 1wo
vertices way and oy (whereas when v = 12 the two vertices of Sy were
and ry)).

For the Sub-part Ty the labels used and the edge-weights covered  for
both  » = O(modd) and 1 = 2(modd). n > 8 are:

Labels Used: 22 45 to 3n — 1:20 + 3 to 2 — 3.

We recall that for n o= 10, the set Ty is (;m])ty and henee no labels arve
used.
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Edge-Weights Covered: 7 1o n - 4.
When n =10 the set Ty is empty and so no edge-weights are covered.
Here 7 s the weight of the edpe wan juse 5 as wae has received
label 22— 2 when o = O(modd) and 22 + 4 when n = 2(!:-:()(“) i Sub-part
Ty and o iy receives label ’Tf‘ +5 when n = O(mod1) and {I' -3 when

by
1 = 2(modd) in Sub-part 7.

Sub-Part T: This Sub-part contains only two vertices nimnely wa,, and
Coyye

For both v = O(moddy and 1 = 2(maod1) we define
flus,) =20 +1 and f(ea,) =20 - L.
Henee the Tabels used and the edge-weights covered in Ty are:

Labels Used: 20 - .20 + 1.

Edge-Weights Covered: 2.1 — 2.1,

Here w2 and noare the weights of the edges v, s, and ws,,u,
respectively as aa,, o has received label 3o — 1o Sub-part 1. awy has
received label n + 1 in Pavt T and g, receives label 204 Fin 1.

As Tyis empry for v = 100 s,y receives label 3o - | in Sub-part 7,

It can he directly verified that the labeling funetion [ is injective and
that cache edge-weight from 1 to nis repeated exactly four times.

As mentioned carlier we now deal with the Pavt 11 and P 1V fon
o= Goand o= 8 First we define Pare T oand Pact IV for o = 6. that is. fon
(’l,’()[\'l .

Part II of (', ON,: This part has vertices ;. 0,0 4 <07 <6, The labeling,
fnetion for these six vertices is:

Jtuy) = 4. f () = 80 f(us) = 9. fen) = 100 flug) = 12, f{ry) = L
The labels used and the edge-weights covered ave;
Labels Used: 1. 8. 9. 10, 12, 1L

Edge-Weights Covered: | to 6. where 1 s covered twice.

One of the edge-weights 1is that of the edge wauy as ug has received
Lahel 5in Part Tand ay receives label L in Pare T Also 6 s the weight of
the edge vgus as vz has received label I8 in Part T and oy, receives label
1200 Part 11
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Part IV for C'[.ON;: This part has six vertices u;. e, 10 < 7 < 12, The
labeling function is :

f(lll(]) = 21.f(l'|()) = lT.f(lI”) = l(j.f(l’“) = ]5,f(ll]-_>) = l:}.f(l'r_:) = 1l.
The labels used and the edge-weights covered ave:
Labels Used: 11. 13, 15. 16, 17. 21L.

Edge-Weights Covered: | to 6. where 1 is covered twice |

Here G is the weight of the edge wyauy as wyo veceives the label 13 in
Part IV and oy has received label 7 in Part 1 One of the edge-weights | is
the weight of the edge gy as uy has received label 20 in Pavt T and oy,
receives label 21 in Pare 1V

Next we define Pare 1Eand Part IV for no= & that is. for (1.0,
Part II for (',¢ON, ¢ This part has cight vertices ;. e,.5 <7 <2 S The

labeling Tunetion for these cight vertices is:
TGy =50 f{en) = 100 flug) =12, [(eg) = 11

flus) =180 fles) = VL f(ug) = 16, f(ex) = 13,
The Tabels used and the edge-weights covered are:
Labels Used: 5. 10 to 14. 16. 18.
Edge-Weights Covered: | to 8 where Lis covered twice,
Here R is the weight of the edge uguy as uy receives label 16 in Part 11
and ey has received label 200 Part HL One of the edge-weights 1is the

weight of edge wpus as oy has received label | in Part 1 and ws receives
label 5 in Paoc 1.

Part. IV for ('[;ON: Part IV of CgOR; has cighl vertices a,. e,
13 <7 < 16. The labeling function for these eight vertices is:

Jlups) =280 flegg) = 230 f(ayy) = 20 (o)) = 22,
JCays )y = D fregy s 1 flag) = 170 () = 20
Labels Used @ 150170 19 10 23, 28
Edge-Weights Covered: 1 to 8. where 1 is covered iwice,
Here 8 is the weight of the edge g as 1y has veceived label 9 in Pant
I and wupy receives label 17 in Part IV, One of the edge-weights 1 is the

weight of the edge s as wps has received label 29 in Part T and
receives label 28 in Part 1V,
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The proof for the case n = O(maod2) is now over.

The Case n = 1(mod2): In this case Part. 1 deseribes the  labeling
function for the vertices wp. e 1 <7< 830 Part 11 for uj.e,, 28 <7<
no Part I for u,.epon+1 <0 < 22=Land Part IV for u,. vy, 32522 <7 < 20,

Similar ro the case n = O(modd) here also Part T and Part T are simooth
s0 we deseribe them first and thén describe Part T and Part 1V,

Part I: Here we (l(‘ﬁlw..

Jlwiy) = n+3-2i . 1<i< [%]+l
Tlosio) = 2i-1.1<i< [,ZL]“‘
fluy) = 28 . 1<i< [%] when n = Hmod:l)
and

1<i< [ili] +1 when n = 3(nmodd).
fleai) = n+2-2i . 1<i< [%] when o = [ {mod-)

el
. n
1 <i< [—I] + | owhen o = 3Gmod).

The Tabels used and the edge-weights covered in Part [ are same
for both n = 1modd) and n = 3(maodd). They are:

Labels Used: 1 ton + 1.

Edge-Weights Covered: 1 to n.
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Part III: We define.

Flmani) = 3n—2+2 . 1<i< [g]+ 1.
Flonam 1) = dn+2-2i 1<i< [%]+ 1.
Flugo)) = Ww=2i+1 . 1<i< [%] when = e 1)
and
1<i< [%] + 1 when 1 = 3(modd).
Sleyas) = 3n+2i-1 . 1<i< [%] when i = 1nodd)
and
1<i< [%] + 1 when o= 30nodl).

The labels nsed and  the  edge-weights  covered in Part 11 are same
for both  n = 1(moedd) and 1 = 3(modd). They are:

Labels Used: 3n to -ln.

Edge-Weights Covered: | (o n.

For Part IT and Part IV we consider two sub-cases. viz.. = Lnod1)
and 1 = 3(modd).
The Sub-Case n = t(mnodd):

Part II: We define.

f(“n—}»‘.’ '.’i) =2n+2-2 . f("u-i»'.’»'.’l) =n+ 2.
./.(“11+lf'.’l):“+|+2i . .[(l‘ll~?|~~'.’l):.—)” + -2

for 1 <7 <19]
The labels used and the edge-weights covered in Pavt 11 are:

Labels Used: n + 2 10 2n.

Edge-Weights Covered: 1 to n.
Here 1 - 1 and n arve the weights of the edges wosi v and w0,

respectively as w41 has received label 22 when n = 1(mod?2) in Part

and .43 receives label 22550 iy Part IT and u,, receives label 20 in Part 11

and w,,+y has received label 3n in Part TI1
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Part IV : We define.

Tlusw o 0) =20420 =1 0 floa, o) =30 = (20 - 1),

Ty o 0) =30 =20 0 [ e, o, n) o= 204 20
for 1</ < ‘:il']
I'he labels used and the edge-weights covered are:

Labels Used: 21 + | to 30 = 1.

Edge-Weights Covered: 1 to n.
Here n—- 1 and noare the weights of the edges o gt s and g,

respectively as wowen has received label 2= when » = [(modd) in Part

HI and wso-s and wg, receive labels 255 and 20 4 1 vespectively in Part
IV and ay bas rveceived label 7+ 1 in Part 1.

The Sub-Case v = 3(madl):
In this Sub-case cach of Part 11 and Part 1V is further divided into two
Sub-parts. We call them 4L Ay and By, By respeetively.

Part II:

Sub-Part .1): In this Sub-part we have six vertices. The labeling funetion

IS 0

I (uﬂ) = f”‘)—' L / (,.‘) - ‘_("_;_” I (,, ) - f},(,'._’,i)fj o

i

f ("—_,t) = i‘)ﬂv ! (”"_.2*'_-) = '-31;—7- J (n::g-j) i +_l

>

The labels used and the edge-weights covered are:

BINTE : -7
Labels Used: 2=y, 3047

Edge-Weights Covered: | 1o 5:n - 1.

Heve n =1 is the weight of the edge taga ww s as . 00 has received Tabel
ZEL when n = 30modd) in Pact 1T and wass receives label b gy Sub-part
R
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Sub-Part 4,: Here we define,

Sl o n) =20=20=1) . [ o) =n+2i
Sl o ) =n+2i+41 o feyqiy) =20 = (20 = 1).
for 1 <i<{5] -1

Remark: For the validity of the range of the parameter 7. we need n > 8.
For 5 < » < 8. we have only one value of n which is 7. When n = 7. (he
set of vertices l)('l(mp,'ing to A is an cmpty set,

For the Sub-part Ay the labels used and the edge-weights covered are:
Labels Used: n + 2 1o 22 30l 4 9y,

When # = 7. the set W1 is ('n;pt_\' and henee no labels are used.

Edge-Weights Covered: 6 to n — 2;n.
When o = 7. the set Ay is empty and so no edge-weights are covered.
Here 6 and # are the weights of the edges « g T luey and u,, 1,4 respec-
Bo+T
2

when n = 3(:1:01/-1) in Sub-part .1,

tively as w.=: has received label

and gy receives label L-' in Sub-part A, and wu,,.; has received label

3n in I":n'l I and u,, receives label 20 in Sub-part ..

Remark: Note that for # = 7. that is. for C';ONKy. the edge-weight 6 is
covered in Sub-part Ay, Also. as Ay is empty for 0= 7.7 is the weight
of the edge urug sinee uz has received label 14 in Sub-part Ay and os has
received label 21 in Part HL ’

Part TV:

Sub-Part 3;: 13, contains six vertices. The labeling funetion is:

I (llggz) = 2(”)*_“ I ("-f_'z_;z) 2;—1 I (‘/fiq:;f.f') = :’iif__l,’

2

on =3 3n+3 5= 1
f ('L.*—) = 'm)— ! (u;u‘t_'_)) =2re s— f (p:,_(l.ﬂ,‘) =2

The labels used and the edge-weights covered in Sub-part I3y are:
Labels used: 21 ¢, 2l

Edge-Weights Covered: 1 to 5.1 — 1.
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Here = 1 is the weight of the edge taner s as waes has reccived

o

lable 2l \when
n = 3(modd) in Part I and @y, receives label 222 50 Sub-part 13,

LR P

Sub-Part 3,: Here we define.
f (ll~_),,_~_)(,_“) =2n+ (2/ - 1) f (’1’2,,_3“_”) =3n—-(2; - l).

S (i) = 30 =200 [ {vay_2ic1y) = 200+ 21
for 1 <i<|4] -1

Remark: For the validity of the range of the parameter 70 we need n > 8.
For 5 < o < 8. we have ouly one value of » which is 7. When n = 7. the
set of vertices belonging to Ba is empty.

For the Sub-part 3, the labels used and the edge-weights covered are:

Labels Used: 20 4 | 10 225, 2057 1 3y — |,
When o= 70 the set 3y is empty and henee no labels are nsed.

Edge-Weights Covered: 6 1o n - 2:n.
When # = 7. the set 34 is epty and henee no edge-weights covered.
Here 6 and noare the weights of the edges wswss tanes and wyuy, as

. Sin—1 _
uge+: has received label 208 when n = 3(modd) in Sub-part 3} and u,

has received label 7+ 1 in Part T and « n g and s, receive labels 22T
and 2n + 1 respectively in Sub-part B,.

Remark: Note that for n = 7. that is for C1,OR. the edge-weight 6 s
covered in Sub-part B3y, Also as By is empty for n = 7. 7 is the weight of
the edge ayuyy as up has received label 8 in Part T and uyy bas received
label 15 in Sub-part By.

It can be divectly varified that the labeling function f is injective and
that cach edge-weight from 1 1o » is repeated exactly four times,

The proof for the case 1 = 1(mod2) is now complete.

As mentioned earlier we give actual labelings for (%, ORK| when n
2.3, 0L We do not draw the edges but give only the labels of u,.¢; where
the labels in the first row are those of v; and the labels in the second row
are those of u;. The labels of e;.u; are given one below the other,
Minimal 4-equitable labeling of CyOL:

The graph CyOR | is not minimally 4-equitable with edge-weights {1.2}
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bt it is miniinally f-equitable with edge-weights {1.3}. The labeling is

Minimal 4-equitable labeling of C4OR:

Here we give minimal J-equitable labeling of CoO N, with edge-weights
{2.3.4} and not with edge-weights {1.2.3}.

11 10
8 12

[=> 1 V)
QO

1
3

Minimal 4-equitable labeling of CsOK:

The labeling displayed below gives a minimal 4-equitable lalwlm;., of
CRON with edge-weights {1.2.3.1}.

13 10 13 16 14 6 2

5 79 12 15 11 8 4.

Proof of the theorem is now complete.
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Illustrations

We apply the labeling functions used in the proof of the main theorem
and give actual labelings for 2 < n < 16. For convenience we et the graphs
into parts corresponding to Part L Part T, Part T and Part 1V, We do not
draw the edges but give only the labels of u,. ¢; where the labels in the first
row are those of ¢; and the labels in the second row are those of w,. For
the sake of clarity we mention the vertices of the first and the last pendian
edges for cach part.

Our illustrations will cover at least two illustrations for cach subease
and will also cover all the cases when certain vertex subsets are empty.

The actnal labelings for n = 2.3.4 are given at the end of the proof
of the theorem. We now cover n = 5.7,9.11,13 and 15 which correspond
to n = L(mod2). We first deal with » = 3,9, 13 which correspond o the
subcase 1 = 1(mod4) and then deal with n = 7.11. 15 which correspond to
the subcase n = 3(modd).

Minimal 4-equitable labelng of (')yO N :

Part 1

(r) 1 3 (ry)

D
(y)y 6 2 1 (uy)
‘Part 11

(l'|) 9 7 (”3)
() 8 10 (us)

Part II1

(eg) 20 16 18 (ey)
{ug) 15 19 17 (ux)

Part IV

(o) 12 14 (e40)
(lln) ]3 ll (”I(l)
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Minimal 4-equitable labeling of C1zORK,:
Part 1

(erd 19 3 7 5 (i)
() 10 2 8 L 6 (uy)

Part 11

(es) 15 13 17 11 (wy)
(g) 1416 12 18 (uy)

Part III

(me) 36 28 34 30 32 (en)
(ty0) 27 35 29 33 31 (un)

Part IV
() 22 24 20 26 (e)x)
(ey5) 23 21 25 19 ()

Minimal 4-equitable labeling of CogOR:

Part 1

ey b3 1 59 T ()
i) M2 12 1 10 6 8 (ur

Part 11

(x) 21 19 23 17 25 15 (my)
(ux) 20 22 18 24 16 26 (us)

Part 111

(rid) 52 40 50 42 48 44 46 (ewa)
() 39 51 A1 49 43 47 45 (ua0)
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Part IV

)32 34 30 36 28 38 ()
(1) 33 31 35 20 37 27 (u)

Minimal 4-equitable labeling of C);OK:
Part 1

fep) 17 3 5 {w)
() 8 2 6 1 (uy)

Part 11

Ao {ey) 1213 11 (e7)
() 109 14 (u3)

A Forn= 7. 4a is emply.
Part III

(vg) 28 22 26 24 (vyy)
(ug) 21 27 23 25 (wy)

Part IV

]3] H (l’|-_)) 17 16 18 ('l’|.|)
{rg2) 19 20 15 (ugy)

B.: Forn=7.8y is empty.
Minimal 4-equitable labeling of C..OKN,:
Part 1

7 (vg)

(1) 13 9 5
4 8 6 (uq)

[
() 122 10
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Part I1

Ao (rs) 1819 1T (v}
(“7) IG J:’ 2() (‘H,g])

Ay (lr‘m) 21 13 (U[ |)
(Ill()) 14 22 (ll||)

Part II1

(r2) 44 34 42 36 40 38 (r)7)
(i2) 33 43 35 41 37 39 (uyr)

Part IV

By (o) 2T 260 28 (ra0)
(1) 29 30 25 ()

By o fra) 2 3
() 31 23 (ua)

Minimal 4-equitable labeling of Ci;pOR | :

Part 1

Part I1

.'\[ : ('l'n) 24 25 23 ('l’n)
(i) 22 21 26 (uyy)

Ay (l'|v_)) 27 19 20 17 (l’l,’.)
(ll|~_)) 20 28 18 30 (ll[,r,)

Part III
(ryg) GO 46 58 48 36 50 34 52 (vay)

() 45 59 47 57 49 55 51 53 (uw)
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Part IV

Dy (o) 37 360 38 ()
(H'_’l ) 39 W 35 (II-_)(;)

3y ¢ (ear) 3442 32 A4 (i)
(a7) 41 33 43 31 (ug)

Next we deal with 7 = 6.8.10.12. 14 and 16. They correspond 10 p =
O(mod2). We first handle » = 6,10. 14 which correspond to the subease
1 = 2(modd) and then n = 8.12.16 which correspond to the subease n =

O(rnodd-).

Minimal 4-equitable labeling of (12O :

Note that for n = 6. that is. for C'12OK;. our labeling hiction given
in the proof of the rtheorem is slightly different from that of the labeling
funcrion for all the other values of 1 = 2(mod4).

Here we give the actual labeling,.

Part 1

(e 163 (o)

() 7 5 {u)

[

Part II

(rq) 8 10 14 (vg)
(” i ) 149 12 (H(; )

Part II1

(r7) 24019 22 (uy)
{u7) 18 23 20 (uy)

Part IV

(eva) 17 15 11 (eg2)
() 21 16 13 (uyga)
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Minimal 4-equitable labeling of ChyON,:

{er)
(ty)

Si

S:; M
S

(rv1)
(e114)

Ty:

T,

Part 1
| w 3 8§
11 2 9
Part. II
() 13
(ng) G
(e7) LG 14
(ur) L5 18
For n = 10. 53 is
(t1g) 22
(uro) 20
Part 111
d0031 38 33
30 39 32 37
Part IV
(l'lti) 28
() 3D
{rm7) 25 27
(ll.lr) 26 23

17 (o)
12 (uy)

cnpty.

30
34

(015)
{t15)

24
29

{t1y)
{1t19)

For n = 10.T3 is empty.

19
21

(120)

(qu)
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Minimal 4-equitable labeling of CosOR:

Si

Sy

(r(s)
{t)5)

T

T

T,

t i)

56

12

Part I
03 12 5 10 7T (o)
2 13 1 11 6 9 (us)
Part 11
(l'x) l‘)
(1ry) &
2220 23 ()
(U!l) 20 24 18 (H||)
() 17 26 (w3)
{th2) 25 16 {uyy)
(e} 30
{trg) 28
Part 11X
43 54 45 52 AT 50 (ea))
55 A4 33 46 31 A8 ()
Part IV
(raa) 38
(ll-_)-_)) 49
(raz) 33 37 34 (t3)
(taz) 36 33 39 (uas)
(rag) 40 31 (v27)
(u26) 32 41 (ua7)
(rag) 27
(nag) 29
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Minimal 4-equitable labeling of C\sON,:

Note that for n = 8, that is, for C;gOK) our labeling function given
in the proofl of the theorem is slightly different. from that of the labeling
function for all the other values of 7 = 0(modd). Here we give the actual
labeling,.

Part T

{yy 1 83 6 (vy)
(i) 9 2 T 4 (uy)

Part 11

(o) 10 11 14 13 (ex)
{us)y 5 12 18 16 (wy)

Part III

(ra) 32 25 30 27 (vg)
2

(ug) 24 31 26 29 (uy»)
Part IV

() 23 22 19 20 (emg)

(lll;) _)8 2] 13 17 (ll“,)

Minimal 4-equitable labeling of CuyOK:
Part 1

2 3 l() :l 8 (l‘(;)
(y) 13 2 11 4 9 6 (ug)
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S (ew) 22
("n) 9

Se 0 () 20260 23 (e)9)
() 24 21 27 (o)

Sy () 28 19 30 (e45)
a (ll|;;) .2() 29 18 (lll,r,)

Sy () M
co(uge) 32

Part III

(vr) G449 62 31 GO 33 38 55 (raer)
(ns) 48 63 500 61 52 39 54 5T (uw)

Part TV

Ty o (ras) A3
(tag) 56

To 0 (eag) 1039 12 (rag)
(o) 1D D 38 (o)

7'. : ( 'y ) -;T -l(j 3:) (l';” ]
{ ”'_'!J) 45 306 1T (’H.;“ )

Ty o () 3l
‘U:;g) :‘3
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An Important Remark.

When it comes to actually labeling the vertices of ', ORy for a par-
tienlar value of # using the labeling function [ deseribed for different parts
of Ca,, OK the following remarks make the job casy, Carefully observe the
actual Iabelings that are described in the Hustrations given above, in pay-
tienlar observe them for CogONy L CoxORy and CyyOR| which correspond
to n = modd), n = Wmaod2) and 0 = 3Gnodd) vespectively, Except for
the subparts which have only a few vertices. their nmnber being indepen-
dent of n. the labeling in all the other parts and subparts basicaly follows
one of the following patterns. Tn the diagrams showing the patterns we
have placed the integer labels m.m + 1. ete. next to the vertex names u,. v,
cte. when a continnous string of labels pom + 1om +20m + 3.0 s used.

oo+ 1 tiag i+ 3

AN

.
/ .
i,. 1 Wiya.m + 2
and its reflection
e,.om oot + 2
e
4
4
4
4
7
iy 1+ 1 a3
OR
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i, + 2 ;.1

N
N
~
N
~
N
Himq 0+ 3 i+ 1
awl its reflection
iy i+ 3 iy 41
e
4
7
rd
7 \
.
4
© s m 42 H,.m

In fact. the pattern for part IIT is always a reflection of the pattern
for Pare 1. the pattern for Bs is a reflection of the pattern for Ay and
so on . In view of such observations, one should allot the labels of the
two ends of any Part or subparts other than those for which the mmber
of vertices involved is independent. of 1, and then fill the labels for the
in-herween vertices as per the particnlar pattern that is followed for the
particular case to which 2 belongs. For those Parts in which the number
of vertices involved is independent of 2 give the labels as per the function
S for that Part. Luckily. such Parts are few and further. the wanber of
vertices involved in any one of thein is at most six.

235



References

[1] M. Acharya and V.N. Bhat-Navak. Minimal 3-Equitability of (%, QR
presented st National Conference on Diserete Mathematies and it's
Applications. held at M.S. University, Thirunelveli. India, Jameny
5-7.(2000).

[2] Barrientos. Dejter and Hevia. Equitable labelings of forests. Combin.
and Graph Th. 1{1995). 1-26.

[3] G.S.Bloon. Problem posed at the Graph Theory meeting of the Now
York Academy of Seiences. Novemnber(1989).

[4] Harary. Graph Theory. Addison-Wesley, 1968,

[5] J. Wojciechowski. Equitable Lahelings of Cyeles. Jowrnal of Graph The-
orv. Vol 17, No. L 331-547(1993).

236



