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Abstract

We generalize a construction by Treash of a Steiner triple system
on 2v + 1 points that embeds a Steiner triple system on v points.
We show that any Steiner quadruple system on v + 1 points may be
embedded in a Steiner quadruple system on 2v + 2 points.
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1 Introduction

A Steiner system S(t,k;v) is a pair (P, A) where P is a v-set and A
is a collection of k-subsets of P such that every t-subset of P is contained
in exactly one member of A. The elements of P are called points and
the elements of A are called blocks. The cases t = 2, k =3 and t = 3,
k = 4 are called Steiner triple system (STS) and Steiner quadruple system
(SQS) respectively. An STS with |P| = v is said to be of order v and is
referred to as an STS(v). Similarly an SQS with |P| = v is referred to as
an SQS(v). Kirkman [3] proved that there exists an STS(v) if and only if

= 1or 3 (mod 6). Hanani [2] proved that there exixts an SQS(v) if and
only if v = 2 or 4 (mod 6).

The internal structure of an SQS, (P, A), at a point p € P is an incidence
structure with point set P’ = P\{p} and block set A’ consisting of those
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triples of points of P’ which together with p form a block belonging to A.
The structure (P, .A’) is an STS. An SQS is an extension of an STS if the
STS is isomorphic to the internal structure of the SQS at some point of the
SQS. An extension of an STS(u) is an SQS(u + 1).

If (P, A) and (Q,B) are two Steiner systems such that P C Q and
A C B, then we say (P, A) is embedded in (@, B) and that (Q, B) contains
(P, A) as a substructure. If an STS(u) is embedded in an STS(v) then
v > 2u+1 [1]. It is immediate from this that if an SQS(u + 1) is embedded
in an SQS(v) then v > 2u + 2. Treash [4] has shown, by construction, that
every STS(u) is embedded in an STS(2u + 1). In this paper, we generalize
Treash’s construction to show that every SQS(u + 1) is embedded in an
SQS(2u + 2).

Treash’s construction :

Let (P, A) be an STS(v). Consider the set @ = (P x {1,2}) U {c0} where
oo & P x{1,2}, and define a collection B = By, U B™ of triples of Q as
follows:

(i) B consists of the triples {(z, 1), (z,2), 00} for z € P,
(ii) for every block A = {z,y,2} € A, put
Ba = {{(=,1),(y,1),(z, D}, {(z,1),(9,2), (2,2},
{(x’ 2)’ (y7 l)’ (z7 2)}’ {(z’ 2)? (y’ 2)7 (z’ 1)}}

and then Bt = UaeaBa.

Then (@, B) is an STS(2v + 1).

Note that for each block {z,y,2} € A, (Q,B) contains a substructure
isomorphic to S(2, 3; 7) consisting of the point set

{(.’E, 1)7 (z‘ 2)7 (y7 1)’ (y7 2)7 (27 1)7 (27 2)7 w}

and the blocks of B contained in this set. We see that (Q, B) is a Steiner
triple system which contains an isomorphic copy of (P, 4) , since {z,y, 2} €
A if and only if {(z,1),(y,1),(2,1)} € B. By a change of notation, writing
z for (z,1) and 2’ for (z,2), we may assume that P C @ and that (P, A)
is embedded in (@, B). We adopt this notation for the remainder of the
paper. This construction embeds an STS(v) in an STS(2v + 1).
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2 Main Result

Let (P', A') be an $(2, 3; u) and let it be embedded in the S(2,3; 2u+1),
(Q',B'), by the construction of Treash. Suppose (P, A) is an extension
of (P',A') where P = P'U {p} and p ¢ P'. We construct (Q,B), an
5(3,4;2u + 2), such that (P, A) is embedded in (Q,B), which is also an
extension of (Q’, B').

The construction :

(P',A") has L"Gﬂ blocks. Consider the construction of (Q',B8') from
(P', A’) by Treash’s construction [4]. We have the collection B’ of triples
of Q' as follows:

(i) Bl = {{z,2',00}|z € P'};
(ii) for A' = {z,y,z} € A,
B'A' = {{‘La yyz}a {113, yla 2'}, {wlv Y, zl}) {wla '.‘/', Z}},
and
B =B'U(UaecaB ).
Clearly, (Q', B') contains (P', A') and there are

u(u—1) A= (2u+ 1)u
6 IE

U+

blocks in B'.

Consider the extension (P, A) of (P, A'). We have A = A, U As where
Ay is the set of quadruples containing p, i.e.

Ar={A'u{p}|d’' e A'};

and Ay is the set of quadruples not containing p. For each {z,y, 2, w} € Aa,
we have {x,y,z2}, {x,y,w}, {y,z,w}, {z,z,w} ¢ A'. Since (P, A) has
{ut+l)u(u—1) blocks

— 54 ’

Al an - we=1)(u—3)
Consider the set Q@ = Q' U {p}. Define the following types of blocks,

(a) triples in B’ with p adjoined, i.e.

B, ={B'U{p}|B' € B'};
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(bl) for A" = {&z,y.z} € A'. put
By = {{«', ¥, 7', 0}, {w,y,2', 00}, {x, ¥y, 2,00}, {a’, y. 2,00} } :
(b2) for A' = {z,y,z} € A, put
B = {{z,«",y,u'} {2, 2" 2,2} {y, v, 2,2} 5
(c) for A = {z,y,z,w} € Az, put
Ba={{z,y.z,w}, {z",y, 2\ w'}, {2'. ¢, 2, w}, {2’ y, 2, w},
{«' y.z,w'} {z, v, 2w, {2,090}, {x,y, 2 ') )
Put

B= Bp U (UAIEAIB‘{V) U (UAleA'Bi') U (U,leA-_,BA) .

There are

. (2u+1)u
3
w(u—1)  2u(u—1)
* 6 v T3 —

wlu—1) . ulu-1)
T Tt

wlw—1)(u — 3 u(u—1)(u =3
, 12)4(U )—8= u(u l;(u ) blocks of type (c).

blocks of type (a);

blocks of type (b1);

blocks of type (b2);

Thus we have the required number, QM, of blocks as the total num-
ber of blocks of (Q, B). We claim that (Q B) is the required SQS(2u + 2).

Theorem 2.1 Let (P, A) be an S(3,4;u + 1) and let p € P. Let (P, A")

be the internal structure of (P, A) at p. If (Q’, B') is obtained from (P’, A’)
by Treash’s construction, then (@', B') is extendable to an S(3,4;2u + 2)

(Q, B) such that (P, A) is embedded in (Q, B).

Proof Let (Q, B) arise from the construction described above. We parti-

tion the triples of points in @ into the following classes:

(i) triples that contain p;

(ii) triples that contain oo but not p;

248



(iii)

triples from Q\{occ, p}.

We show that cach triple belongs to a unique block of B:

(i)

(ii)

(iii)

a triple containing p is on the unique block in B, corresponding to
the unique block B’ € B’ of the STS(2u + 1) (Q’, B') that contains
the two points of the triple other than p;

triples containing oo of the form {z,y,o0}, {z',y', 0}, {z,y', 00}
where z,y € P’ are only on the corresponding block of type (bl)
in BY, where 4’ € A' is the unique block containing = and y, and
clearly the remaining possible form {z,z’, 00} of a triple containing
oc¢ is on the block {x,z’, 00, p} of type (a);

let {z,y,z} be a triple where z,y,z € P":

— ifz, y, zarenot on aline in (P', A'), then {z,y, z} is on the block
{z,y,z,w} of type (¢c) where {z,y, 2, w} is the unique quadruple
of A, that contains x,y, z;

- if z, y, z are on a line in (P, A’), then {z,y, 2} is on the block
{z,y,2,p} of type (a);

let {2',y',2'} be a triple where x,y,z € P":

— if &, y, z are not on a line in (P', A"), then {«',y',2'} is on the
block {«',y, 2", w'} of type (¢) where {u,y,z,w} is the unique
quadruple of A, that contains x, y, z;

— ifx,y, zareon aline in (P', A’), then {2',y’, 2'} is on the block
{2',y',2', 00} of type (bl);

let {z,y,2'} be a triple where z,y,z € P":

— if z, y, z are not on a line in (P', A'), then {x,y,z'} is on the
block {x,y,z',w'} of type (c) where {z,y,2,w} is the unique
quadruple of A, that contains z,y, z;

— if x, y, z are on a line in (P, A'), then {z,y,2'} is on the biock
{z,y,2', 00} of type (bl);

let {2,y',2'} be a triple where x,y,z € P":

— if &, y, 2 are not on a line in (P', A'), then {x,y’,z'} is on the
block {x,y',2',w} of type (c) where {z,y,2,w} is the unique
quadruple of A, that contains x,y, z;

— ifw, y, z are on a line in (P', A’), then {x,y',2'} is on the block
{‘Ivv '.l/,’ zl! P} of type (“’);
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the triples of the form {z,z',y} and {z,z',y’'} where z,y € P’ are
contained in the block {z,z',y,y'} in B}, where A’ = {z,y,z} is the
unique block of A’ containing z, y.

We have listed the blocks containing the various triples of points and
shown that each triple is contained in exactly one block. Thus (@, B) is
an 5(3,4;2u + 2). It contains (P, A) since the blocks in A; are of type
(a) as A’ C B’ and the blocks in 4, are of type (c). Also, clearly, by the
construction of blocks of type (a), (Q, B) is an extension of (Q', B').

a

3 Conclusion

Our construction has other similarities to that of Treash, apart from
the embedding of one Steiner system in another of minimal size. For each
quadruple {z,y, z, p} of (P, A) that contains p, (Q, B) contains an SQS(8) as
a substructure. The points of this substructure are {z,z',y,vy’, z, ', 00, p}.
The blocks are the 7 blocks of type (a) corresponding to the blocks of the
STS(7) which is the substructure of (Q’, B') arising from {z,y,z} € A’ and
the 4 blocks of type (bl) and 3 blocks of type (b2) arising from {z,y, z}.
Similarly, for each quadruple {z,y, z,w} of (P, A) that does not contain p,
{Q, B) contains an SQS(8) as a substructure. The points of this substruc-
ture are {z,z',y,y',z,2',w,w'}. The blocks are the 8 blocks of type (c)
arising from the block {z,y,z,w} € A, and 6 blocks of type (b2) of the
form {a,a',3,8'} where a, B are distinct elements of {z,y,z,w}.
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