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ABSTRACT . The sum graph of a set S of positive integers is the graph
G *(S§)having S asits vertex set, with two vertices adjacent if and only
if their sum is in S. A graph G is called a sum graph if it is isomorphic to
the sum graph G *(S) of some finite subset S of N. An integral sum

graph is defined just as the sum graph, the difference being that S is a
subset of Z instead of N. The sum number of a graph G is defined as the
smallest number of isolated vertices when added to G results in a sum
graph. The integral sum number of G is defined analogously. In this paper
we study some classes of integral sum graphs.

Keywords: Integral sum graph, Integral sum number, Crown.

1. Introduction

All graphs considered here are finite simple graphs. We follow Harary[3] for
various graph theoretic terminology and notation not explained here.

Let N denote the set of positive integers. The sum graph G *(.S) of a finite
subset S of N is the graph with vertex set S and edge set E such that for
u,ve S, e E ifandonly if u+ve S. A graph G is called a sum graph ifit is
isomorphic to the sum graph G *(S) of some finite subset S of N. The sum number
6 (G) ofagraph G is defined as the smallest nonnegative integer m for which G L
m K is a sum graph.

An equivalent definition of a sum graph is given below. A graph G is called a
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sum graph if there exists a labeling of the vertices of G by distinct positive integers
such that the vertices labeled # and v are adjacent if and only if there exists a vertex
labeled u +v.

The notions of sum graph and sum number were first introduced by Harary [4].
Later in 1990 Harary [5] also introduced integral sum graphs and integral sum
number as given below. An integral sum graph G *( S) is the sum graph with
S c Z instead of Sc N. The integral sum number { (G )ofagraph G is the
smallest nonnegative integer s such that G U s K| is an integral sum graph. By
definition it is clear that G is an integral sum graph ifand only if £ (G)=0.

In general it is very difficult to determine o (G ) and { ( G ) for a given graph
G and integral sum numbers seem more difficult to compute than sum numbers.
Harary [5] proved that paths and matchings m K, are integral sum graphs. Chen [2]
showed that any tree obtained from a star by extending each edge to a path is an
integral sum graph. Chang et al. [1] proved that caterpillars, cycles and wheels are
integral sum graphs.

In this paper we show that the crowns, C @K, are integral sum graphs for n 2 4.
2.On cycle graphs

If G, and G, are graphs and G, has n vertices then G, ® G, is the graph
obtained by taking one copy of G, and n copies of G, and joining the
™ vertex of G, with an edge to every vertex in the / copy of G, . In this section
we show that the crowns C, © K are integral sum graphs for n > 4. We first
consider crowns C, ® K, when n is odd.

Inthe graph C_ ® K, where n isoddand n>7, letv,v,, ..., v, bethe consecutive
vertices of the cycle C, and u, , be the vertex attached to the vertex v, ,,,0<i <
(n-1).

Set v,=1,v,=4,v=5,v,=-4and v=v,,-v, ,for5<i<n
U=V, =V, s Uy=V, -V,

n-t 1
u,,,=u, v, ., for 0<i<(n-7)
un-3= Vn+ vl
un-l = un-‘-vl = un-l-s
u, = UV, = UtV S -4
U, U =V T U, " 1

Let S ={v,v,..,V,, 4, U, ..., u, } where v,’s and us are as defined above.
The labeling is illustrated in Figure 1.

In order to prove the main result of this section we require the following
observation and lemmas.
Observation 1. The vertices v, and u, of S defined above satisfy
0<[v,l <[v, =17, | <1y | <1Vl <I v <|vy | <<y, I<|u

n-1 'hll

66



<'vn'<|u,|'-3l<|u||=|u1|<|u4|<lu6|<"'<lu,..gl<|u3|<|u5|<'°'<|u,,|
Lemma 2.1. (Corollary2 of {2] )
Let P,= b b,... b, beapathwith n vertices b,,1< i<n. Define a labeling f
of the vertices of P, as follows :
f(b)=1,1(b)=1t,f(b)=1+1¢,f(b)=-tand
f(b)=r0,,)-f®,,)for 55 k < n,where t is an integer greater
than 1.
Then (1) |f(b‘)|>}f(b,_.)landf(b,)f(b,_,) <0 forany 5<i<n

(2) f gives an integral sum labeling for P_ (n 25). O

u=-874 Yo 387

13

s

u= 758

C,o K,
Figure 1
In the following lemmas we prove some properties of the labeling of C, ® K|
(nisodd, n >7)defined above.
Lemma 2.2. Suppose n is odd and n >71. There exists no i, j, k, 1 < i,j,k < nsuch
that w+u = u, .
Proof. Suppose that u, + u,
two cases.
Casel. k is even
Thenu, > 0.
(1) If i and j are both even then min { #,+u,| i and j areeven, 1</, j <

n}>u, foralleven £,1< k < n.Hence y+u, = u, is impossible.

= u, for some i, j,k, 1<1i,j,k < n. We consider
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(2 If i and j are both odd then u, <0, %, <0 sothat u +u <0.
Since u, >0, u,+ U =u, is impossible.

(3 If i isevenand j is odd then by Observation 1, u, + u < 0
when j #1,2<j < n, 1<i < nSince u, >0 foreven k,1< k < n
utu = u, is impossible foreveni and k,1< i,k < nandodd j,2<j < n. Also
u,+u =0 ¢S u, , + u <0 and u, _, + u <O0. Since u, >0,
u, + u,=u, isimpossible for i€ {2,(n-1),(n-3)}.Foreven i¢ {2,(n-1),
(n 3)}, 151<n max {u, + u,)<u, forallevenk,1< k < n. Hence u, + u,
=u, lSlmposmbleforevenle{2 (n- 1) (n-3)}, ]<1<nandforallevenk
l< k<n.

(4) The case when i is odd and j is even is similar to ( 3)

Case2. k isodd

Then u, <0.

(1) If i and j are both even then ut+u> 0 and since u, <0,
wtu =u, is impossible.

(2 Ifiandj arebothodd then u, <0, ¥, <0. Also u, <0.But forall
odd k,1 k< n,u, >max{u,+u]| i,j odd,1si,j < n } Hence
u,+u, = u, is impossible in this case.

(3 Ifiisevenand j isoddthen u >0and u, <0.Alsou, <0.Butfor
odd k,1<k<n, u < min{u,+u]| ieven,j odd, 1< i, j < n }.Hence
utu = uis impossible in this case also.

(4) Thecase wheniisoddand j is even issimilar to (3). This completes
the proof of the lemma. O

Lemma 2.3. Suppose that n is odd and n> 7. Then there exists no i, j, k ,
1<i,j,k <n suchthat u,+ul =v,.

Proof. Suppose that u,+u, = v, for some i, j, k,121,j,k < n.Weconsider
two cases.

Case 1. kiseven.

Clearly utu # v,,1<i,j<n.Weconsidereven k # 2,1< k<n.
Then v, < 0. '

(1) If i and j are both even the u,+ Y, >0andsince v, < 0 forevenk

# 2, u,tu, = v, isimpossible.

() If i and j arebothodd then u, <0and u, <Osothatu,+u <O0. Then
u +u = v, implies |y +u| | v, | , a contradiction since | v, | <|u, + u|
fora]leven k andi, j odd, l< i,j,k<n.

(3 |If i isevenand j is odd then », >0 and 4, <0.By definition
. s U, y=v, *1Lu =v -3 Henceu  + u=v,  +lg§,

U
u, tu=v _ -3¢S. Alsou,+u=0¢S.
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Foralleveni ¢ {2,(n-3), (n-1) }, 1si<n, u+u>0 byObservationl
Since v, < 0, u,+u = v, is impossible in thls case When j # 1, using
Observatlon 1 we get u +uj<0 In this case u +uj = v, implies (-1)a+ (-I)la
= (-1)**'w, where g, —|u| and w,=|v,|. Smce zand k areevenand/ |sodd
we get | g, - [“ w, whlch is 1mp0551ble

@ If i isoddand j is even then we proceed as in ( 3).
Case 2. k isodd

Thenv, >0

(1) Ifiandj arebotheventhen u,+u, >0.But u+u = v, isimpossib]e

since v, <u +uj

(@ If i and j are both odd then u, + u, <0 and since v,> 0,
utu = v, is impossible.

(3) Ifi isevenand j is odd then » <0 and u >0.By definition
u,+u, =0 ¢ S.By Observation 1, u,+u <0 for i={(n-1)and i = (n-3).Since
v, >0 utu =v, |51mp0551blefor i=(n-1)and i = (n-3).For evenig {2,
(n - ])(n -3}, 1 i £ n u + u = v, implies
(-I)’a,- a = (-1)**'w, sothat |g,-a,|= w, which is impossible for odd %,
1< k £ n By Observanonl for odd J #—‘l u,+u,<0 andsince v, >0,
utu =, is impossible.

(4) Ifi isoddand j is even then we have a similar argument asin (3).
This completes the proof of the lemma. (]

Lemma 2.4. Suppose n isoddand n>7.For 1< i,j,k < n,v,+v,= u, holds

onlywhen v +v, = u_ .

Proof. By definition,v +v, = u, ;,v, >0, v, = | and since vty <v, forall i
,j € {23, ..,(n-1)} thereexistno /,j € {2,3,..,(n-1)} such that
vty =, . By definition, », , = u, ;-v,= 4, ;+ v, JAlsou, , =v,-3,

3eSIfi,je{l,23,. ,(n l)}thenv+\f,<u”I Since v, > u,_,,
v+vj>u,,|fvj>0.lfv<0max{v+v v, <0 veS}—v -4<
v,-3=u, .Hence v +v <u  ifv <0. Hencev+vj—u lsmposmblefor
i,j e{]23...,n}.Foralli,j,'k,I<tj,k$n,

k g {(n-1),(n-3)}, |v,*+v| <| u,|. Hence v,+v,=u, is impossible in this case

J
also. This completes the proof of the lemma. 0
Lemma 2.5. Suppose n isoddand n>7.For 1<i,j,k < n,u+v,= v, holds
only in the cases u,+v, = v, _ and u,+ v, =v,.

Proof. By definition, u, +v, = "',. and u,+ v, =v _ Alsoforig{1,2}ify
is the vertex attached to v, by defimtlon u+v, = u,3 <isn,
1< j,k < n.Supposethat u "'VJ A forsomeotherz,j,k 1<i,j,k<nWe
consider two cases.

Casel. £ iseven.
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Then v, < 0 foreven k #2, {:1=4. Clearly v, E . We consider even
k2,15 k<n.

(1) If i and j areeventhen u, > 0 and y, < 0. By Observation 1 ,
u,+v, > 0.Since v, < 0,,+v, = v, is impossible.

(@ Ifiisevenand j isoddthen u, >0 and A >0 so that utv > 0.
Since v, < 0, u+v,=v, is impossible.

() If i isoddand j iseventhen u <0 and v, <0(j #2 ) so that
u+v, <0. Since | u,+v,| >|v |, 4+, = v, is impossible.

(@ 1If i and j are both odd then », <0, v, >0 and y +v, < 0.By

Observation 1 ,forodd j #n ,u, + V<V, andforodd i #1, u,+v, <w, .
Also forodd i #1,0dd j #n,1<i j<n,itis easy to see that
u+v, <v,_.Since v, =min{v, |reven,1<r< n } it follows that for odd / ,
jandeven k,1<i,j,ksn,uytv, =y, holds only in the case
utv =v .
Case2. k isodd.
Then v, > 0.
(1) If i and j areeventhen u, > 0 and vj<0(j #2), v, =4.Then

+, > 0. By Observation 1, foreven j #(n-1), 1< j < (n-3),
+v, >, forall k,1< &k < n.Foreveni #2, 4< i < (n-5),

v, > v forall k, 1< k < n.ltis easy to verify that for even j #4,
<j<n, u_,+veSandforevenj,4<j<n,u  +veS.Foreven
i#2, foreven j #(n-1), 4<i<(n-5),1<j<(n-3), utv,> v,
for all £k, 1< k < n . It follows that for even i, j and odd &,
1<i,j,k<n, u+v,=v, holdsonly inthe case u,+ v, = v,.

J n-1 - n

(@ If i and j arebothoddthen u, <0, v, > 0 and %,+v, <0. Since
v,>0, utv,=v, is impossible.

(3 Ifiisevenand j isoddthen », >0, v >0 sothat u,+vl>0. Since
wrv,> v, utv,=v, is impossible.

@ Ifiisoddand j iseventhen u <0, v, <0(j#2), v, =4 so that
u+v,<0.Since v, > 0, u+v, = v, is impossible.
This completes the proof of the lemma. a
Lemma 2.6. Suppose n > Tand n isodd. For 1< i, j,k < n, w+v,= u, holds
only in the following cases.

0] u,=u'”+v“_(,”),15r$(n-6)

i u _,=u ,+tv, (i) w, ,=u, +v,
(“,) un-3=uu-l +v2 (V) un-4=un-2+v3

Proof. By definition we have (i), (i) , (iii) , (iv) and (v). Suppose that 4, +v, = u,
holds in cases other than (i) to (v) also. We consider two cases.
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Case 1. £ iseven.
Then u, > 0.

(1) Ifiisoddand j iseventhen u, <0, A <0(j#2),v,=4and
+v,<0.Since u, >0, u+v,= u, is impossible.

(@ If i and j are both odd then u, <0, v,> 0 and since
|, | >v,| we get u,+v, <0. Since u, > 0, u,+v,= u, is impossible.

(3 If i and j areeventhen u, > 0 and v, < 0(j#2), v, =4andsince
lu, | >1v;| weget u,+v,>0. By definition, u, , = u, _,+ v,.Notethatu, , +
v,=u, ,+4 ¢S Also u, , = min {u|reven, I<r <n} Forevenj, 4<
Jj<(n-1),v,<0,|v, | >Iv,|=4.Hence u, ;+v,<u, foreven j, 4<j <

(n-1).Thus u, tv=u, s impossible for even A
4<j<(n-1andeven k, 1<k <n.

Now by definition, u, , = u, , + v, .Foreven j, 2< j <(n-1),
u, tv,<u,_, since u, >0 and v, < 0.Hence u, , +v,=u, is impossible

foreven j, 2< j <(n-1)andfor even k, 1< k< n.
By definition, # = u__,+ v foreven r,2< r < (n-7). Sincev, >

r r+2 n-(r+1 4 .
0, u<u+v,<u,, foralleveni, 2<i<(n-7) and

u, +v,>u, = max{u |ieven, 1< i< n} Henceby Observation I,

u, +v, =u, isimpossible foreven i ,2< i < (n-5) and even & ,
ISk<n.Alsou, ,<u+v,<u, and u,_,<u +v, <u foralleven i, 4
< i< (n-5).SobyObservation 1, u, +v, =u, isimpossible for even i ,2< i
< (n-5)andeven &k ,1< k < n.Notethat u, < u, +v, < u, and forall even
"~ j,4<j<(n-3),u,_,<u+v,<u, . HenceObservation | implies that u, +
v, = U, is impossible foralleven j ,2< j < (#-3), andeven k, 1< k < n.Now
consider u, +v, =u, for even i ,j,k ,4< i < (n-5),
6<j<(m-3),1< k< n.Suppose thatthe vertex y, is attached to the vertex
v, in C, @K, where s iseven, 6< s < (n-3).1f j iseven and
6<j<s<(n-3) then u ,<u+v <u forall even i 4<i<(n-7).Ifj
is evenand (n-3)2,>s 26 then y,, , < u‘+vj<u”“where
U is the vertex attached to Y 6 <i<(n-5).Finally,

u, ,<w+v, _ <u,,forall even i,4< i <(n-5). Henceby Observation I,
u!+vj=u,‘ is possible foreven i, j, k, 1< i, j, k& < n only in the cases (i),
(ii) and (iv).

@ If i isevenand j isodd then u, >0 and v, > 0. By definition,
u, ,=u, ,+v,where u ,>0and v, =-4.
u, ,+v, >max{u|ieven, 1<i<n} Hence u, ;+ v, =u, isimpossible
foreven k,1< k< n.Now u, ;+v, ,>u, .
Also u, . +v ,<min{u|ieven, 1<i<n,i#(n-3)(n-1)}where
v, ,=max{v|jodd, 1<j<(n-2)}.Henceu, ,+v =u, is impossible for

even k andodd j, 1<j, k< n.
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Now, by definition », , = u, , + v, where u, | >0and v, =4,

Also u, , +v, >max {y,]| i even, 1<i<n}.Hence u _, + v, =u, isimpossible
foreven k,1< k < n.

Since v, ,=max {v;| j odd, 1<sj<(n-2)}and u, _, +v, ,<u,for
alleven % e{(n 3,(n-1)}, 1sk<nand u _, +v, z> u, 5,
u _, + v, = u, is impossible for odd j and even k s, J = n,
kK e{(n -3),(n-1)}.Hence u, _ +v, = u, 1s1mpossrb]efor odd j and
even k , 1sj, k< n.

Next we consider u, = max {%,| i even, 1<i<n }.Since v, >0 for odd
Ju, gtv,>uforalleven k, 1sk<n.Henceu,  +v, =u 1sunpossnble
forodd j andeven k, 1<j,k < n.

By definition, u,,,+ v, ,,,,= % for1< k < (n-6). We consider
u, + v, = u, foreven i 2<1$(n 7),evenkandodd_1 1</, k < n.Suppose
thatthe vertex u, is attached to the vertex v, in C, ® X, . Note that s is even and
u, + v, > u, o= max { u | i even, 1< i £ n } for
2< i< (n-7).1f jisodd, andj>(s-l)thenvj>v . Hence
u +v,>u,  foralloddj, (s-D<j<n. Alsoforoddj lSj<(S D, u<
u tv, <ui”,2<zs(n -7).ByObservation 1, u, + v, = u, is impossible for
even 1 ,2€i<(n-7)andodd j ,1sj < n.
Case2. k isodd
Then u, < 0.

(1) If i isevenand j is odd then #, >0, >0 and u, +vj>0

Since u, < 0,4, + v, = u, is impossible.

(@ If i and j are even then also u, + v, > 0 and since u, < 0,
utv, =, is impossible.

() If i and j arebothodd then u <0, v, >0 and u, + v, <0.
u=max { | iodd, 1<i<n}. Since >0 u + v, >u foralloddj,
1< j < n Hence u, + v, = %, 1snmposs1b{eforallj k odd 1<j,k<n
u +v, > u forallodd i, 15 i < n.Hence u, + v, = u, 151mpossiblefor
odd i, k ls i, k < n.Suppose that u, is the vertex attached to v, where i,s
odd.Asmcase](3)1tlseasytoseethat fu | < |u +v <, , | for all odd
i,j,s,p,2<5i<n, 1Sj$(n~2),]$s5n 1<p <(n 4), j# s.
Hence Observation1 implies #, + v, = u, is possible only when i = k+2 and
j=n-(k+1) forodd k.

@ Ifiisoddand; iseventhen u, <0, v, <0 (j#2), v,=4 sothat
u+v,<0.Since v, > 0, u +v,> u, forallodd k,1<k<n. Alsoforodd i,
351<(n 2),u<u+v<u andu , < u+v,<u,  Henceu,+v,= u,
is impossible for odd i and £. Suppose that the vertex u, is attached to the vertex
v, in C, ® K, . It is easy to see that for odd i, &, p, s , even j,

1<i,k,s<sn,4<j<(n-1),1sp<s(n-2) u, <y+tv<uy

Y
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if j < s and u+v,> u, if j> s.Hence u, +v, = u, is impossible for odd
i, k andeven j ,1 < i,j,k < n.This completes the proof of the lemma. (|
Now we prove the following theorem.

Theorem 2.1. The crowns C, ® K, are integral sum graphs for all odd n25.
Proof . It is easy to verify that C; @ K, = G {1,5,6,-5, 11, 18, 34,12, 29,33}
and C, K, = G* {14,5,4,9,-13,22,-35, 35, -44, 23, 49, 19, -50}. For
n>7weclaimthat C, @K, = G* (8) where § ={v,,v,,...,v,, 4, 8,,...,4,} With
the v,’s and #,’s as defined in the beginning of this section. By Lemma 2.1. the
v,’s in S make the path v, v, ... v, an integral sum graph.

Sincev, +v,=u,_, €S ,v,v, isalsoanedge of G' {v,,v,,..,V,, 4, , }.ByLemma
2.3.thereexistsno i,/,k ,1 < i,j,k < n suchthat u, + u, = v,.ByLemma2.2.
there existsno i,j,k ,0< i,j,k < n suchthat u, + u = u, . Hence
u+u ¢ Sforalli,j,1<i,j< n.ByLemma24., v, + v, = u, only in the case
v, +v,=u, , .For 1< i,j,k < n ,Lemma2.5. shows that
u + v =, only in the cases u, +v,=v, , and u, +v,  =v, .Finally by

~

n-1 1

Lemma2.6.,for 1<i,j,k <n, u, + v, = u, holds only in the following cases:

0] u,=u”2+vn_(””,15rs(n-6)
(“) un-l=un-3+v4 (lll) ull-2=ua+vl
(lV) un-3=un-l+v1 (V) ull-4=un-2+v3
This completes the proof of the theorem. O

Now we consider the crowns C, ® K, foreven n24 . First we consider even
n>10. For even n > 10 we denote the consecutive vertices of the cycle in
C,oK, by v,v,..,v, andlet u,u,,.,u, be the vertices attached to

Ves V2 Vs Viuts Vauz Vet Vg3 Vgs Vys Vys Vg 5o ¥, s SUCh that the vertex attached
o v, Is 4, .,

Set v,=L,v,=n,v=n+l,v=-n,v=v, -y, for 5<k<n

U, =vn+vl,u, =u, '4"\",113 EV "V Uy TV, -V

for 0< i< ((n/2)-5)

U TU =V, o 5Ugy; = Usyy “Va2is g

-V

Upizys2™ ¥~V Bapysssr = Yarye2ed "Vaies

for 0si<((n/2)-3).
Let S, ={ v,,v,,..,V,, 4, u,,...,1, } Where the v,’s and u,’s are as defined
above.
The labelling is illustrated in Figure 2
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u=-1103 =692

u=1102 u=-1116

u=-1102 v,,= 681 u=- 680

v, = 421

u,=-1141
u,= 1362

u= 1498

u= 1461 u,=-1203
C,® K,
Figure 2

Observation 2. The vertices v, and u, of S, defined above satisfy

[V < v, = v <Ivl <[vgl < vl <[l <<y, [ <ly[<|v,I<|u,]
<|”3|= |u41< Iu(nll)+1|< |u(n/2)+3|<'"<|un-l|< |us|<|u"|< |u6'
< |u7|<"'<|u(n/2)+||'

Lemma 2.7. Suppose n is evenand n210. Then there existsnoi,j, k ,
1<i,j,k<n suchthat u+u = u, .
Proof. The u,’s in S, satisfy the following inequalities.

max {u+u|u<0,4<0}=wu+u <u forall k,1<k<n.
min{u,+uj|u‘>0,uj>0}= u,tug>u, forall k,1<k<n.
max{u,+u,|u,<0,uj>0,u,+ul>0}= +u <u
forall »,>0.
min {4, +u |4,<0,4>0,u+u<0}=u +u >u,
forall #,<0.

Hence ytu=u, is impossiblefori,lj,k UL i,j,k<n.

u(ulZ) +1

Lemma 2.8. Suppose n is evenand n210. Thenthereexistsnoi,j,k ,

1<i,j,k<sn suchthat u+u =v,.

Proof. Supposethat u,+u, = v, forsome i,j,k,1<i,j,k<n
A J

We consider two cases.
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Case 1. k isodd

Then v,>0.If u,<0and %<0 then ,+u, <0. Since v, >0,utu = v, is
1mposs1ble If u >0 and uj>0then u +uj >v,.Ify <0and uj>0 then exther
u,+u <0 or u+uj>0 If u+uj<0 thensmce v, >0 u+ul—vk is impossible.
lf u+u >0then u,+u =v, implies -g,+a,= w, which is impossible for odd
whereful—a andl = ul<’ kSn

The case ;>0 and u,<01s similar to the above case.

Case 2. k iseven

Then v, <Oforeven k#2and v, =n>0.Clearlyu +u = v,. We consider the case
when k isevenand k#2. lfu>0 and u>0 then u, +u >0and sincev, <0,
utu = v is impossible. If u,<0and u,<0 thensmce | u,+ u |>| s
u,+u, = v, is impossible. If u<0and u>0 then either u+uj >00r
u+u <0.If y+y >0thensmce v, <0, u,+u = v, is impossible. If
u,+u <Othen u +u =v, implies | -q, +a| =w, whlch is impossible. A similar
argument holds 1f u,>0 and u,<0. This completes the proof of the lemma. [1
Lemma 2.9. Supposenzsevenand n210.For1<i,j,k<n,v+v,= u holds
only when v, +v, = u,.

Proof. Bydeﬁmtlon v, +v,=u,, v,<0,v,=1.Since v,+v,> v, +1=u,forall
i,j e{23,., (n-l)}thereex1stsnoz J e{23, . (n- l)}suchthat
vty = u . By definition , u,= u,+ v, = u,- v, .Alsou,= v, - (n-1),
(n 1) eS Ifi,je{l,23,. ,(n l)},v+v >u va<0thensmcev <
0,4, <0, |vJ|>(n 1) weget v +v, < u,. va>0 since

i
mm{v +v v, >0, €S }=v, tv,= u >u sweget v, +v, > u, when

v,> 0. So v+v= 21su’nr,»cosmbleforz1e{123,,n}l'-‘orall
i,j, k, l_.ljk n,kg{1,2},|v,+v,|<|u]|.Hence v,+v, = u
is impossible in this case also. This completes the proof of the lemma. (m}

Lemma 2.10. Suppose n isevenand n210.For1<i,j,k < n ,u+v,= v holds
only in the cases u,+v,= v, and u+vn|—v .

Proof. From the labelling of C @ K, itis easy to see that u, +v, > v, forall
kif 4>0,v>0 andu+vj<v forall kif <0, vj<0 1s1i,j, k<n

Now c0n51der the case when u,and v, are of opposnte signs. Suppose that »,>0
and v,<0 . Then, by deﬁnmon u,+v,=v,__.Exceptinthiscaseit lseasytosee
that u +v, > v, forall kwhen u>Oand v,<0, 14,5, k<n.lIf
u,<0 and v,>0 then by definition, u, + v,., = v, . Exceptin this case it can be
venﬁedthat u,+v, < v, forall k& when y<Oand v,>0,i ¢ {1,2},
1<i,j,k<n.Alsov <u+vy <v, forv>0 1< j <(n 3)and
v, <utv,  <v_ Agam u, +v <v forali’k and v, <u,+v,<v_, for
all j,2 <} <(n-1). ByObservatlon2 both uty,=v, "and u, +v =y, are
impossible. This completes the proof of the lemma. O
Lemma 2.11. Suppose n isevenand n210.For1<i,j, k< n,u+v,= u, holds
only in the following cases :

utv,=u,, utv,=y YUV, = Uy,
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for0<i< ((nf2)-5)

u .
for 0 <i<({(n/i2)-3)

H‘,+V.( . = U,

2i ) S5+i
u

n
+ vl 4° u(nll)+3+l+ vzH-J =u(ull)+ 2+

I+

Unizye 2

" Proof. We consider the set S, from the labeling of C, © X, .
LetS,= UTw U~ UV*U V" where
Ut={uju €8, u>0} ={uy,ug,ug,tty,yth .1}

T={ulu €S, w<O0} ={u Uy U U s Yyayes s By )

VE={w1v, €8, >0} ={v,v,,¥,,V,V,5, Vg 50V, }

Vo={v,|v, €8,v<0}={v,,v,v 5, v, }-

We consider u,+v, when >0 and v,>0. Note that min {4 |u, € U" } =u, and
max { u|u eU*}=u,,,, = max{x|x €S} Since v,>0,
Upnyer TV € S, Forevery >0, u+v, >u_ .. adso u+v &S,
Also u, <u;+v,< ug forall vye ¥*, j #(n-1). Suppose that the vertex

u>0 lsattachedtov<0 lf(s 1)sj<(n- 3)thenu+v >u for all

ni2)+1
vJ>0andhence u+v g §, in this case. Also if ]Sj <és-l)then

U< u+tv < umforall v>0, 55 i £(n/2).Hence u V= U, is impossible

if 4,>0and v,>0.
Nowcons:der u,+v, when u>0and v,<0. In this case u +v,> 0by

Observation 2. By deﬁmtlon u, +v Vo u TV, U=

min {u|u, e U" }. u+v,<u forall v,<0,4< j <(n-2)and hence
uytv ¢ S, mthlscase For 5<i S((n/2 )+ 1), yy+v, < u and hence
u, +v 3 S . Suppose that the vertex u,> 0 is attached to v, "<0.

lf4</<sthen <u+vj<ufor5<zs((n/2 )+ 1)and

u<u;+v <u since v <O If s <j<(n-2)then u+v, lies between two

consecutive terms of U . -Hence if ,>0and v,<0then + v, = u, is possible
only in the cases listed above.

Next consider u, + v, when %, <0and v,> 0. In this case  +v, <0 by
Observation 2. Note that », = max { 4 |u, € U"}.Sincev,>0, u,+v,> u and
y & S, . uy<u,+v, < wu,. By definition, u, + v, = u Since v, >0,

u +vj > u, for v, € V+ ,J € {1,2} and hence utv, ¢ S, . By definition,
utv,  =v,. Alsou‘< u+v, < u, forv e v*, j#(n-1)andso
u,+v, ¢ S, .Ifthe vertex u, is attached to v, then u < u +v, < u, if
s<j=(n-1)and < utv, <y, if1<j<s,((n/2)+3)< i< n.Also

U< U0y, TV < u for v oe vy j ef{l,(n-1)} and

U< U2V, < 4 .Henceu+v, ¢ S if j # s and u+v, = u, ispossible

only in the cases listed above
Finally we consider ,+v, wheny <0and v,<0.u = min { u|u, € U}
=min{ x|x €85, }. Smcev <O u+v,< u and u +vle S, Bydeﬁmtlon,

+v,= u u<u+v<u if v <0,jz{4 n}u<u+v<u

2° J -1

76



U< u,tv, < u for\ge V:,j#n . .u+vy, < u forue U, i=#l

u+v, < uforueU-,ie{l,2,4,(n/2)+2}.
Also u"“}zﬂﬂ u +v4”j Unizys 24) for i=4,((n /12)+2),
0<j=<({(ni2)-3 artye 4e) “Bwraye sei T Vauas < Unraye seg for

0<j<s({(n2)- 3) 0 1<((n/2) ) . Hence , foru<0andvI<0
u,+v, = u, is possible only in the case u, +v,= u,.This completes the proof of

the Lémma. O

Finally we have the theorem.
Theorem 2.2. C,© K, are integral sum graphs for all even n 2 4.
Proof. Since C, K, =G {1,4,5,-4,-10, -3,-9,9},
C, 0K, =G"{1,6,7,-6,13,-19,-33,-24,-40,-18,-32,32 },
C,0K,=G"{1,8,9,-8,17,-25,42,-67,-110,-74,-119,-66 ,-136, 134 - 109, 109 }
we need only consider C_ @ K, for evenn > 10.Forn 2 10 weclaimthatC, © K|
= G*(S,) where S,= {v,, v, ..., V,, U, Uy,...;u, } with v’s and us
as defined earlier. By Lemma2.1, thev;’s in S, make the pathv, v, ... v, an integral
sum graph. Since v, + v, = u, € S, , v,v, is also an edge
G* {v,,,; ..V, 4, }. Our claim follows from lemmas2.7,2.8,2.9,2.10and2.11. This
completes the proof of the theorem. '
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