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A mimeomatroid is a matroid union of a matroid with itself. We develop
several properties of mimeomatroids, including a generalization of Rado’s the-
orem, and prove a weakened version of a matroid conjecture by Rota{2].
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1. INTRODUCTION

A mimeomatroid is constructed by taking the matroid union of a matroid
with itself. This simple operation can be used to find a generalization of
Rado’s theorem - to address the question of when a family of subsets of a
matroid has multiple transversals, each independent in the matroid. It can
also partially confirm a matroid conjecture of Rotaf2] concerning whether
the elements of n bases By, Bs,... B, of a rank-n matroid can always be
repartitioned into other bases Bi, B3, ... , By, so that | B; N Bj| =1 for all
i,5.

We begin by recalling several key notions involving matroid union and
matroid duality, an intersection theorem of Edmonds, and Rado’s theorem.
For more background on these topics, see [3, 6].

Let M; and M, be matroids on ground set £ having independent sets
I and L, respectively. Then I = {I; Ul : I, € L, I; € I} is the set of
independent sets of a matroid on E, M; \/ M,. Furthermore, for X C E,
the rank of X in M; \V Mz is min{|X \ Y| +r (Y) +r:(Y):Y C X}.

We now recall two classical theorems of matroid theory.

* Portions of this work comprise part of the author’s PhD thesis written under the
direction of Richard Brualdi at the University of Wisconsin at Madison.
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THEOREM 1.1 (Whitney[7]). Let M be a matroid with ground set E.
Let B* = {E\ B : B is a basis of M}. These are the bases of a matroid
M*(E,B*), called the dual matroid to M. Let r* denote the rank function
of M*. Then, for all subsets X of the ground set E, r*(X) = |X|-r(E) +
r(E - X).

THEOREM 1.2 (Edmonds[1]). Let My end M, be matroids with a com-
mon ground set E, and rank functions ry and ro respectively. Then there
is a k-element subset of E that is independent in both M, and M, if and
only if, for all subsets X of E, r1(X)+r2(E - X) > k.

Let (A4; : j € J) be a family of subsets of a set E. We recall that a
transversal of this family is defined to be a set of |J| distinct elements
{e1,e2,... ¢4} C E with e; € A; for each j € J. We now recall Rado’s
classical theorem on transversals.

THEOREM 1.3 (Rado[5]). Let (4; :j € J) be a family of subsets of a
set E. Let M be a matroid on E having rank functionr. Then (A;:j € J)
has a transversal that is independent in M if and only if, for all K C J,

(U 45) 2 IK].
JjEK

In the following section we define mimeomatroids and derive some of
their properties. This includes a generalization of Rado’s theorem and
several relationships between the rank functions of mimeomatroids of dif-
ferent multiplicities. In the final section we use those properties to confirm
a weaker version of a conjecture of Rota[2).

2. MIMEOMATROIDS

Let M be a matroid, and let d € Z2'. Consider the matroid union

d
V M;, where M; = M for 1 < i < d. We call this matroid a mimeomatroid

i=1

d d
of multiplicity d, with rank function r4(), and abbreviate \/ M; as \/M.
i=1
Observe that if d; > ds, then 74,(X) > rq4,(X) for any X C E.
The rank functions of mimeomatroids of various multiplicities are related

by the following theorem.
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THEOREM 2.1. Let M be a matroid with ground set E, and let X C E.
Leta>b>c>d>1. Then =) < nXtre(X)  rall),

Proof. Let ILUI2U.--UI° C X, INURRU.-.UIE C X, I}UI20---UIE C
X, ILUI2U- - -UI% C X each be maximal and independent disjoint unions of
independent sets in M. Rearrange superscripts if necessary to have |I1| >
|I2| > -+ > |I2] for & = a,b,c,d. We have rq(X) = [ILUI2U---UI| <
[EOI20- UL+ (a—d)| 18] < ra(X)+(a—d)| 18| < ra(X)+(a—d) 2] =
2r4(X). Similarly, we have 74(X) < $r5(X), 7a(X) < 2re(X), rp(X) <
£ra(X), and re(X) < §r4(X). Combining these inequalities, we get ¢+
$)ra(X) < mo(X) + 7e(X) < (4 + §)ra(X), from which the theorem fol-
lows. |

This result is in some sense best possible, since for the matroid Up,,, we
have 0 = 2=(X) — ""(X,),i"(x) = '—"%&- for any X CE.

a C p—s
The following are several natural corollaries of Theorem 2.1.

COROLLARY 2.1. Let M be a matroid on ground set E, and let X C E.
Then for a mimeomatroid of any multiplicity d, we must have dr(X) >
ra(X) 2 r(X).

COROLLARY 2.2. Let M be a matroid on ground set E, and let X C E

d
be independent in \/ M for some d. Then for any 1 < i < d, we must have
ri(X) +ra-i(X) > |X]|.

The following is a generalization of Rado’s Theorem (1.3) to mimeoma-
troids; Rado’s Theorem corresponds to d = 1.

THEOREM 2.2. Let (A; : j € J) be a family of subsets of a set E. Let
M be a matroid on E. Let d € Z2. Then, (A; : j € J) has d transversals

L d
{€} : e} € A;,1 <i < d,j € J} independent in the mimeomatroid VM if
and only if, for all K C J,ra( U A;) 2 d|K|.

€K

Proof. First, we assume that (4; : j € J) has d transversals {e} : €} €

d
Aj,1<i<d,j € J}independent in VM. Let K C J. Set X ={e}:1<
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i<d,j€ K}. By construction, we have X C |J 4; and X is independent
JjEK

in VM Hence, we must have rd( U 4j) 2 ra(X) 2 | X| = d|K|.
Now, we assume that for all K C J rd( U Aj;) > d|K|. For convenience,

set D = {1,2,...,d}. Consider the famﬂy of subsets (A‘ i€ D,jeJ),
with A; = Aj.

If we take any K’ C D x J, then we must have ra( U A4}) > |K'|.

(i.j)ex’

This is because we can set X C J minimal so that XK' C D x K, and get
ra( U A} =ra( U 4;) 2 dIK| 2 |K'|.

(i,j)eK’ jeK

d

We now observe that \/M is a matroid on E with rank function r4, that

(A’ i € D,j € J) is a family of subsets of E, and that for all K’ C D x J,

wehavers( |J A%) > |K'|. By Theorem 1.3, there must be a transversal
(hj)eK’

of (A} : i € D,j € J) that is independent in VM . This transversal
is also d transversals of (4; : j € J), from which the theorem follows. |

Observe that the {e} : e} € A;,1 < ¢ < d,j € J} provided by the
theorem can be partltloned into d sets, each independent in M, whose
union is d transversals of (4; : j € J). This condition is weaker than
having d transversals, each independent in M.

3. APPLICATION

Let M be a matroid of rank n on ground set E. Suppose By, B, ... ,B,
are pairwise nonintersecting bases of M. Rota conjectured in [2] that there
always exists an n X n matrix A, whose jth column consists of the elements
of Bj, ordered in such a way that the rows of A are bases as well.

We now confirm a weaker version of this conjecture, namely that there
always exists an n X n matrix A whose jth column consists of the elements
of B;, and that the first d rows are a disjoint union of d bases, for each
1 € d < n. An entirely different approach to this problem using jump
systems can be found in [4].

THEOREM 3.1. Let M be a matroid of rank n on ground set E. Let
B,, B,,... , B, be pairwise nonintersecting bases of M. There ezists an
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n X n matriz A whose jth column consists of the elements of B; and with

d
the first d rows a basis of \/ M, for each 1 < d < n.

Proof. We proceed by induction down from n. The base caseofd=n

is trivial. We now assume as given S C E, a basis of V M with |[SN
Bjl=d+1for1 <j<n SetJ—{lZ ..,n}. Let KX C J. By
Theorem 2.1 we haverd( U B;nS) > a+1"'¢+1( U B;nS) = a+1| U B;n

S| = #Z;|K|(d+1) = d|K| By Theorem 1.3, we must therefore have d
transversals {ef : e} € BjN 5,1 <i < d,j € J} that are mdependent in

d
VM. If we set T = |J ¢}, then |T| = dn and hence T is a basis of VM i

REFERENCES

1. J. Edmonds. Submodular functions, matroids and certain polyhedra. In Combina-
torial Structures and Their Applications. Gordon and Breach, New York, 1970.

2. Rosa Huang and Gian-Carlo Rota. On the relations of various conjectures on Latin
squares and straightening coefficients. Discrete Math., 128:225-236, 1994.

3. James G. Oxley. Matroid Theory. Oxford University Press, New York, 1992.
4. Vadim Ponomarenko. Reduction of jump systems (under review). 2000.

5. R. Rado. A theorem on independence relations. Quart. J. Math. Ozford, 13:83-89,
1942,

6. D. J. A. Welsh. Matroid Theory. Academic Press, San Diego, CA, 1976.

7. H. Whitney. On the abstract properties of linear dependence. Amer. J. Math.,
57:509-533, 1935.

107



