Isomorphic Path Decompositions of Crowns
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ABSTRACT. For positive integers k < n. the crown (', ; is the
graph with vertex set {ay,a2,...,8,, 002, ... by} and edge
set, {a;b: 1 <i<n j=14,i+1,. 1+/s—] (mod n)}. In
this paper we give a necessary and sufﬁ( jent (A)lldltl()h for the
existence of P decotnposition of Cp k.

1 Introduction

For positive integers & < 2, the erown C), ¢ is the graph with vertex set
{0],()2,....().,,,1)1 ba,... by} and edge set {a;ib;: 1 < i <n, j =40+
1....,i4+ k-1 (modn)}. Let K, be a complete grapht on n vertices and
Cr, acycle with k& vertices. A parh of Jength | is denoted by Py, If the edges
of a graph ¢ can be decomsposed into subgraphs isotiorphic to a graph H,
then we say that ¢ has an H-decomposition.

Decomposition of graphs continues to be a popular topic of rescarch
(see Bosdk’s book on the topic[l] for an overviewj. In particnlar K
decompositions and Cy decompositions of K, have attracted counsiderable
attention. Decompositions of various graphs into paths have also attracted
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a fair share of interest. In 1977, S. H. Y. Hung and N. S. Mendelsoln [2]
found a necessary and sufficient condition of balanced path decomposition
of complete multigraphs. In 1983, M. Tarsi [6] gave a necessary and suf-
ficient condition for the existence of path decomposition (nonbalance) of
complete multigraphs. In 1985, M. Truszczyniski 7] presented a necessary
and sufficient condition for the existence of path decomposition of complete
bipartite symmetric multidigraphs and some necessary and/or sufficient
conditions of path decomposition of complete bipartite multigraphs. Edge
decompositions of crowns have been investigated for isomorphic stars(d],
isomorphic cyeles(5] and isomorphic complete bipartite graphs(3).

In this paper we deal with the isomorphic path decomposition of crowns,
and obtain the following.

Theorem. The crown Cpy has a P, decomposition if and only if the
following conditions are satisficd:

A nk=0 (mod!).

2 ifk=n=2,
B. 1<{2n-3 ifkiscven and n >3,
k if k is odd.

2 Main Result

We need the following lemmas for our discussion.

Lemma 1 Suppose that a graph G can be decomposed into t nontrivial
paths and that G contains v vertices with odd degrees. Then v < 2t,

Proof. Supposc that G is decomposed into noutrivial paths Q1, Qa, ..., Q.
Since cach vertex of G with odd degree mmst be an end vertex of at least
one @Q; (1 <4 <t), the result follows. a

For our discussion we need the following definitions and notations. A
g — v walk of length r in a graph G is a sequence of vertices of the forin
10,1, ..., where v;_yv; € E(G) for i = 1,2,...,r; this walk is denoted
by wovy ... ¢ A treil is a walk in which all edges are distinct. Suppose
Q: mmaxz... 2y is a trail in a graph. Then the trail T: 220 7000 2
(1 £k <5< n)is called a subtrail of Q. A trail is closed if its starting
vertex and ending vertex are the same. An Eulerian trail of a graph G
is a closed trail containing all edges of G. For vertices ap,20,..., 24,
We USe < 04 >£=, to mean the walk 2y2o. .. 24, and < 2y > the
trivial walk x1. Suppose Wy xyxe ..oy aud Wa: y1ys ... ys are walks. If
xpin is an edge, we nse WiWa to denote the walk myza . oapyyye ..oy If
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= yp, We us(‘ W1+ Ws to denote the walk 2129 ... 2499p3 . . . ys. For walks
Wy, Wa,..., W, in a graph, W) + Wa + --- + W, is similarly defined. For
an infteger f and a walk W: m2o...25 in thc crown Cp g, we nse W 41
to denote the walk ®14¢724¢ ... Ts44; here and in the sequel, the subscripts
of vertices of Cy x are taken modulo n. Suppose G is a subgraph of C,, x
and H is a subgraph of G such that the edges of G can be decomposed
into subgraphs H,H + 1, H + 2,..., H + j for some integer j. Then H is
called a base graph of this decomposition. The girth g(T) of a trail T in a
graph G is the least number of edges between two appearances of the same
vertex along T. For example, let T be the trail aybzasbsa,bsasboaghs in
Cs.5. Then g(T) = 4.

Lemma 2 Let 4 < k < n, and k is an even integer. Then Cp . contains
an Eulerian trail with girth 2n — 4

Proof. For i = 2,4,...,k, let C; denote the Hamiltonian cycle < a;
bit(i-1) >7_1 < ay > of Cp, Lo, Ciis the trail ajbiagh;y1a3bira. .. a,
biy(n—1ya1. Then Co+Cy+- - -+Cy is an Eulerian trail of Cn k. Wesce that
Ci + Ciya is the trail < ajbiyi- >'7 < ibigay(j—1) > L < a >, e,
C; + Ci4o is the trail a, 1);(1.21),'+1(I,31),'+.2 (L,J)H,(n 1)(]]()14_0(12()14_303()14,4
Anbitasrn—1)@1. There are 2n edges between two appearances of aj (5 =
1,2,...,n), 2n — 4 cdges between two appearances of b; for j =i+ 2,i+
3,i+4,...,i+n—1, and 4n — 4 edges between two appearances of b; for
j=141+41 Thus g(Ci + Ciy2) =2n — 4. ]

The edges of Cy, & are labeled as follows. Each edge can be assumed to
be azb; with 1 <4< n, i < j <i+k—1 We refer to this edge as an
s-cdge where s = j — 4.

Lemma 3 Let I, k,n be positive integers such that n,l are even, k 1s odd,
and 4 <14+ 3 <k <n. Let G be a spanning subgraph of Cp mth E(G) =
{aibj: i is odd, j=1i, i+2 (modn)}U {a;ib;: i=1,2,....n, j=
i+l+1,i+142,...,i+k—1 (modn)}. Then G contains an Eulerian
trail with girth k — 1.

Proof. Let D be the trail < bg;_qa9i—1 > 21 < b > i.c., D is the trail
bhiaybzaz ... by 1(1,, 101, Fori= l +3,1+5,14+7,...,k, let D,; be the trail
< bjan_iy(i+2) > , < by >, i, D;isthe path D1y _ir3b20y_ipabza, _ ,_,_a
py_ipaby. Sm( ¢ cach D; (ontams all edges with labels 2 — 1 and 4 —
D + D + Dgo + -+ + Djy3 is an Eulerian trail of G. To detenmine 11,.s
girth, we first d(‘tonuiu(‘ that of D + Dy. It is casy to sce that D + Dy is
the trail < boj—ja9;— >1_1< bitn _ky(i+2) >7 L <b >, ie, D+ Dy is
the trail biaibzaz ... by_100_1010n_k43boa,_ k+4b3an_k+5 .. .I)n(l.n_k+2b1.
There are n edges between two appearances of by, and more than n edges
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between two appearances of b; for i = 3,5,...,n — 1. There are & — 1
edges between two appearances of a,,_g44, and more than & =1 cdges be-
tween two appearances of e; for i € {1,3,...,n— 1} — {n — k+4}. Thus
9(D + Di) = k — 1. By a similar argument. in the proof of Lemina 2, we
have g(.D;c + Dk_z) = g(Dk_g -+ Dk_4) == g(D[+1 + DI+3) =2n — 4.
Since k—1<2n -4, we have g(D+ Dy + Dy_o+---+ Dyy3) =k —1. O

Now we prove the main theorem.

Proof of Theorem.(Necessity) Condition A is trivial. Now we prove
Condition B. The case k = n = 2 is trivial. Consider the case that k is
even and n > 3. Since P has [ + 1 vertices, and C, x has 2n vertices,
we have 1+ 1 < 2n, ie, 1 € 2n— 1. Suppose | = 2n — 1. Then, by
Condition A, nk =0 (mod 2n — 1), which inplies £ =0 (mod 2n - 1)
since ged(2n — 1,n) = 1. This is impossible since & < n. This contradiction
exclndes I = 2n — 1. Suppose I = 2n — 2. Then nk =0 (mmod 2n — 2),
which implies £ =0 (mod n — 1) since ged(n — 1,n) = 1. Then k=n -1
since k < n. But then, n(n — 1) =0 (mod 2n — 2), which implies n = 0
(mod 2). Then k = n—1is odd. This contradiction asscrts that [ < 2n — 3.
Now cousider the case that & is odd. Since all the 2n vertices in C,, 4
has odd degree, and there arce “Tk paths in the decomposition, we have, by
Lemma 1, 2n < 2# Thus I < k.

(Sufficiency) The case n < 3 is trivial. Suppose n > 4.

Case 1. k is even.
For k = 2,Cy is in fact a cycle; the result is obvious. Now k& > 4. By

Lemma 2, Cy, i contains an Eulerian trail E with girth 2n — 4. We consider
the following three cases.

Case 1.1. 1 < 2n — 5.

From the starting vertex we cut the Eulerian trail E into subtrails with /
edges. These subtrails are all paths since I < g(E). Thus Cp, 4 have a P,
decomposition.

Case 1.2. | = 2n — 4.

As in Case 1.1, from the starting vertex we cut the Eulerian trail E into
subtrails with ! edges. Again these subtrails are paths. This follows from
the following facts: g(F) = 2n—4, and the only vertices with the munber of
edges between two appearances of the same vertex along E equal to 2n — 4
arc in {b1,be,...,b,}, and each subtrail which we have has end vertices in
{a1,a2,...,a,}. Thus Cp x have a P -decomposition.

Case 1.5. | =2n - 3.

Since ged(2n —3,mn) =1 or 3, we consider two cases as follows.
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Case 1.3.1. ged(2n - 3,n) = 1.

Since nk =0 (mod ), =2n-3, we have nk =0 (mod 2n — 3). Thus
k=0 (mmod 2n — 3); this is impossible since n > k, 4.

Case 1.3.2. ged(2n — 3,n) = 3.

Since n =0 (mod 3), n > 4, we write n. = 3t where 1 is an integer > 2.
From nk = 0 (mod I), we obtain k£ = 0 (mod 2¢ — 1), which implies
2(2t — 1) < k since k is even. Thus 2(2¢ — 1) < k < n = 3¢, which implies
t < 2. Hence ¢ = 2, which implies ¥ =n = 6, I = 9. Now we exhibit a
Py — decomposition of Cgg. The decomposition consists of the following
paths: ajbongbzazbsasbsasbs, a1byazbsasbaasbsaghs, asbgazbyasbaaghszar by,
(]'21)50'11)6”'4(’30'5’)10'62)4'

Case 2. k is odd.
Case 2.1. | is odd.

Let Gy which consists of all the edges with labels 0,1,...,1 =1 be the
spauning subgraph of Cp . And let Go = Cy . — E(G1). From the facts
that Gy is isomorphic to C,, gy, n(k — 1) =0 (mod 1), k — L is even, and
I <k <n<2n-3, wesee, by Case 1, that Ga has a B decomposition. For
the decomposition of G, let @ be the base path < a;byy._; >£§, e, Qis
the path aybjasby_yazbi_s . .. arL b[%]. We can see that @ is a path of length
I, and cousists of edges with labels in order of I —1,1-2,...,1,0. It is casy
to sce that Gy can be decomposed into paths Q,Q+1,Q+2,...,Q+(n—1).
Thus G; has a P, decomposition. From the B decomposition of Gy and
that of G3, we obtain the P decomposition of Cy, 4.

Case 2.8. | is cven.

Let H be a spanning subgraph of Cyp with E(H) = {ab;: 1 < i < n,
tisodd, j=i+1,i43,i44,4+5,...,i+1 ‘(mod n)} U {a;b;: 1 <i <
n, iiseven, j=1d,44+1,i+2,...,44+1 (mod n)}. We first give a P, —
decomposition of H. we consider two cases as follows.

Case 2.2.1. =0 (mod 4).

N~

Let @ be the path < aibipo—i >2, < aLyn >, i.e., Qisthe path a by aslas
1
—1”§+3“§1’§+2”’§+2’ and R, < b3 > <aj1bgai >, < 0Ly

bl—l ¥
1)%_,_2 >, i?(s., R is the path bzashypaasbip1a4by .. -”’é-lb§+5"'—§1’-;-+4”‘-;-+1”§+2'
It is not hard to see that both @ and R arc paths of length £, where Q con-
sists of edges with the following labels in order of £, 1-1, 1-2,..., 4, 3, 2, 0,
and R, in order of 1, I, 1 =1, 1 =2,..., 5, 4, 3, 1. Then H cau he
decomnposed into the following paths: Q,Q +2,Q +4,...,Q + (n — 2),
R,R+2,R+4,...,and R+ (n—2). Thus H has a P, decomposition.
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Case 2.2.2. 1 =2 (mod 4).

Let @ be the path < aibyga; >2, < aéléﬂmﬂ >, i.e, @ is the path

arbipr0obiagbi-y .. .ap_abyigas by g0y bypr0gpy, and R, < by >< aiq

I3

biss—i 2 < agyibyy, >, ie, Ris the path byasbisagbieiasb ...
g 1bpysaihyg0r,be o It is not hard to see that both Q@ and It
arc paths of lengih I, where @Q consists of edges with the following la-
bels in order of 1,1 — 1,1 —-2,..., 6, 5, 4, 3, 1, 0, and R, in order
of 2,1 - 1,1 -2...., 65, 4, 3, 1. Then H cau be decomposed into
Q,Q+2,Q+4,...,Q+(n-2), RR+2,R+4,..., and R+ (n - 2).
Thus H has a P- decomposition.

Finally, we show that C,  has a P decomposition by giving a Py
decomposition of Cy  — E{H). Let G = Cy . — E(H). Suppose I = k — 1.
Since nk = 0 (mod I}, I < k, we have n = sl for some integer s > 2.
Clearly B(G) = {aib;: 1 <i<n, iisodd, j=14,i+2, (mmodn)}. Thus
the edges of G form a cycle of leugth n, and hencee, can be decomposed
into s paths with I edges. Suppose I < k — 3. Then G which is defined in
Lemma 3 is exactly the spanning subgraph of Cp . Since nk =0 (imod 1)
and H has a P-decomposition, , then |E(G)] = 0 (mod !). By Lemma
3. G has a P, decomposition, since g(G) = k - 1 > [. This completes Case
2.2, and Casce 2. O

The following corollary follows immediately from the nain theorem.

Corollary 4 K, , has a P decomposition if and only if the following con-
ditions are satisfied:

A n?2=0 (iod ).

2 if n=2
B. 1< { 2n -3 4 n>4 and even |
n if n is odd. ]
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