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1 Introduction

Let a, b, p, q are arbitrary integers. The generalized sequences

Wy, = Wy(a, b;p,q) are defined by
Wp =pWn-1+qWn_a, (n22)
Wo=4a, Wi=0b
If  and B, assumed distinct, are the roots of
M -pr—g=0,

i.e.,

«

_p+Vp?+4q and ﬁ_p—\/p2+4q
- 2 - 2 ’

we have the Binet form
_ Aa™ — Bp"

Wn a_ﬁ ]
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in which A = b— af and B = b — aa (see [1]).
Special cases of {W,} which interest us are
o the Fibonacci sequence {Fr}: p=1,¢=1,a=0,b=1;
o the Lucas sequence {L,}: p=1,g=1,a=2,b=1;
o the Pell sequence {Pp}: p=2,¢g=1,a=0,b=1;
e the Pell-Lucas sequence {Qn}: p=2,9g=1,a=2,b=2.

Recently, Chengheng Zhang obtain some identities on F,, L,,
P, and Qn. The purpose of this note is to generalize these results.
Furthermore, we give some convergent conditions on those kinds of

identities.

2 The Main Results

We also denote

a® _ﬁn
Un =Wa(0,1;p,q) = Ry Va = Wa(2,p;p,q) = o™ + 8" (3)

Lemma

= a+ (bUpy — aUpi1)z
n __ m
2 Wt = e T ymgna? @

Proof. Noting (2) and (3) we have

o0
Z Winnz™

n=0
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— Ao™ —Bg™ 1 A B
= ,% a-£ a: _a—ﬁ{l—am:c_l—ﬁmx}
_ 1 b—apB b—-aa
T oa-p {l—amm B 1—,3’":1:}

1 (b—aB)(1-8"z)—(b—aa)(l -a™z)
a-8 1 —(a™ + ™)z + (af)™2?)

1 a(a—pg)+ [b(a™ = ™) —a(e™! — gmH)]z
a-f 1 - Vnz + (-1)mgmz?
a+ (bUm — aUpq1)T
1 = Vpz + (-1)mgmz?’

Proposition.

SFHL — Vb + (-1)mg™’

k=0
. In( 4
where § > Aa™, i.e,, m < —nh(ﬁl

Proof. In equation (4), putting z = -olr, we get

Z ka a6 + (bUm - aUm+1)6
T T2 Vb + (—1)mgm

And dividing both sides of the equation by d, we have

2T T Vb + (D)™

Theorem 1.

Fm
kz_% 5k+1 T 82— Lypd+ (-1)™’ (©)

where ¢ > (%)m, ie, m<Ind/In (ktzﬁ)

Proof. Theorem 1 follows by takingp=1, g=1,a=0,b=1

in Proposition.
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Corollary 1.
2 k=0 %r = pry—, where § > 1%5;
kw0 {E.ﬁﬁ' = ;;r:é—aﬁ, where 6 > 31@@;

Eiiogﬁ"r = s7—25—, where § > 2+ V/5;
where § > 7—"'-32-3@

Lkeo R 'JT'7'6+"1 J

Corollary 2. We have

R
k+1 - 89’ k+1 ’
pard 10 o 10 71
— Fji — Fy _ 3
Z 10%+1 —’ et 10F+1 ~ 31°

But when m > 5, Zk=0 mﬁ‘_ﬂf does not converge.

Theorem 2.

20 — Ly,
kz_o FH = 2 _Lod + (—1)™’ (7)

where § > (-U'g@)m, i.e,m<Iné/In (k?@)

Proof. Theorem 2 follows by takingp=1,¢=1,a=2, b=1

in Proposition.

Corollary 3.

Zk..o —[&T 1———, where § > —M
L 20-3 3+v5.
Yo 7% = 255, Where 6 > -—'%C,
L
Srro 7 = 52, where § > 2+ V/5;
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L 20—
EECJ:O F+ m, where § > Ji

Corollary 4. We have

_ Loy 17
Z 10k+1 = _’ SUMFZo ey 105+ — 77
i Ly _ 16 f: Ly _ 13

10k+1 9’ P 10k+1 — 31°

But when m > 5, 322, ﬁ,ﬂ-’fy does not converge.

Corollary 5. Y 7o, ﬁ'ﬁz and > 22, %’ﬂi—; converge when m =
1,2,3,...,9. But Z,;“;ol—(‘;—ggﬁ? and 223__0%&45- do not converge
when m > 10.

Similarly, we have

Theorem 3.

Pr,
kz:_o 5k+1 — Qm(S + (_l)m ! (8)

where § > (1+v2)™, i.e, m <Iné/In (1 + v2).

Proof. Theorem 3 follows by takingp =2, ¢g=1,a=0, b=1
in Proposition. |
Theorem 4.

Qmr _ 2(0 + Pn — Pny1)
25k+l;_ — Qmd + (—1 +)lm’ (9)

k=0

where § > (1+v2)", i.e, m <Iné/In (1 + v2).

Proof. Theorem 4 follows by takingp=2,g=1,a=2, b=2

in Proposition.
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Corollary 6. We have

S Lmem
- 1ok+1 9 A10M T 4r

_ Q2 _ 14
Z 10k+1 - _’ Z 105+ ~ 41
But when m > 3, 322, mﬁ*ff and Y 72, %E‘fr do not converge.

Corollary 7. Y 32, ﬁf;ﬁ? and ) po, &i‘-ﬁ- converge when m =
1,2,3,4,5. But Y 72, f{ﬁf_—; and ) 22, %;’f—.;":; do not converge when
m > 6.
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