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Abstract

Let G be a graph and d,d’ be positive integers, d' > d. An m-
(d,d')-circular distance two labeling is a function f from V(G) to
{0,1,2,---,m —1} such that |f(u) = f(v)|m > d if u and v are adja-
cent; and |f(u)— f(v)|m > d if u and v are distance two apart, where
||m := min{|z|,m — |2]}. The minimum m such that there exists an
m-~(d, d')-circular labeling for G is called the 04 4--number of G and
denoted by 04,4 (G). The 04,4-numbers for trees can be obtained
by a first-fit algorithm. In this article, we completely determine the
04,1-numbers for cycles. In addition, we show connections between
generalized circular distance labeling and circular chromatic number.
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1 Introduction

For a graph G, the distance between any two vertices u and v is denoted
by de(u,v). Given G and positive integers d, d’ with d > d', an L(d,d')-
labeling (distance two labeling) of G is a function f : V(G) = {0,1,2,---}
such that |f(u)—f(v)] > d if uv € E(G); and |f(u)—f(v)| > d' if dg(u,v) =
2. The span of f is defined as min,, yev (g) |f (4)— f(v)|. The minimum span
of an L(d, d')-labeling for G is denoted by Ag,a'(G). The L(d,d')-labelings,
for different values of d and d’, have been studied by several authors in the
past decade. (See [1, 2, 3, 4, 8, 10, 12].)

The circular distance two labeling is a variation of L(d, d')-labeling by
using a different measurement. Given G and positive integers d and d’ with
d > d', an m~(d,d').— labeling is a function, f : V(GY -+ {0,1,2,---,m~1},
such that |f(u) — f(¥)lm > d if wv € E(G), and |f(u) — f(0)lm 2= d' if
dg(u,v) = 2, where |z|m := min{|z|,m — |z|}. For any graph G and any
d > d', the 04,4 -number of G, 04,4(G), is the minimum m such that there
exists an m-(d, d').-labeling for G.

In Section 2, we give exact values of g4,a-number for trees and 4q,1-
number for cycles. Georges and Mauro [3] proved that Aad,aa:(G) = aA4,ar(G)
holds for any graph G and any positive integers , d, d’ with d > d’. The re-
sults for cycles shown in this article indicate that a similar result of Georges
and Mauro does not hold for circular distance two labelings. That is, there
exist graphs such that 0,4 64/ (G) # 604,4(G) for some positive integer a.

In Section 3, we investigate close relations between generalized circular
distance labeling and circular chromatic number.

2 The o-number for trees and cycles

In this section, we give the exact values of the o4,q-numbers for trees for
all d > d’, and 04,1-numbers for cycles.

Theorem 2.1 Let T be a tree with mazimum degree A. Then for any
d>d, oaa(T)=2d+ (A -1)d.

Proof. Observe that for any star G = K5, 04,¢(G) = 2d + (n — 1)d'.
Therefore, o4.4(T) > 2d + (A — 1)d’, since T' contains a Kja. So it
suffices to find a (2d + (A — 1)d')-(d, d')c-labeling for T. This can be done
by a first-fit algorithm. First, fix a root of T' of degree A, label it by 0
and its neighbors by d,d + d',d + 2d’,---,d + (A — 1)d’; then label the
neighbors of these labeled vertices one by one using the labels from the set
{0,1,2,---,2d+ (A — 1)d’ — 1}; and continue this process until all vertices
are labeled. At each step, if a vertex v is labeled by z, then there are
exactly A labels, {z+d,z +d+d',z+d+2d,-- s, x+d+(A—1)d'} (mod
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2d+ (A —1)d’), that can be used by the neighbors of v, including the father
of v. Thus, this process produces a valid (2d + (A — 1)d')-(d, d’)c-labelmg
for T. Q

Theorem 2.2 Foranyd > d', 04,4/(Ca) 2 2d+d’. Moreover, 04,4/(Cn) =
2d+d' if and only ifn=0 (mod 24tL), where r = ged (2d + &, d).

Proof. Observe that Od.a (Cn) 2 2d + d', since Od,q (Kl,z) = 2d+d'.
Suppose 04,4/(Cn) = 2d + d’ and let f be a (2d + d')-(d, d').-labeling for
Ch. For any vertex v of C,, suppose f(v) =z forsome 0 < z < 2d+d’' -1,
then there are exact two values, 2 —d, z +d (mod 2d +d’ — 1), that can
be assigned to the two neighbors of z. Let the vertices of Ch, in clockwise
order, be v1,va,--*,v,. Without loss of generality, assume f(v;) = 0 and
f(v2) = d. Then for every i > 3, the value of f(v;4,) is fixed, f(vs41) =
(f(v:) + d) mod (2d + d’). Because f(vn) must be d + &', f is well-defined
ifand only if n =0 (mod 24t4’), where r = ged (24 +d',d).  QE.D.

Corollary 2.3 Supposed > d', then oraka(Cn) = koa,er(Cn) = k(2d+d’)
ifn=0 (mod 34tL), where r = ged(2d + d', d).
It is known [7] and not hard to observe the following inequalities:
Aar(C) +1$044(6) S Aaw(G) +d, foranygraph G.  (¥)

To derive the values of 04,1(Cy), we first quote the result of Georges
and Mauro [3] on A4,1(Cy).

Theorem 2.4 (/3]) Let Cp, be a cycle, then

d+2, n=0 (mod 4);
A4,1(Cn)={ d+3, n=2 (mod4);
2d, n=1 (mod?2).

Combining (*) with Theorems 2.2 and 2.4. we have

2d+2, n=0 (mod 4);
2d+1<041(Cp)<{ 2d+3, n=2 (mod 4);
3d, n=1 (mod2).

Theorem 2.5 Let C, be a cycle and let d > 2. Then

2d+1, n=0(mod2d+1);

ca1(Ca) = 2d + 2, n is even, and n £ 0 (mod 2d + 1);

An) =Y 2442, nisodd, n>2d, andn#0 (mod 2d + 1);
2d+[$], n=2k+1,d<n<2d, andn #0 (mod 2d +1).
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Proof. Because ged (2d + 1,d) = 1, by Theorem 2.2, 04,1(Ca) 2 2d + 1,
and 041(Cn) =2d+1ifand only ifn =0 (mod 24 + 1). This proves the
first line in the formula.

For the next two lines in the formula, it suffices to find a (2d + 2)-
(d,1)c-labeling for Cy,. Let V(Cy) = {v1, 02, ,Un} in clockwise order. It
is enough to find n integers z where z € {d,d+1,d+2},i=1,2,---,n
such that:

(1) 21 + 72+ - + zn i a multiple of (2d + 2), and

(2) if z + zj = 2d + 2 then i and j are not circular consecutive.

Then a mapping f defined by f(v1) = z1 and f(vi41) = f(v:) + 21
(mod 2d + 2) for 1 < i < n—1, will satisfy what we are looking for.

Now we claim the following cases:

Case Inisevenandn #0 (mod 2d+1). Let n = 2k. The integers z;,
§=1,2,---2k of the following order will satisfy (1) and (2) in the above.

d, d d--,d d+1,d+2,d+2,--, d+2, d+1.
(k—1) terms (k—l)vterms

Case2nisodd,n=2k+1,n>2n>2d and n #0 (mod 2d + 1).
By considering the parity of d, we separate this case into two subcases:

Sub case 2.1diseven. Letd=2mandz=k—-m 2> 1.

Ifz = 1 and z > 2, define the numbers z;, i = 1,2,- - - n, respectively,
by the following:

d+1,d,d+1,4d,d,d,---, d;
e Y
(n — 3) terms

d+1, d,d,d,---,d, d+1,d+2,d+2,---, d+2.
N et ~ ~ d
(n—z — 1) terms (z — 1) terms
It is easy to verify that each of the sets of numbers z;, ¢ = 1,2,---,n, in
the above satisfy (1) and (2).
Sub case 2.2 d isodd. Let d=2m+1. Then k> 2m. Letz=k—m >
m>1. Sox>2. :
If z = 2 and z > 3, define the numbers z, i = 1,2, - n, respectively,
by the following:
d+1,d,d+1,d, d, d,---, d, d+1, d;
[Nt S S 4
(n — 5) terms
d+1, d, d, dy---, d, d+1,d+2,d+2,---,d+2,d+1,d.
e ) ¢ o >
(n -2z —2) terms (z — 2) terms
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It is easy to verify that each of the sets of numbers z, i = 1,2,--+,n, in
the above satisfy (1) and (2).

Q@jnmodd n=2k+1,d<n <2d and n # 0 (mod 2d + 1).
Let [£] = q. Suppose 04,1(Car+1) =1 < 2d+ ¢ — 1. Let f be an I-(d,1).-
labelmg for Cgz41. Let the vertices of Cgx41, in clockwise order, be vy, a1,
ag, +-* @k, by, bi—1,:--,b1. Without loss of generality, let f(vo) = 0. By
definition of circular la.beling, we have

If(a1) — fo)t <1—2d<q—1 (since I <2d+g—1)
= |f(a2) = f(ba)li £ 2(g—1)
= |f(as) = f(ba)lt <3(¢—1)
= eeecenens
= |f(er) — For)i < k(g—1) <d.

(The above inequalities follow from the fact that for any vertex v, if f(v) =

z then the labels of the two neighbors of v must be within the range from
z—dto z+d, ie., [z —d,z +d];, here we view the labels {0,1,2,+--,1 -1}
in clockwise order modular [, for instance [2 4]; = {2,3,4} and [4 1)g =
{4,5,0,1}. The last mequahty is true since [£] = ¢.) This contradicts the
fact that a; and by are adjacent.

To complete the proof, it is enough to find a (2d+ g)-(d, 1).-labeling for
Cak+1- Now we let the vertices of Cl,, in clockwise order, be vy, v2,* **, V241
and let d = zk + r for some z and 1 < r < k. Then ¢ = = + 1. Define the
coloring by f(v1) = 0; and

Flvis) = fw)+d+1, if1<i<2(k—r)—1andiisodd;

+1 flv) +d, otherwise.

(The above coloring function is taken under modular (2d + ¢).) Then
f(vor41) = d+ g, and f is a (2d + ¢)~(d, 1)-labeling for C,. Q.E.D.

The result above has also been proved, lately and independently, by Wu
and Yeh {13].

3 Generalized Circular Distance Labeling and
Its Relations to Circular Chromatic Num-
ber

The circular distance two labeling is a special case of circular distance p
labeling, p > 1, introduced and stuched by ven den Heuvel at el {7]. Given
agrathandxntegersd1>d2 - 2 dp > 1, an m-labeling f of G,
f: V(@ - {0,1,2,---,m — 1}, satlsﬁes the constraints (dy,ds,--*,dp) if
|f (1) —f()|m > di, for alli € {1,2,---,p} and dg(u,v) = i. The min.imum
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m of such a labeling for G is denoted by o(G;di,dz,---,dp); and for the
case dy = dp = - - - dp, it is denoted by o(G; (d1)P)-

The o-number of a graph G is closely related to the circular chromatic
number of G. Let a and b be positive integers such that a > 2b. An (a,b)-
coloring of a graph G = (V, E) is a mapping c from V to {0, 1,--+,a—1} such
that |c(z) —c(y)]s > b for any edge zy in G. The circular chromatic number
xc(G) of G is the infimum of a/b for which there exists an (a,b)-coloring
of G. The circular chromatic number is also known as the star-chromatic
number in the literature [11].

Theorem 8.1 For any graph G and positive integer d, 0(G; d) = [dxc(G)].

Proof. By definition, x.(G) < ﬂ%ﬂ. Since o(Gj;d) is an integer, we have
a(G;d) 2 [dx(G)].

Let x(G) = p/a, ged(p,q) = 1, and m = [pd/q]. To complete the
proof, it suffices to find an m-labeling f, f : V(G) = {0,1,2,---,m — 1}
such that |f(u)— f(v)|m > d for all uv € E(G). This is equivalent to finding
an (m, d)—coloring for G. Since xc(G) = p/q, there is a (p, q)-coloring for
G, implying the existence of an (m, d)—coloring for G. Q.E.D.

Given a graph G and a positive integer k, the k-th power of G, de-
noted by G¥, is defined by V(G*) = V(G) and uv € E(G*) if and only if
de(u,v) < k. It is easy to see that o(G; (d)*) = 6(G*;d), so we have:

Corollary 8.2 For any graph G and positive integers k and d, o(G; (d)%) =
[dx<(G*)1.

It is known [9] that x.(C¥) = Tog]» thus we have:

Corollary 8.8 For any positive integers n > 3, k and d, ¢(Cn; (d)*) =
(Gl
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