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Abstract
In this paper the notions of c-Motzkin and d-Motzkin words are
introduced, studied and the cardinal numbers of their sets are evaluated.
Finally bijections between the sets of the introduced Motzkin words and
certain sets of noncrossing partitions are exhibited.

1. Introduction

This work deals with certain types of Motzkin words. Most of the work of
[8] for Dyck words is here extended to Motzkin words.

A word w is called Motzkin if the word wp obtained by deleting every letter
except two given letters a, o from w is a Dyck word. In the literature most
common are the Motzkin words containing three different letters [1], [7], though
there is some work concerning Motzkin words with four different letters [11].

Throughout this paper, for a nonempty set T we denote by T* the set of all
the words with letters in T. In sections 1 and 2, Motzkin words in {a, @, v}* are
considered, whereas Motzkin words in {0, @, v, p}* are studied in section 3.

A Motzkin path (So,51,...,S) of length n is a path of NXN where sp=(0,0),
s,=(n,0) and every edge (s;si+1), 0<i<n-1, is elementary North-East (i.e. s;i=(x,y),
sisi=(x+1,y+1)) or elementary South-East (i.e. s;=(x,y), si.1=(x+1,y-1)) or ele-
mentary East (i.e. s;i=(x,y), si.i=(x+1,y)) [1].

It is well known that the Motzkin paths of length n are coded by the Motzkin
words w=w W...w, so that every elementary North-East (resp. South-East)
edge corresponds to the letter wi=a (resp. wi=a ) and every elementary East
edge corresponds to the letter wi=v.

It is also known (for instance see [1]) that the number of Motzkin words w

with |w|=n and |wp}=2m is equal to

1 n+l
n+l{m+],mn-2m )

Let w=w,w,...w, be a Motzkin word of {a, @, v}* and wp the Dyck
word obtained by deleting the letter v from w. Two indices i,je [n]={1,2,...,n}
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are called conjugates, with respect to w, if i,j are conjugates with respect to wp
[8], i.e., jis the smallest number in [i+1,|w]] for which the subword w;w;,...w;
is a Motzkin word.

If S={{i,j}: i<j and i,j conjugates}, we have the following proposition.

Proposition 1.1 For any Motzkin word w, the set of the intervals S ={fiji: {ij}
€ S} is nested.

Proof. Given two distinct intervals [iy,j;] and [i,j2]€ S we show that either these

are disjoint or the one is contained in the other. Indeed if [irjil, [izj2]€ Swe
assume without loss of the generality that i;<iy<j;. Clearly since the words

Wi ..wj and wi,..wj, are Motzkin words, it follows easily that the word

Wi, W j is also a Motzkin word. Thus by the minimality of j, it follows that j,

< ji and [iz,j2]Clirjil.

A partition 7=B,/By/.../B,, of [n] is called noncrossing if there do not exist
four numbers a<b<c<d such that a,c € B; and b,d € B; and i#j.

The set of all noncrossing partitions of [n] ordered by refinement, is a lattice
and was first studied in [6], [9], and later by a number of authors (for instance
see [2], [3], [4], [5] and [10]).

It is well known that the number of all noncrossing partitions of [n] is equal
to C,, the Catalan number, while the number of all noncrossing partitions of [n]
which contain k-blocks is equal to the number of Narayana

el

In section 2 the c-Motzkin words are introduced and it is shown how they
are generated by a context-free grammar. Further, a result similar to the
decompositon of Dyck words [8] is shown for c-Motzkin words and it is used
to show that the number of all c-Motzkin words w of length n with |w|=n and
[wp|=2m equals to

1 n}yn—-m-1
| n—-m+1|m m-1 )

Finally a bijection between the set of all c-Motzkin words w with [wl=n and
|wp|=2m, and the set of all noncrossing partitions = of [n] with m blocks and
without singletons is constructed.

In section 3 the d-Motzkin words are introduced and it is shown that the
number of all d-Motzkin words we {a, @, v, pu}* of length n with |wl, + |[w|,=k
is equal to the Narayana number.
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2. c-Motzkin words

A Motzkin word we {a, @, v}* is called c-Morzkin word if U[i, jl=[n]
{i,j)eS
i.e. every p € [n] with z,=v lies between two conjugate indices.
For example the word w=a vvav @ @ @ @ o v @ is a c-Motzkin word
with S={{1,7},{4,6}.{8,9}.{10,12}}.
It is easy to prove the following result.
Proposition 2.1 The language M of c-Motzkin words is generated by the
context-free grammar
M=N*,
N=a (v+M)* a -

The c-Motzkin words are generated more quickly by the language L which
contains the elementary words: w=ov'@, réN. This is obtained by con-
catenation or insertion.

So, for the previous example we have
avva
avvav

a
avvova

oa

I RIRI

avvavo G a0 ova.

A c-Motzkin word that is not a product of two nonempty c-Motzkin words is
called prime. It is clear that the c-Motzkin prime words are these that the only
intersection of their corresponding Motzkin paths with the x-axis are the initial
and final points of the paths.

It is evident that a c-Motzkin word w=w;w,...w, is prime iff 1,n are
conjugates with respect to w.

The following result extends proposition 1.1 of [8] for Dyck words to c-
Motzkin words. The proof is similar and it is omitted.

Proposition 2.2 Every c-Motzkin word is uniquely decomposed into a product of
c-Motzkin prime words.

The c-Motzkin words which decompose into k c-Motzkin prime words
(components) are those whose corresponding Motzkin paths meet the x-axis at
exactly k-1 points apart from the points (0,0) and (n,0).

2m-k-1
d(m,k):ﬁ(m ]
m m-1

In [8] it is proved that
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where d(m,k) is the number of all Dyck words of length 2m which are
decomposed into k Dyck primes.

This result will be used for the evaluation of the cardinal number of the set
of c-Motzkin words.

Proposition 2.3 The number of all c-Motzkin words w with |w|=n and |wp|=2m

is equal to
Ji nYn-m-1
n-m+1{m m-1 )

Proof. Let M be the set of all c-Motzkin words w with lwl=n and |wp|=2m. For
each ke[m] we denote by M the set of all ue M which decompose into k
components. For each element weM the corresponding Dyck word wp is
selected in d(m,k) ways. The word w is constructed from wp, by inserting the n-
2m v's of w in 2m-k intervals. Thus the number of c-Motzkin words of M
which we obtain from a given w is equal to the number of combinations with
repetitions of 2m-k by n-2m i.e., to

[2m-k] (Zm -k+n- 2m—1) [n -k- l)

n—2m n-2m n-2m

It follows that
n—-k-1 k(2m-k-1\{n—-k-1
IMkI=d(mrk) = —
n-2m m m-—1 n-2m }
Further, using the identities

n n D im-m+k+1) (n
o) emmef 2w 2T

easily obtained from [12], we have
m m
k({2m-k-1}n-k-1
M My|=) —
| |=§| k| ;m( m-1 )(n-Zm)

_ (n-m-1)! &, (n-k-1
_m!(n—2m)!zk( m-k )

_ (n-m-1)! n-m+k-1
m'(n 2m)'z( ( )

112



(e B )

k=1

Om-m+k-1 1< n-m+k-1
n o (A Y Gt

Lk=0 k=1

|

Yammmn

=

|

3

|
—
J

(m-m-1) &(n-m+k-1) n-mTHn-(m-1+k-1
Lo B
(S (e ( )

\ m-1 j\m m
=’n—m—l\ (n n! ]

\ m-1 m m (m Di(n—-m+1)!

1 n-m-1
n-m+l\mj m-1)

The number of c-Motzkin words w with |w|=n and |wp|=2m, counts also the
noncrossing partitions of [n] with m-blocks and without singletons (see [eDn.

The aim of the following result is to exhibit a bijection between these
two combinatorial objects.

Proposition 2.4 There exists a bijection between the set of all c-Motzkin words
w with |w|=n and |wp|=2m and the set of all noncrossing partitions  of [n]
with m blocks and without singletons such that the restriction of won
each block is a word of L.

Proof. Given a c-Motzkin word w=w;W5...W, with |wp|=2m and Ie S we set

B=Nu{Je § : I}

Let ni(w)={B;: Ie § }. Clearly, [x(w)|=S}= l”zﬂ =m and |By|22 for each I€ §.

By proposition 1.1 it follows easily that Bin\B; =&, whenever I#J. Further
we have that [n}=U{B;: I€ § }. Indeed if pe[n) we set L=n{Ie §: peI}. Then
e Sand pe]J for each J in § with Icl,. Thls shows that pe B, and [n]=U{B:
Ie § }. Thus the family n(w) is a partition of [n).

Further, given i#j i,je B, and 1, meB; with i<l<j<m we obtain easily that
1,je INJ. It follows by proposition 1.1 that either ICJ or JCI. If IS (resp. JCD),

since leI (resp. jeJ) we obtain that I€B; (resp. j&€B;) which is a contradiction.
Thus the partition n(w) is noncrossing.
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Finally, we show that the restriction of w on each B; is a word of L.
For this it is enough to show that wi=a ,w;=0 where i=minB, and j=maxBy,
and w=v for every te By with i<t<j.

Indeed if I=[i,j] we have wi=0, w;=0 , i=minB; and j=maxB; . Further if
te B; with i<t<j we show that wga and w, #@ . Indeed if w, =a (resp. w; =0) let
Je S such that t=min) (resp. t=maxJ). Then by proposition 1.1 follows that
JCL. Thus tg B; which is a contradiction. Thus w=v and the restriction of w
on B; is a word of L.

Conversely, given a noncrossing partition n on [n] with m blocks and
without singletons we construct a c-Motzkin word w with [w|=n, |wp|=2m and
(W)=1.

Indeed if i€ [n] and B is the (unique) block of & which contains i, we set

a, if i=minB
w;=4a if i=maxB
v if minB <i< maxB.

Let w=w;W;...W,. Then |w|=n and |wp|=2m. Moreover we consider the sets
A, A and the function f:A— A defined by A={i€[n]: wi=a}, A =(je[n]): w=1 }
and f(i)=j iff i,j belong to the same block of =.

It is clear that f is a bijection so that

- Wl=lARI A =W

Further we can easily check that A N[i]Jcf(AN[i]) for each i€ [n].

Thus,

[Wiwa...wile=|AN]I=IfANDER] A Nlill= [wiws...wilg
for each ie[n].

This shows that w is a Motzkin word. Moreover we can easily check

A N[i,f@)=f(AN[i,f(i)]), for eachi€ A and
A N[ijlcf(AN[ij]), for each i€ A and i<j<f(i).
So, we have
| WiWis1- WGy =l AN L EDTH AN GLEDH Wiwis - Weq) fa
and
| WiWigp--Wj Iu=| Anli,jl IZl A ﬁ[l,f(j)] l=| WiWi+l---Wj |a .

This shows that f(i) is the smallest number of [i+1, |w|] such that the subword
W{W,...Wg;) is a Motzkin word, i.e. f(i) is the conjugate of i for each i€ A.

In other words two positive integers i€A and j€ A are conjugates iff i,j
belong to the same block of . Finally, since we can easily check that [n}=uS$
we deduce that w is a c-Motzkin word.

It remains to show that 7=n(w). Indeed, there exists a 1-1 correspondence
between 7 and Ssuch that every Bex it corresponds to I=[ijle S, where
i=minB and j=maxB. Since = is a noncrossing partition it is easy to check that
B=Bi. Thus, =m(w).
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3. d-Motzkin words

A Motzkin word we {a, @, v, u}* is called d-Motzkin if the word wy
obtained by deleting the letter p from w is a c-Motzkin word.

Proposition 3.1 The number of all d-Motzkin words w with |w|=n and
[Wla+|W|,=k is equal to the Narayana number

)

Proof. We first find the number of all d-Motzkin words w with |w|,=A, where
A=0,1,....k-1. Clearly since |wy|=n-A and [wnm},=k-A from proposition 2.3 follows
that the c-Motzkin word wy is selected in

1 n-AYn-k-1
n-k+I1lk-AAk-A-1
ways.

Every such word w is generated by the corresponding c-Motzkin word wy by

letting the p’ s in n-A+1 intervals. Thus the number of all d-Motzkin words w
that are obtained by a certain c-Motzkin word is equal to the number of all
combinations with repetitions of n-A+1 by A, i.e.

G

Thus the number of all d-Motzkin words w with |w},=A is equal to

1 n-LA)n-k-1)n ~ 1 nYk)Yn-k-1
n-k+Ilk-A k-A=-1{r) n-k+I{k\A\k-1-1)
So, using a well known identity we obtain the number of all d-
Motzkin words:

e I et I B A

Given a d-Motzkin word w=w;w;...w, we may modify the method

described in proposition 2.4 for the construction of a noncrossing partition & of
[n] with m blocks. This is done by adding to the non-crossing partition
generated by wy the singleton blocks {i}, where i€[n] with w;=p. This suggests
the following result.
Proposition 3.2 There exists a bijection between the set of all d-Motzkin words
w with |wl=n and |w|.+|w|,=k and the set of all noncrossing partitions = of [n]
with k blocks such that the restriction of w on each non-singleton block in mis a
word of L.

To illustrate the above proposition we conclude with an example of a d-
Motzkin word w and the corresponding non-crossing partition 7.
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Letw=ppapvav o po paepvy o vp @ pthen §={I,,,,15,1;} where
1,={3,5,6,7,8,10}, 1,={6,7,8}, 1;={12,13,15,16,18,20} and L={13,15,16,17}.
It follows that 7t = 1/2/3 5 10/4/6 7 8/9/11/12/8 20/13 15 16 17/14/19/21.
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