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Abstract

In this paper we construct many Hadamard matrices of order 44
and we use a new efficient algorithm to investigate the lower bound
of inequivalent Hadamard matrices of order 44. Using four (1,-1)
circulant matrices of order 11 in the Goethals - Seidel array we ob-
tain many new Hadamard matrices of order 44 and we show that
there are at least 6018 inequivalent Hadamard matrices for this or-
der. Moreover, we use a known method to investigate the existence
of double even self-dual codes [88, 44, d] over GF(2) constructed from
these Hadamard matrices.
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1 Introduction

A Hadamard matrix of order n is an nxn (1, —1)-matrix satisfying HHT =
nl,. A Hadamard matrix is normalized if all entries in its first row and
column are equal to 1. Two Hadamard matrices are equivalent if one can
be transformed into the other by a series of row or column permutations
and negations. It is well known that if n is the order of a Hadamard matrix,
then n is necessarily 1,2 or a multiple of 4.

The discussion of Hadamard equivalence is quite difficult, principally
because of the lack of a good canonical form. The exact results which
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have been discovered are as follows : Hadamard matrices of orders less
than 16 are unique up to equivalence. There are precisely five equivalence
classes of order 16, and three equivalence classes of order 20, see (7, 8).
There are precisely 60 equivalence classes of order 24, see [9, 11]. There are
precisely 487 equivalence classes of order 28, see [12, 13]. The classification
of Hadamard matrices of orders n > 32 is still remains an open and difficult
problem since an algorithmic approach of an exhaustive search is an NP
hard problem. In particular for n = 32, Lin, Wallis and Lie [15] found 66104
inequivalent Hadamard matrices of order 32. Extensive results appear in
[16] and [17]. Thus the lower bound for inequivalent Hadamard matrices of
order 32 is 66104.

There are at least 1036 inequivalent Hadamard matrices of order 36. In
fact this number is obtained as follows: Seberry’s home page (“http://www.
uow.edu.au/~jennie”) gives 192 inequivalent Hadamard matrices of order
36. These are supplied by E. Spence (180 matrices) see [19], Z. Janko, (1
matrix of Bush-type) see [10] and V. D. Tonchev (11 matrices) see [20].
Using an efficient algorithm and the Magma software, Georgiou and Kouk-
ouvinos [5] found that 172 of their transposes, are inequivalent to these.
They also in [5] improved further this bound to 1036 by constructing 672
new Hadamard matrices of order 36.

Lam, Lam and Tonchev [14] showed that the lower bound for inequiva-
lent Hadamard matrices of order 40 is 3.66 x 101,

Recently Topalova [21] classified the Hadamard matrices of order 44
with an automorphism of order 7, and found 384 inequivalent Hadamard
matrices of this order. In this paper using an efficient algorithm and the
Magma software [1] we found that 6 of their transposes, are inequivalent
to these. Two more Hadamard matrices were given in Sloane's web page
“http://www.research.att.com/~njas/hadamard/” (one is the Williamson
type Hadamard matrix and the other is the Paley type Hadamard matrix
first given in [18]). In this paper we show that the transposes of these
two matrices are inequivalent to all known Hadamard matrices of order 44.
Moreover, we further improve this lower bound to 6018 by constructing
5624 new Hadamard matrices.

Before we give a brief description of our algorithm we need the fol-
lowing notations and definitions. Let A = {A4; : A; = {a;1,aj2,...,ajn},
J=1,...,€}, be a set of £ sequences of length n. The non-periodic auto-
correlation function N4(s) of the above sequences is defined as

€ n—s

Na(s) = Z Z ajitji+s, $=0,1,..,n—1. (1)

i=1li=1

If Aj(z) =aj1 +ajpz+...+ ajnz""! is the associated polynomial of the
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sequence A;, then

& n n ¢ n-—1
ARAET) =)D ajiapz T = Na(0) + Y Y Na(s)(z* +279).
j=li=1k=1 j=1s=1

(2)
Given A, as above, of length n the periodic autocorrelation function P4 (s)
is defined, reducing ¢ + s modulo n, as

Pa(s) =

2

QjiQj its, § = 0, 1, ey B — 1. (3)

{4
= 1

n

(2

—

For the results of this paper generally PAF is sufficient. However NPAF
sequences imply PAF sequences exist.
The following theorem which uses four circulant matrices is very useful in
our construction for Hadamard matrices.

Theorem 1 [3, Theorem {.49] or [6]. Suppose there exist four circulant
matrices A, B, C, D of order n satisfying

AAT + BBT +.¢CT + DDT =nlI,
Let R be the back diagonal matriz. Then

A BR CR DR
-BR A DTR —-CTR
—-CR -DTR A BTR
-DR CTR -BTR A

GS =

is a Hadamard matriz of order 4n.

Corollary 1 If there are four sequences A, B, C, D of length n with entries
from {£1} with zero periodic or non-periodic autocorrelation function, then
these sequences can be used as the first rows of circulant matrices which can
be used in the Goethals-Seidel array to form a Hadamard matriz of order
4n. 0

In this paper we use a simple algorithm to find four (1, —1) sequences
A,B,C,D of length 11, which have zero PAF, i.e. P4(s)+ Pg(s)+ Pc(s) +
Pp(s) =0, s =1,2,3,4, and are given in Table 1. From these sequences
we can construct the corresponding circulant matrices A, B,C, D of order
11, which are used in theorem 1, for the construction of new inequivalent
Hadamard matrices of order 44. The inequivalence of the Hadamard ma-
trices was checked by the aim of an algorithm, which is given in section 2,
and by the help of the Magma software [1].
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2 The algorithm

The following algorithm was first given in [4]. In the same paper the authors
prove that this algorithm can be used as necessary and sufficient criterion to
check equivalence of Hadamard matrices. This algorithm has been already
used in [5] to investigate the inequivalent Hadamard matrices of order 36.

The Hamming distance distribution (W(z)) and the symmetric Ham-
ming distance distribution (SW(z)), of a projection of a Hadamard matrix
of order n in k columns, is defined to be

Wi(z) = ap +ayz! +... + arz® and
(k-1)/2 .
Z (ai + ax_;)x', when k is odd

SWi(z) = (k_izc)’/g
K
z

(@i + ax_i)xt + ayT?, when k is even
i=0
respectively, where a,,, is the number describing how many pairs of rows of
the projection have distance m.

Example 1 Consider the projections for Kk = 3 and n = 8. A Hadamard
matrix of order 8 is

1 1 1 1 1 1 1
1 1 -1 1 -1 -1 -1
1 -1 -1 -1 1 1 -1
1 -1 1 -1 -1 -1 1
-1 1 1 -1 1 -1 -1
-1 1 -1 -1 -1 1 1
-1 -1 1 1 -1 1 -1
-1 -1 -1 1 1 -1 1

bt b b b ek et et

Since k = 3 the projections are all possible 3-sets of columns. We will
just illustrate with the sets of columns 2, 3, 4 and 2, 3, 5.

1 1 1 and 1 1 1

1 1 -1 1 1 1
1 -1 -1 1 -1 -1
1 -1 1 1 -1 -1
-1 1 1 -1 1 -1
-1 1 -1 -1 1 -1
-1 -1 1 -1 -1 1
-1 -1 -1 -1 -1 1

We now consider the distance between all pairs of rows of these 8 x 3
matrices. The first set has distance 3 (4 times), 2 (12 times) and 1 (12
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times) so its Hamming distance distribution and its symmetric Hamming
distance distribution is

Wi(z) = 0+ 12z 4 1222 + 423, SWi(z) =4+ 242

respectively, while the second set has 0 (4 times) and 2 (24 times) so its
Hamming distance distribution and its symmetric Hamming distance dis-
tribution is

Wa(z) = 4 + 2422, SWa(z) =4 + 24z

respectively. a

The Hamming distance distribution Wy(z) is invariant only to permu-
tations of columns or rows, or negations of columns while the symmetric
Hamming distance distribution SWy(z) is invariant to permutations and
negations of both rows and columns.

Lemma 1 Two equivalent projections have the same symmetric Hamming
distance distribution.

Lemma 2 All projections of two Hadamard matrices Hy, Hy of order n in
k = 1,2 columns are the same (actually these give only one inequivalent
projection) even thought the Hadamard matrices are inequivalent.

Lemma 3 Let H be a Hadamard matriz of order n. Any two rows of
the Hadamard matriz have Hamming distance distribution and symmetric
Hamming distance distribution Wy(z) = SWy(z) = z*/2.

Definition 1 Let H be a Hadamard matrix of order n and Pi a set of
k columns of H. We define the complementary projection of P to be the
set of the columns of H which are not contained in Pi. Obviously the
complementary projection of P consist of n — k columns.

Remark 1 Let H;, H, be two Hadamard matrices of order n. Suppose
r = {ri,re,...,7x} and p = {p1,p2,...,Px} be two rows of a projection
of H and ¢ = {q1,92,-..,9x} and s = {s1,39,...,8;} be two rows of
a projection of Hy. Then SW(zx) of rows r,p is equal to SW(z) of rows
g, s if and only if the symmetric Hamming distance distribution of the
corresponding rows of their complementary projections is equal.

Example 2 The complementary projections of the projections given in
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example 1 are

1 1 1 1 1 1 1 1 1 1
1 1 -1 -1 -1 1 -1 -1 -1 -1
1 -1 1 1 -1 1 -1 1 1 -1
1 -1 =1 -1 1 1 1 -1 -1 1
1 -1 1 -1 -1 %™ 5 1 1 1 .
1 -1 -1 1 1 1 -1 -1 1 1
1 1 -1 1 -1 1 1 -1 1 -1
1 1 1 -1 1 1 -1 1 -1 1

with symmetric Hamming distance distribution SWs_3(z) = SWis(z) =
4 + 24z.

From Lemmas 1, 2 and 3 it is obvious that:

Corollary 2 All projections of two Hadamard matrices Hy, Hy of order n
ink =1,2 and k = n columns have the same symmetric Hamming distance
distribution.

Using Remark 1 and the above lemmas we can conclude:

Corollary 3 Let Hy, H; be two Hadamard matrices of order n. We need
only to check the symmetric Hamming distance distribution of projections
for k = 3,4,...,n/2 because if these have the same symmetric Hamming
distance distribution, then the corresponding complementary projections will
have the same symmetric Hamming distance distribution as well.

The Symmetric Hamming distance distribution algorithm:
(i) Set k=3.

(ii) Find all projections for each Hadamard matrix of a given order n
and k columns by taking all possible & columns of the entire n x n
Hadamard matrix. These are () projections in total.

(iii) In the projections found in step (ii) calculate the symmetric Ham-
ming distance distributions for any two rows of the projection. These
are () symmetric Hamming distance distributions and save different
symmetric Hamming distance distributions and how many times each
of them appear.

(iv) Check if the set of all different symmetric Hamming distance dis-
tributions of the first Hadamard matrix is the same with the set of
all different symmetric Hamming distance distribution of the second
Hadamard matrix.
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(v) If the answer in step (iv) is false, then stop and say that these two
Hadamard matrices are inequivalent, otherwise increase k by 1.

(vi) If now k < n/2 then go to step (ii) and continue, otherwise stop and
say that this algorithm can not decide for the equivalence of these
Hadamard matrices.

This algorithm can perform a fast search and provide partial results in
all cases of Hadamard matrices. In the case of Hadamard matrices of order
44 the lower bound is & > 6. But to obtain some partial results faster,
smaller values of k are possible.

We tested the algorithm in the already known 384 Hadamard matrices
given by Topalova [21]. The results are as follows:

e For k = 3 we obtain only one different Hamming distance distribution
and thus we can distinct only one from the 384 inequivalent matrices.

o For k = 4 we obtain 289 different Hamming distance distributions
and thus we can distinct only 289 from the 384 inequivalent matrices.

e Finally for k = 5 we obtain 384 different Hamming distance distribu-
tions and thus we can distinct all the 384 inequivalent matrices.

As we can see even for a k which is less than the theoretical lower
bound, this algorithm can give us some results. If we are only interesting in
finding few inequivalent Hadamard matrices, from a large set of Hadamard
matrices, this algorithm seems to be quite fast but when we wish to obtain
all the inequivalent Hadamard matrices, from a large set of Hadamard
matrices, this algorithm fails.

Since we are interesting in improving the lower bound of the known
Hadamard matrices of order 44, we use a combination of this algorithm
and the Magma software to obtain the results given in the next section.
We totally searched 5000000 Hadamard matrices constructed from four
circulant matrices in the Goethals-Seidel array as indicated by corollary 1.

3 The new results

To save space, in this section we present 1000 of the 5624 new Hadamard
matrices of order 44, we have found. In Table 1 we give the first row of
the corresponding circulant (1, —1) matrices of order 11, in Hexadecimal
(Hex) form, which can be used in the Goethals-Seidel array to obtain the
1000 of the 6018 new inequivalent Hadamard matrices of order 44. All 6018
inequivalent Hadamard matrices of order 44 are available on request.

In the next table we present the results of all four sequences in Hex
form. To convert to (1,-1) sequences we transform each digit from Hex
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form into four digits in binary form. Thus we obtain a binary sequence E
{e1,ea,...,e44} of 44 binary digits. Then we replace 0 by —1 and set A

{ely vy ell}1 B = {3121 s 1822}a C = {8237 .. 1633}7 D = {8341 crey 844}.
These are four (1,-1) sequences of lenght 11 with zero PAF and can be used
in Theorem 1 to obtain the desirable Hadamard matrices of order 44.

3FA7239A005
4D0OEOG5FGA
771ABC69189
C41A0BEA197
3EEGA27434F
TCFCAET7434F
047F527434F
107D4E7434F
F1786B3B3AF
F47CA73B3AF
7D4E20C826D
7797C8C826D
471068C826D
7115F0C826D
GAOE3CC826D
GFC42DEGBAE
4CO8FSEGSBAE
640SEDEGSAE
4D191FACBD?7
590F903ACBD7
74049FACBD7
E4E3B7TACBD7
D36DC3ACBD7
D97837ACBD7
88BE754D503
E9D8214D503
8F8677D66FA
7E85CFD6GFA
5D1983DG6FA
5CO5CFD66FA
740337DGGFA
0E41AE25130
139E5225130
B1E1AE25130
C23D8A8242C
C433A28242C
F1D46E8242C
G61123112E17
76C11DA0456
7796CDA0456
6498F5A0456
5300CDA0456
GFAS7CD1907
282BE4D1907
0BSSECD1907
5$207471DC26
ESE6AF1DC26
D6E2771DC26
7B61D622839
6FA25E22839
243C5622839
4823A022839
095B4622839
4E97D14C3BE
4D02F54C3BE
AGFD094C3BE
5115848CB81
57DEDB203334
7ACOAE03334
$29D8E03334
SG07AE03334
GAUCF603334
F3C5D48CBS81
F75AC08CBS81
DOBsE60C17B
F236BA0UC17B
AB23A60C17B

Table 1: First rows of circulant matrices of order 11 (in Hex form).

SEC38065FGA
59100CG65F6A
77150069189
3EESFTEA197
3EFEAG7434F
7CFA9E7434F
047F2A7434F
5A0F133B3AF
F1794F3B3AF
A0786B3B3AF
7DSEE0C826D
7B9054C826D
471054C826D
711580C826D
6A0E20C826D
7ECGFS5SEGSAE
4COSEDE6GSAE
640165EGS8AE
4D1C1BACBD7
G6CO3B7ACBD7
74036FACBD7
ESEE4BACBD7
D36C1FACBD?
F16727ACBD7
88B1814D503
E9D7CD4D503
5F85CFD6GFA
7EB337D66FA
5D133FD66FA
5C0337DGGFA
7402CFD66FA
1AS0EE25130
1381AE25130
96F70E25130
C2322E8242C
E3C3768242C
F1D62E8242C
6BDCCDAO0456
76D8F5A0456
7B9921A0456
648239A0456
65199DA0456
GFAOD4D1907
48257CD1907
0B5420D1907
5806AF1DC26
ESES4F1DC26
DAE2771DC26
7B615E228390
7DBD2222839
243C2A 22839
4822DE22839
0944BA22839
4E9A094C3BE
4D01754C3BE
B2E2F54C3BE
5114F08CB81
57DEGA03334
7D4D7A03334
5307D603334
5606BE03334
GAOCA203334
F3C2B48CBS1
F2BD220C17B
D0B4320C17B
B82B5ENC17B
AB822DEOC17B

6F47F865FGA
590FFO065FGA
8COB43EA197
3EESA3EA197
3EES7E7434F
TCFAB827434F
106AC27434F
SAOE1F3B3AF
8161AF3B3AF
AO6F2B3B3AF
779A9CC828D
7B80D4C826D
470FA8C826D
71183CC826D
GFCGFSEGBAE
7EC685E6GBAE
4CO0165EGBAE
640135EGBAE
59113FACBD7
6CO03A7ACBD7
E4EE93ACBD7
ESEDSFACBD7
D9701FACBD7
F166DBACBD7
A22C114D503
88DE754D503
5F8337DG6OFA
7E82CFDGGFA
6602F 7DGGFA
5CO02CFD66FA
7B4F1225130
1A4F12258130
8DFG1A25130
96EF1225130
C431768242C
E3C2EEB242C
F1D13A8242C
6BDO0G5A0456
7ADCCDAO0456
7B9B39A0456
471191A0456
G51831A0456
7DB418D1907
4820D4D1907
4A11771DC26
58084F1DC26
E9F3571DC26
DAFB171DC26
GFA3B622839
7DA25E22839
243A8E22839
48225E22839
5DSBE94C3BE
6E9D2D4C3IBE
5911794C3BE
B2E1734C3BE
75BBFA03333
6BDF5203334
7D4CF603334
5300AE03334
560190603334
6A0C2A03334
EF5AC08CB81
F2ADC60C17B
F1229060C17B
B822060C17B
A7C3Ac00C17B

176

6FSCO065F6A
788FD469189
8C12FBEA197
7CFASFEA197
3EE5627434F
046B067434F
10706 A7434F
E96E1F3B3AF
817ES33B3AF
57CE20C826D
779A80C826D
7B9D4CC826D
470F94C826D
5601C4C826D
G6FCSEDEGSAE
7ECSEDE6SAE
4C0135EGSAE
4D1BOTACBD?7
$91077ACBD7
6C02DFACBD7
E4EE27ACBD?
D36F93ACBD7?
D9789FACBD7
817C93ACBD7
E5C2314DS03
7CC2F7D6GFA
5F82CFDG6FA
S5EBCFBDG6FA
660177D66FA
740677D66FA
7B570E25130
58423E25130
8DF29E25130
C23BA28242C
C4131728242C
E3C2E68242C
F1D22E8242C
6DC709A0456
7ACOCDA0456
499DCS5A0456
470D9DA0456
711921A0456
7DB7C8D1907
SF6BACD19507
4A113B1DC26
680GAF1DC26
E9F2A71DC26
7B63D622839
6FA3A622839
7DBB4622839
243A80622839
095A 4622839
S5D8B414C3BE
5C85F54C3BE
$910B94C3BE
4515848CB81
57C19603334
6BD82A03334
7D4CA203334
65158203334
5G014E03334
8429748CB81
EF594C8CB81
82A91E0C17B
F13AD60C17B
D8314A0C17B
ATC2DEOC1?7B

4D1E3CG65F6A
788A80G9189
C41A5FEA197
7CFAOBEA197
7TCF5827434F
04708A7434F
107E567434F
E97C473B3AF
F4761B3B3AF
57D8F4C826D
779828C826D
7B9CACC826D
711A80C826D
561EEUC826D
G6FC4D1EGSAE
7ECS91EGS8AE
64C6FSEGBAE
4D1C4FACBD7
59106FACBD?7
6C025FACBD7
E4F6E3ACBD?7
D3GF8BACBD7
D9783BACBD7
817BG3ACBD7
ESCEF94D503
7CC177TDGEFA
7E8677DGCFA
SESC1BD66FA
5C0877D66FA
7405CFDGGFA
OE453E25130
585DC225130
B1ES3E25130
C23A268242C
C4346E8242C
E3C2768242C
7BD92112E17
6DCE3DA0456
779921A0456
498471A0456
$3087DA0456
711675A0456
2826A0D1907
5F5420D1907
520BB31DC26
G68054F1DC26
D6E2EF1DC26
7B62BE22839
GFA2DE22839
7DBC5A22839
4823B622839
0956E222839
6E90894C3BE
5CB80B54C3IBE
AGFDI1S4C3BE
45129C8CDB81
57C14E03334
7AC7D603334
7D4C2A03334
6514FA03334
6A0D?7A03334
8428AC8CB381
F75E508CB81
82BC5A0C17B
F225160C17B
D82EBenC17B
8BDOCAOC17B



8BCD7A0C17B
7B9D69019B1
7115AD019B1
63841903268
472A0D03268
4C38AD03268
23D5SAD03268
BEA6DFS8BDC6
9101ADSEAO7
9405CD9EAO7
C41A919EA07
3EE56D9EA07
7CFA919EA07
7DG5CD9EAOT
2E74819EA07
6A6C119EA07
SBC22FB38AE
7AC137B3BAE
©6881A7B38AE
651A13B38AE
8A2SEFGOFGB
E7416760F6B
AF82CF7C20A
BB82DF7C20A
F59D8B7C20A
EE83B77C20A
AE98337C20A
DF13577C20A
FBOGAF7C20A
DD01977C20A
B510677C20A
D11B8B7C20A
B103A77C20A
CAOBB37C20A
ACO02CF7C20A
CF47AEECO01A
76C6BF158B0
4981AE117E2
B1BOA6117E2
9725BE117E2
DB21AE117E2
A33006117E2
TTA9AAT0641
35285270641
4424D670641
2BF2B4C8443
2162B4C8443
41BA90C8443
16A884CB443
D8C294460FD
935D644060FD
865268460FD
C454D4460FD
D786D4460FD
B7854C460FD
F58ADB460FD
3FA7DB9A09S
2F78079A005
OB3F1F9A09S
01A3939A095
3FBOEDDB2EB
OEFG01DB2EB
017E21DB2EB
9EESC052CD8
1DE2FD59921
08E81D59921
1BE7EDGF395
9F71F5E9DGS
9BE711E0Dé8
9031DDE?De68
8DESC1E0DG8
OF27DEB84D12
09F18284D12
063EC284D12
GOF96284D12
7E933D34FSE

75BB8D019B1
5208F5019B1
70E29503268
63A7D503268
43385503268
4C385503268
4A136F8BDCé
BEA3278BDCé6
8CO06DS9EAO7
9402CD9EAO7
C419899EAQ07
3EES859EA07
5F65CD9EA07
7D62CD9EA0?
1676F99EA07
52611909EA07
6BCSEFB38AE
77486BB38AE
4B1D3BB38SAE
65165FB38AE
8A216760F6B
EE414F60FGB
D799177C20A
BB825F7C20A
F985D77C20A
EE83A77C20A
FA99D37C20A
DF12A77C20A
FBO054F7C20A
ADO08637C20A
BSO0F9B7C20A
D11A3B7C20A
B102DF7C20A
CAO0B937C20A
CC15D37C20A
8653D6ECO1A
49979B158B0
499E52117E2
8CASEE117E2
97212E117E2
CB2F66117E2
D332DE117E2
7BA6D670641
3537AE70641
S6CBBE700641
2BF268C8443
37A2B4C8443
41B958C8443
E9DS5A4460FD
88C8B4460FD
CD41A4460FD
865254480FD
9846D4460FD
D7856C460FD
BB86B4460FD
FS58ACB8460FD
37A1C39A095
2F63FFDA095
09AFF39A0905
01BF639A005
2FEE1DDB2EB
OEFA7TDDB2EB
C207E852CD8
9EE5F852CD8
1DE3A159921
08ESFD59921
C40FB1E9D6G8
9DE139E0DG8
980F1DESDGS
B8FA0BDE9D68
8COCTDEODSE8
OF28C284D12
086C1E84D12
047D8684D12
O00FA6284D12
7E266134FSE

Table 1: (cont.)

77945101981
47114901981
70FADS503268
71BF3103268
43378903268
6BC2BD03268
4A11938BDCé6
F6B1938BDC6
8CO56DI9EAOT
A405CD9EAO7
C419209EA07
7CF9209EA07
5F62CD9EAO?
6568C19EA07
16G8299EAO7
346B7D9EAO7
6BC137B3BAE
7B5623B38AE
4B022FB38AE
6913BBB38BAE
E9D85360F6B
8346777C20A
D79D8B7C20A
8386AF7C20A
F985777C20A
EE82DF7C20A
FA96637C20A
B7111B7C20A
BB1ACF7C20A
ED02377C20A
B908677C20A
D1123B7C20A
B1025F7C20A
SCO6AF7C20A
CC15A37C20A
9B47TAEECO01A
649CD7158B0
64853E117E2
8CA136117E2
AT3A12117E2
CB3A12117E2
A33BCA117E2
7BA4D670641
143A9A70641
56C14670641
2F62B4C8443
2BBA10C8443
3EA56CC8443
9EC6ACJ460FD
90C6AC460FD
A64D20460FD
B247AC460FD
9846A4460FD
D784D4460FD
938BSC460FD
F58A6C460FD
37BC7F9A095
1F7F2F9A095
09B0O0OF9A095
017F639A095
2FESF1DB2EB
01BDC1DB2EB
C2181452CD8
9EE7E852CDS8
1DE3F559921
27167D68F395
9FB10DE9DE8
9DE3EDEOSDG8
98110DE9SDGS
B8F6819E9DGS
8C0271E90D68
ODE7DEB84D12
063E1284D12
047E1284D12
00FCB284D12
7E27CD34F5E

177

77975901981
470EBS019B1
67BSE103268
71A0DS503268
4E341903268
6BC15D03268

520DBB8BDCG
F6AEGF8BDC6
8CO04DS5S9EA07
A402CD9EAO7
3EEGDS9EA07
7CFB299EAQO7
776BOD9EA07
2564619EA07
3A74819EA07
3461499EA07
5DC1A7B38AE
7B4EEBBJSAE
530SEFB3SAE
691117B38AE
88C14F60FGB
8342CF7C20A
BB83B77C20A
83854F7C20A
F982D77C20A
EE825F7C20A
BAB8GTF7C20A
97111B7C20A
9D14337C20A
9D1EB37C20A
B907TAF7C20A
D1112F7C20A
AG19177C20A
9C054F7C20A
CC152F7C20A
D79EB2ECO1A
699B2E117E2
G481AE117E2
B7253E117E2
A737B2117E2
8B2B7A117E2

D33096117E2
36A14670641

143A9270641

4ADT7AE70641
056AD8C8443
15A4D0C8443
3EA4D4CB8443
9EC54C460FD
90C54C460FD
863368460FD
C24GAC460FD
98456C460FD
D784AC460FD
938204460FD
FS8A4C460FD
2FFB1F9A09S
1BF7F39A095
0737F39A095
016E439A095
11E0B1DB2EB
01BE21DB2EB
C21A0452CD8
9EE81C82CD8
08ESC159921
1F767D6F395
9FB1DDE9D6G8
9CO08C1E9DE8
907181E9DG8
S8EF901E0D68
886819E9DG8
ODE8C284D12
063E1A84D12
047E1A84D12
00FCD284D12
74019934FSE

7B9289019B1
7114A10190B1
67BC2903268
4734F 903268
4E33E903268
23C20503268
5208CB8BDCG6
91053D9EA07
8CO4ADIEAO7
C41A999EAO7
3EE6AS9EA07
7CFA999EA07
T7G9ESO9EA07
2E7SBDOEAO7
3A6DFS9EA07
5BC777B3SAE
7ACSEFB3SAE
SB81A7B38BAE
530137B3BAE
88B85360F6B
E745EF60FGB
AF86777C20A
BB83A77C20A
F591737C20A
F982B77C20A
AE999F7C20A
BASOCF7C20A
BB01977C20A
DDO7AF7C20A
ADI1F337C20A
E9111B7C20A
B103B77C20A
A60BB37C20A
ACO06777C20A
CC15177C20A
6DC6BF158B0
698136117E2
927852117E2
B721AE117E2
DB253E117E2
8B2962117E2
77A9BG70041
36BAEE70641
4426D670641
4AD0A2706841
056A4CC8443
09B454C8443
2EB098C8443
DBCB5C460FD
9BS9E8B460F D
8652B44G0FD
C2454C460FD
984564460FD
B786AC460FD
ADBSFS8460FD
SEDE3C85F6A
2FFC839A095
0B21C39A095
04E5FF9A095
3FA23DDB2EB
11FF4DDB2EB
017DC1DB2EB
C202FC52CD8
1DE2E159921
08E5F959921
1C87EDGF 395
9FG4E1E9DG8
9BFC75E0DG8
90310DE9DG8
8E0819E0DG8
8829C1E9D68
09EFBAS84D12
G63E4284D12
047E4284D12
7E80CD34FSE
74199D34FSE



7020CD34F5E 703F3134FSE 67CE0534FSE 67D17D34FSE 6617E134FSE

6600SD34F5SE 27EF1FDD6CA 1F704FDD6CA 1F7C6FDDECA 1F7DS8FDD6CA
1F641FDDGCA 1EE6C3DD6CA 1EE7E7DD6CA 1DFE4FDD6CA 1DE363DD6CA
1BF63FDDGCA 1BE1CBDD6CA 1BF7C7TDD6CA 1BF827DD6CA 0E3037DD6CA
0E327FDD6CA 08E6C3DD6CA 08E9FBDD6CA 0729C3DD6CA 072E43DD6CA
0731BFDD6CA 0723EFDD6CA 04F1BFDDGCA 04F20FDD6CA 04E13BDD6CA

04FG63FDD6CA 036EF3DD6CA F9CFOE84D12 F9D21E84D12 F8EG5A84D12
FS8E69A84D12 FSE72E84D12 F8E73684D12 F730F684D12 F73C2684D12
F72F2284D12 F73C3684D12 FG173E84D12 F6030684D12 FaCC1E84D12
F3A3DAS84D12 F3B09E84D12 1FE2954C64E 1FFDG694C64E 00F4A14C64E
COFD694C64E 1FFS12670D2 1FFDSA670D2 1FBEEA670D2 1FA286670D2
17EA12670D2 17FEEAG70D2 03A452670D2 03BEEA670D2 02FEEA670D2
02E116670D2 U0F512670D2 00FDS5A670D2 57E3D99459D 57E43D9459D
57E6F19459D 57E7859459D 3FA3A99459D 3FA3D59459D 3FAAE19459D
3FAAF19459D 2FF1E99459D 2FF0E99459D 2FEF159459D 2FES719459D
1FFA299459D 1EBF959459D 1EA1A19459D 1D4BF99459D 1D480D9459D
1C0AD19459D 1A1A8D9459D 1A0AF19459D 1A015D9459D 1A01D59459D
160A1D9459D 160A3D9459D 160BC59459D 15E1A19459D 160E159459D
15FF959459D 15C5FD8459D 15C0D19459D 15186D9459D 15618799459D
1502799459D 1508799459D 0925C211D59 0928FE11D59 01B80A11DS9
01BE9A11D59 01780A11D59 017E9A11D59 1FFAA396E76 11F02B96E76
11F57F96E76 OEES4396E76 OEEAFFS6E76 02BE2396E76 02A1DF96E76
GOFAA396E76 ESE42E11DS9 ESF37A11Ds9 E4EA4211D59 E4FADE11DS9
DB617211D59 DBGFCG11D59 DB6FD211Ds9 DB681E11D59 D81BEA11D59
D8120A11Ds9 D3E42E11D59 D3FAGE11Ds59 03382018F25 033F2918F25
02782918F25 027F2918F25 GEE3FS679ES5 GEESC1679ES5 11347DG79ES
1120B9679E5 CGEE87F9D769 G6EELEB9D769 3FBD139D769 3FA3779D769
3FASCB9D769 3FASDB9OD769 3F7A179D769 3F7TA2F9D769 37FA179D769
37FA2F9D769 2FFC8B9OD769 2FFD139D769 2FFD1B9D769 2FFD8BID769
1BA05B9D769 1BB2FF9D769 177CBF9D769 1721639D769 1725FF9D769
1762C39D769 13B6039D769 13B97F9D769 1130FB9D769 112F439D769
033D0BOD769 033E8B9D769 027D0B9D769 027E8B9D769 01BC8B9D769
01BD139D769 01BD1B9D769 01BD8B9D769 017C8B9D769 017D139D769
017D1B9D769 017D8BOD769 FD982918F25 FD9F2918F25 FCD95D18F25
FCCOAD18F25 8641A015E68 85340415E68 8314BC15E6B 830D0415EG8
829F6015E68 82841C15E6G8 825FG015E68 8240E415E68 8225A015E68
8225F415E68 7AC03413E68 77DAN815E68 77DASC15E68 73ESA01SEGB
73ES5F415E68 GFA83815E68 GFBFG015E68 6BF07015E68 6BFG3C15EG8
6BC0341SE68 CS8FEB534451 CB8ES52134451 C7F52534451 C7FB6A534451
C7F92934451 C7F05934451 C4FF5934451 C4E90534451 C026D534451
C02AD934451 C024AD34451 C024D534451 B83F5934451 B8252134451
B07ADD34451 B0652134451 1FBA42446B8 1FBED2446B8 17FA42446B38
17FED2446B8 03BA42446B8 03BED244688 02FA42446B8 02FED2446B8
77D9SDSBCBO 77C1598BCBO 77DA818BCBO 77DASDSBCBO 73EA7DSBCBO
73E3518BCB0O 73E5618BCBO 73E57D8BCBO 73ABF98BCB0 720F5DBBCBO
7208518BCBO 7055DD8BCBO 7045118BCBO 6F07798BCBO 6FB84298BCBO
63F4418BCBO 63F7AD8BCBO 6292FD8BCBO 6214F98BCB0O 620F958BCBO
6200ADSBCBoO 6200D58BCBO 60953DSBCBO 608F958BCB0 6081A98BCBO
6082B18BCB0O 3BB17ESAEF9 3BB7025AEF9 2EF8165AEF9 2EFS8BESAEF9
11A5C25AEF9 11ASFASAEF9 1165C25AEF9 117CSESAEF9 C026AE984D0
C02656884D0 AF63B2984D0 AF647E984D0 AFG4FA984D0 AFG66E2984D0
AEF23E984D0 AEEF8A984D0 AEEODE984D0 AEE762984D0 A213E2984D0
A2160E984D0 A207CA984D0 A21836984D0 A17E76984D0 A16312984D0
A1027E984D0 A11B06984D0 A11CBE984D0 A10DC2984D0 9FBOAE984D0
9FB15E984D0 9BE15E984D0 9BFC566984D0 9810AE984D0 98115E984D0
9030AE984D0 90315E984D0 8FF532084D0 8FF66A984D0 8BC77E984D0
8BC8329084D0 0A287ACBB44 0A2C3ECBB44 08A7B2CBB44 08A87ACBB44

Table 1: (cont.)

We will explain the notation in Table 1 by the next example.

Example 3 The first solution in Table 1 is 3F A7239.4095. This is a se-
quence of length 11 with digits from Hexadecimal arithmetic system. We
convert each Hexadecimal digit into four binary digits. Thus we obtain
0011 1111 1010 0111 0010 0011 1001 1010 0000 1001 0101. Then we re-
place zero by —1 and we have F = {-1,-1,1,1,1,1,1,1,1,-1,1, -1, -1,
1,1,1,-1,-1,1,-1,-1,-1,1,1,1,-1,-1,1,1,-1,1,-1,-1,-1, -1, -1,1,
-1,-1,1,~1,1,-1,1}. Now set A = {ey,...,enn} = {-1,-1,1,1,1,1,1,1,
1, —l, 1}, B = {612, - ,822} = {—1, —1, 1, 1, 1, —1, —1, 1, —1, —1, —1}, C=
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{623a ses ,633} = {11 ly 11 _11 _11 17 1’ _11 11 _1, _1}) D = {6341 ‘e ’644} =
{-1,-1,-1,1,-1,-1,1,-1,1,-1,1}. These are four (1, —1) sequences of
order 11 with zero PAF and can be used in Theorem 1 to obtain the desir-
able Hadamard matrix of order 44.

4 Self-dual codes of length 88

It is known, (22, pp. 279-280] that every Hadamard matrix H of order 4¢
is associated in a natural way with a SBIBD with parameters (4¢ — 1,2t —
1,t — 1), and with its complement, a (4t — 1, 2¢,t) configuration. Let A be
the icidence matrix of the dual SBIBD with parameters (43,22, 11), which
is obtained from a Hac}amard matrix of order 44.

Let At = % , where e is the all-one vector of dimension 43.
A generator matrix of a self-dual code of length 88 can be obtained as
(At I).

There are three inequivalent extremal binary linear self-dual codes of
length 88 given in (2] and [21].

By searching all 6018 known matrices of order 44 we obtain the following
results.

Binary double even self-dual codes
Hamming distance 8 | Hamming distance 12 | Hamming distance 16
3296 2717 5

Table 2: Binary double even self-dual codes from Hadamard matrices of
order 44

These 5 extremal binary self-dual codes {88,44,16] we have found can
be constructed using the following Hadamard matrices. The first is the
Hadamard matrix given by Paley {18] and the other two are the Hadamard
matrices numbered 170 and 246 given by Topalova [21]. In this paper we
show that the tanspose of the matrix 246 given by Topalova [21] and the
tanspose of the Paley type Hadamard matrix, found in [18] and in Sloane’s
home page “http://www.research.att.com/~njas/hadamard/”, also give ex-
tremal binary self-dual codes with parameters [88,44,16].
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