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Abstract

We prove the gracefulness of two classes of graphs.

Let G be a graph with ¢ edges. G is numbered if each vertex
v is assigned a non-negative integer ¢(v) and each edge uv is
assigned the value |¢(u)—@(v)|. The numbering is called graceful
if, further, the vertices are labelled with distinct integers from
{0,1,2,..., ¢} and the edges with integers from 1 to ¢g. A graph
which admits a graceful numbering is said to be graceful. For the
literature on graceful graphs see [1, 2] and the relevant reference
given in them.

Definition 1. Let G, be a graph of order p with m edges and
containing a path of length p — 1, and let S; be a star with &
edges. Let Gp X Sgn-1_p,, m < 2! — 2, be the graph obtained
by identifying a vertex of G, which is an end vertex of a path of
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length p— 1 with any vertex of Sgn-1_,, other than the centre of
SQn-l —-mn-

Definition 2. Let G be a graceful graph with m edges. Then G
has a graceful numbering ¢ such that ¢(w) = m for some vertex
w of G. Let G o S, _,; be the graph obtained by identifying the
vertex w of G with any vertex of S,_,, other than the centre.

Recently Kathiresan [3] has proved that K, x Sz,._._(;) are

graceful for all values of n. In this article we prove the following
general results.

Theorem 1. For all values of n, p,m withp—1 < m < 271 -2,
and for all graphs G, of order p with m edges and containing a
path of length p — 1, the graphs H(p,m,n) = Gp X San-1_, are
graceful.

Proof: Clearly H(p,m,n) has p+2"~! — m vertices and 2"~!
edges. Let u;, 1 = 0,1,...,p — 1 be the vertices of G, such
that ug, u1,...,up—1 is a path of length p ~ 1 in G, and let v;,
i=0,1,...,2""1 —m be the vertices of Szn-1_,, where vy is the
centre of the star and up_; = vgn-1_,,. Denote by E; and E the
edge set of G, and H(p, m,n) respectively.

Define ¢ on the vertices of H(p, m,n) by the following rule.

¢(uz) = 2i1i =0,1,...,p—-1,
¢(vo) =0

and assign the 2"~! —m—1 numbers from the set {1,2,...,2""1}
—[{27 — 2Zjuju; € B),0<i<p—-2,i+1<j<p—1}U{2°71}]
to the vertices v;,vs, ...,Ugn—1_p_1 Of Son-1_,, in any way so
that each vertex receives exactly one number.

Note that {2°,2,...,2P"2}C {29 — 2}|u;u; € E;,0< i< p—
2,i+1 < j < p—1}. It can be verified readily that ¢ is a one-to-
one map from the vertex set of H(p, m,n) into {0,1,...,2%"'}.

The labels of the edges of G, are 29 — 2! where u;u; € E, with
0<i<p—2andi+1 < j < p-1and the labels of edges of the
star are {1,2,...,2" '} — {27 - 2*|uju; € E;,0 <i < p-2,i+1 <

16



j <p—1}. Hence {|¢(u) — ¢(v)|luv € E} = {1,2,...,2"'}. It
follows that H(p,m,n) is graceful. O

We extend the class of graceful graphs in Theorem 1 further.
Let k be a positive integer. For any i with 1 < ¢ < k, take G
as a disjoint union of Gp,, Gp,, ...,Gp, where G,, is a graph of
order p; with m; edges and containing a path of length p; — 1
for1 <i<k TE m=m, Y pi=p k< —m.
Let G(p1,...,Dk) X San-1_p, be the graph obtained from G and
Sgn-1_m by identifying a vertex of G,, which is an end vertex of a
path of length p; — 1 with a distinct vertex of Sza-1_,, other than
the centre for each i with 1 <4 < k. Clearly G(p1) X Sgn-1_y,
is just Gp, X Sgn-1_p,, .

Let ug 3,4y 4,. . ,u,,,_l ; be a path of length p; — 1 in G, and
let v;,i = 0,1,...,2""! — m be the vertices of Syn-1_,,, where
vo the the centre of the star and up,; = vgn-1_py_s41. For 1 <
i < k, let B; be the edge set of Gy, and E} = {2 — 2°|uu, €
E,,Z,._lp, Ss<Tiopr—2s8+1<t< Y p— 1} U
{2Zr-1’" '} with 3°%_, p, = 0. Define

Buj;) =25+ 1 < i<k 0<j<p -1,

$(vo) =0
and assign the 2"~'—m—k numbers from the set {1,2,...,2*"1}—
EjU- - -UE; to the vertices vy, v, . . ., Ugn—1 _py—k Of Sgn-1_p, in any

way so that each vertex receives exactly one number. By similar
arguments as in Theorem 1, the graphs G(p; ...,pi) X Son-1_
are graceful.

Theorem 2. For all values n,m with m < n — 2, and for
all graceful graphs G with m edges and a graceful numbering ¢
such that ¢(w) = m, the graphs G e S,,_,, are graceful.

Proof: Note that GeS,_,, has n edges. Let v;,i =0,1,...,n—
m be the vertices of S,,_,, where v, is the centre and v,_,, = w.
Define ¢ on the vertices of G ® S,_, as follows:

$(u) = ¢(u) +LueV(G),

¢(Uo)
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and assign the n — m — 1 numbers from the set {m +2,...,n}
to the vertices vy, vy, ...,U,—m-1 in any way so that each vertex
receives exactly one number. Clearly ¢ is a one-to-one map
from the vertex set of G @ S,_p,, into {0,1,...,n} and {|¢(u) —
¢(v)||luv € E(G @ Sp-m)} = {1,2,...,n}. Hence G e Sy, is
graceful. m]
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