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ABSTRACT. Let p and g be distinct primes with p > q and n a positive
integer. In this paper, we consider the set of possible cross numbers
for the cyclic groups Zopn and Zpq. We completely determine this
set for Zzp» and also Zpg for ¢ = 3, ¢ = 5 and the case where
p is sufficiently larger than g. We view the latter result in terms
of an upper bound for this set developed in a paper of Geroldinger
and Schneider [8] and show precisely when this upper bound is an
equality.

1. INTRODUCTION

A nonempty sequence S = {g1,...,9n} of not necessarily distinct ele-
ments of an additive group G is called a zero sequence if } ;. g: = 0. A
zero sequence with no proper nonempty zero subsequence is called a mini-
mal zero sequence. If a sequence contains no zero subsequence, it is known
as zero free. We define

U(G) = {T'| T is a minimal zero sequence in G}.

Several constants can be extracted from the study of such sequences. The
Davenport constant, D(G) is the maximum length of a minimal zero se-
quence in G. The Davenport constant is at most the order of G, and in the
case of cyclic groups it indeed attains that value. We additionally define
the cross number of a sequence as

= 1
k(S) = —
; |g:|
and the cross number of a group as
K(G) = max{k(S) | S e U(G)}.
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A formula for the cross number of a finite abelian group is not known in
general. Formulas are known for particular classes of groups, including
p-groups. We will use the following well-known results in our work.

(i) K(G)=1if and only if G = Zpn for p prime and n € N [9].

(ii) If p and g are distinct primes then K(Z,q) = 229:;%9"'—1 (10, Theorem
3.

(i) If p is an odd prime and n € N, then K(Zypn) = éz;;',—:i (10, Theorem
3).

We mention some additional facts about such sequences that will be used
frequently throughout this paper:

1. If S = {91,92,... ,9n} is a zero, minimal zero, or zero free sequence,
then T = {g1 + g2,... ,gn} also is a zero, minimal zero, or zero free
sequence. We call the process of attaining T from S amalgamation of
elements of S.

2. If S = {91,92,- . ,gn} is 2 zero free sequence, then T = SU{— Y. | g:}
is a minimal zero sequence.

A particularly important inference from the last fact is that any sequence

of length greater than or equal to D(G) must contain a zero subsequence.

In this paper, we extend the work presented in [3] and consider the set
W(G) = {k(T)| T e U(G)}

of cross numbers of all the minimal zero sequences in a finite abelian group
G. We consider in particular the case G 2 Zy, where p > g are primes.
Several general results appear in the literature concerning the set W(G).
If G Z:=1 Zp»: is a p-group where p is an odd prime and n; < n; for all
1 <i < j<t, then the main theorem of [5] implies that

Lpm—1] 1
K(G):[Z = ]+W'

i=1

Setting K(G) = o [3, Theorem 4] shows that
A

Moreover, [3, Theorem 2] also shows if
W*(G) = {k(5) | S €U(G), k(S) <1},

then W*(G) = {ﬁ@s | 2 £ X < exp(G)}, for every abelian group G of
odd order.
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Using the main theorem of [8], which describes the structure of zero free
sequences with large cross number in the group G = 77 @ Zy, the authors
obtain an upper bound for the set W(G) (8, Corollary 2. In particular, if
p and ¢ are distinct odd primes and p > ¢, then their result reduces to

(%) W(qu)g{piq | 2<A<2pq—p—2¢g+20r A=2pg—p—q+1}.

Our interest in the set W(Z,,) originated in our attempt to determine when
the containment in () is actually an equality. A combination of Example
5.2 and Corollaries 5.1, 5.4, 5.9 and 5.11 yields a proof of the following
proposition.

Proposition 1.1. If p > q are odd primes, then
A
W(Zpg) = {p—q | 2<A<2pg—p-29+20rA=2pg—~p—~q+1}

if and only if

1. ¢g=3, or
2.qg=5andp=T1.

Our work shows in the case where G = Z,, that the main result in [§]
is essentially the best possible. While there is no “global” result for the
structure of zero free sequences in Zy, of cross number less than (2pg —
P —2q + 1)/pgq, Theorems 5.3 5.8 and 5.10 show that the structure of such
sequences is dependent on the size of p relative to . In the case where p is
large relative to ¢ (in fact, when p > g% —3¢+2) we prove a stronger version
of the main theorem of [8] which allows us to determine the set W(Zpqg)-
We show for g fixed that the size of W(Z,,) stabilizes as p increases (see
Corollary 5.6). In the other cases (2p—4 > 2q > p+3), we prove a modified
form of the main result in [8] with which we are able to show the existence
of a second “gap” in W(Z,,).

2. THE CASE ¢ =2
We begin by considering W(Z3,) and, using (iii) from the Introduction,
actually determine this set for a slightly larger class of cyclic groups. If S

is a finite sequence which contains exactly n copies of the element g, then
we will represent this with the notation g™.

Theorem 2.1. Let p be an odd prime and n € N. Then

W(Zopn) = {%%I k even, 2< k <3p™ -1}
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Proof. By [3] and [10], we have the following inclusions:
k
{2p7 |k even,2 <k <2p"} C W(Zopn) C
k k
— <k<2p" — T < k<30 —
§{2pn|keven,2_k_2p}U{2pn|2p <k<3p*-1}

Let1<m < %‘- be given. We wish to show that §pn—;:’,,"—‘+—l € W(Zapn).
View Zzpn as Zz ® an .

Case 1: If p does not divide m, then,
B = {(1,0), (0,m), (0,1)"" ™1, (1,1)} € U(Zpn)

and k(B) = #-72ml,

Case 2: If p | m, then,
B ={(1,0),(0,2),(0,m — 1), (0, 1)*""™"2,(1,1)} € U(Zap)

and k(B) = —%’—"ﬂ

Thus, {2’% | k even, 2 < k < 3p" — 1} C W(Zgp»). To complete the ar-
gument, let z odd, with 2 < z < 3p™—1, be given. Assume # € W(Zapn).
Thus, there exists S = {g1,...,9:} €U (ZZp”) such that 3 ;_ ]'IT prol

The only possible values for ]l[ are -5%— and §§;, for 0 < k < n. Note

that if EIT[ = then g; (when v1ewed as its least positive residue in Z)

2pﬂ 1
is necessarily even, while if IET[ 2p,, , then g; is necessarily odd. Thus,
= = T e S DT

for some positive integer m. Since z is odd, it must be that the number
of odd g; is odd. But, since S € U(Zzp~), we must have for some positive
integer k,

t
2pnk=Zgi= Z gi + Z gi =2l + (2l2+ 1)

i=1 gi even 9i odd

which is a contradiction. Thus, 55 T ¢ W(Zap») when zisodd and 2 < z <
3p™ — 1, completing the proof. O

3. ZERO FREE SEQUENCES IN Zy,

We prove two lemmas which will later be useful. When considering zero
free sequences in Z,q, we will use the following notation. If S is such a
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sequence, write S = AU B U C where A consists of elements of order p,
B consists of elements of order ¢ and C consists of elements of order pq.
For ease of notation, viewing Zp, as Z, ® Z, we will say that A C Z,,
B C Zg and C C Zpg\Zp U Z,. Moreover, if A is a finite sequence from an
abelian group G, then let > A represent the set of all nonempty subsums
of elements in A.

Lemma 3.1. Let S = AUBUC be a zero free sequence in Zy, such that
there erist integers 1 < i <p—1andl1 < j < q—1 with |A] =p—1i,
|1Bl=g—-3.

(a) |BUC| <ig and |AUC| < jp.

(b) IC] <min {(i—1)g+j, ( — 1)p+1i}.

(c) If min{3,j} =1 then |C| < max {3, j}.

Proof. For (a), we show that |B U C| < iq as the argument for the sec-
ond inequality is similar. If |B U C| > igq, then there are i nonempty,
non-overlapping subsequences in B U C' which sum to zero in Z;. Let the
sums of these ¢ subsequences be given b}{ (y¢,0) for 1 < t < i. Then
AU {(¥:,0)}:_;| = p and so AU {(9:,0)}:_, is not a zero free sequence,
contradicting the zero freeness of S. For (b), (a) implies that

ig>|BUC| =|B|+|C|=q-j+|C|
and

ip>|AUC|=|A[+]|Cl=p-i+|C|
and from this the result follows. Part (c) now follows directly from part
(b). O

Lemma 3.2. Let S = AUBUC be a zero free sequence in Zpy. If | A|=
p—2and|B|=¢g—2, then|C|< 2.

Proof. By [4, Lemma 13],
>4 ={ p-2 if A={g""%
p—1 if A={grP3, 29}
and
|ZB|={ g-2 if B={h?)
g—1 if B={h*=3 24}

where g # 0 in Zy, and h # 0 in Z,. Suppose that |C| > 2 and that (a;,b;),
(a2,b2), (a3, bs) are in C' with each e; and b; nonzero. Suppose |3 A| =
p—1. Let T' be a sequence in BUC with sum (z,0). Now, —z € 3" A and
if V is a sequence in A with sum (—z,0), then V UT is a zero sequence in
Zpq. A similar argument holds if |} B| = ¢—1. Hence, if S is zero free then
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[S"Al =p—2and|Y B| =q—2. Thus A= {(g,0)*"2}, B = {(0,h)77?}
and hence )5 A = {(z,0)|z # —g, z # 0}, . B = {(0,9) |y # —h, y # 0}.
If T is a sequence in B U C which sums to zero in Z,, then its sum is (g, 0)
(otherwise, using A we can construct a zero sequence in S). We consider
two cases.

Case 1: Suppose that by + b2 + b3 # h. Then a; + a2 + a3 = g. If for
1< s <t<3we have b, + b # h, then as + a; = g which yields a, =0
for some 7, a contradiction. Thus b; + by = bz + bz = b; + b3 = h. Hence,
b; = by = b and each b, # h. Now, ¢ = a; = a2 = a3 and our previous
observation implies that a; = a; + a1 + a;. Thus a; = 0, a contradiction.

Case 2: Suppose that b; + by + b3 = h. Then by + bz # h, by + b3 # h
and by + bs # h and hence a) + a2 = a1 + az3 = a2 + a3 = g. Thus
a1 = az = a3 # g and hence b; = bz = b3 = h. In a manner similar to Case
1, we obtain that b; = 0, a contradiction. O

4. SOME MINIMAL ZERO SEQUENCES IN Zy,

We begin by generating a family of minimal zero sequences in Z,, =
Zp ®Zgq. For 1 <k < g, define
(1) T* = {(1, )%, (k,07",(0,1)*~*},
(2) T = {(1, )%, (1,077, (0,k)*"}
and for ¢ < k < p, define
@) T={(1,1) (1 +k-g, 2),(0,1)7, (1,07}
Elementary arguments show that each T*? and T* € U(Zpq) and clearly
k(T*?) = 2pa=kp=atk o 2pa+e—ke-p

kqy . 2pg—p—kq+k
k(The) = Zea=p=kotk

By amalgamating elements of the same order within (1), (2) and (3), we
obtain new minimal zero sequences, each of which has a cross number easily
calculated from the list above. We compile these numbers in the following
lemma.

Lemma 4.1. Let p and q be odd primes with p > q. The following sets are
subsets of W(Zpq):

1 {femepmmagtmi | 1< k< 1<m Sk 1Sme<p k<Sms<gl,

2. {m%;ﬂq—m |1<k<q, 1<m <k, 1<mg<q, k<m3<p},
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3. {2pq+q—m::;—m2p—rn1 | g< k <p,0<m; <q-2,
1<my<gq, k<m3 <p}.

The lemma implies a general result.

Proposition 4.2. For any p > g odd primes, we have the following inclu-
sion:

(4) W(qu)2{f{;|2Sz$2pq—(q—1)q—1)+(q—1)}U
g—-2

u U{pinZPq—tq—erl.<.ms2pq—tq—p+t}
t=1

Proof. [3, Theorem 2] shows that if 2 < z < pgq, then 5 € W(Zypq).
Consider z with 2pg —tg —p+1 < z < 2pg — tq — p + t for some
1<t<q—2 Thenz =2pg—tg—p+yforsomel <y <t We
may generate a sequence with cross number = by considering sequence 2
with £ = mg =t,m; = v, and mg = 1, namely the minimal zero sequence
S={(t+1-vt+1-7),(11)7" (1,074 (0,t)9"}.

Now consider z with 2pg —p—¢*+q <z < 2pg—p—¢q®>+29—1.
Thus, ¢ = 2pg —p— (q— 1)g+ v for some 1 < v < ¢ —1. We may
generate a sequence with cross number p’—q by considering sequence 2 with
k=m; =+, mg =1, and m3 = g — 1, namely the minimal zero sequence
S ={(1,1)"(g-70),(1,0)*%,(0,7)""}.

Finally, we must consider z with pg < z < 2pq — p — ¢® + q. Evidently,
r=2pg—ap—PBg—vforsomel <a<qg-11<F<p-1,0%<
v < ¢ — 1. However, in order for pg < £ < 2pg — p — ¢* + q to hold, we
must have g — 1 < 8 < p—2. If v # ¢ — 1, then we may rewrite = as
z = 2pg+q— ap— (B + 1)g — v and generate a sequence with cross number
2= by taking sequence 3 withk=ma=0+1,m =+, and m; = a,
namely

S= {(1’ l)q—'y—2’ ('Y +Ly+ 1)’ (.3 +2—gq, 2)’
(0, + 1), (0,1)97=2,(1,0)P~A~1},
Otherwise, if y = ¢ — 1, then £ = 2pg — ap — (8 + 1)g + 1 and we may
use sequence 1 with k = m; = 1, me = 4+ 1, and m3 = a, namely
S = {(1’ 1)’ (ﬂ + 1$0)7 (11 O)P—B-Z, (0’ a)’ (1’ O)q_a_l}' D
5. PARTICULAR CASES

5.1. When q = 3. Setting ¢ = 3, Proposition 4.2 and (x) imply the fol-
lowing.
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Corollary 5.1. Ifp > 3 is an odd prime, then
W (Zsp) = {% |2<A<6p—p—-4orA=6p—p—2}

The containment in (4) is not always an equality. Here is an example
which will later be useful in our work.
Example 5.2. Let p =7 and ¢ = 5. The containment in (4) yields

49 50 51 54 55
35} {35 35° 35} {35 35} {35}
Now, the minimal zero sequence T ?? yields that 53 is in W(Z3s). Also, the
minimal zero sequences 729 and T? can be amalgamated to
{(1,1)"’,(0,2)2 (0,4),(1,0)°} and {(1,1),(0,2),(1,0)%,(0,1)%},

which implies that $3 and £2 are in W (Z3s). Hence, (+) implies that

2 55 59
W(Z35) { M. 35 35}

5.2. When p is large relative to g. As p becomes large relative to g, we
are able to show that the gaps which appear in the right hand side of the
containment (4) are actual gaps in W(Zpq).

2
W(Zss) 2 {3‘3,

Theorem 5.3. Let p > q > 3 be odd primes with p+ k > kq for some
1<k<gq-1. IfS is a zero free sequence in Zp, and

(5) 2pq—(k+1)q—p+(k+1)Sk(S)gzpq—kq—p
pq pq
then S= AUB, where ACZ,, BCZy, |Al=p—kand|B|=q—1.

Proof. Let S be as in the hypothesis. Clearly, since S is zero free and
k(S) > 1, wehave 1 < |A| <p, 1 <|B| <gq,and 0 < |[C| < pq. Let
0 <i<pand0<j< qbe integers such that |A| =p—iand [B|=q—j
and write |C| = ¢. Then,
k(S) = 2pg—ig—jp+c
pq
First, we show the theorem holds if ¢ = 0. In this case, (5) indicates that

k+1<(k+1—-i)q+(1-Jp<q.
Assume j > 1. Then
k+1<(k+1-d)g+(1-j)p<kg—p+(1—-i)g<k+(1-i)g<k,

which is clearly a contradiction. Thus, j = 1 and the previous inequality
reduces to (k+1) < (k+1—1)g < g. However, since 0 < k+1 < g, it must
be the case that i = k. We now assume that ¢ > 0 and consider two cases:
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Case 1: j = 1. Notice that if ¢ < k, then (5) implies
2pq — kq — —ig— —kq—
Pq—kq—p > k(§) = P4=U—Ptec 2pg—kg-p+c
Pq pq pg
which yields ¢ < 0, a contradiction. Thus ¢ > k£ + 1. From (5) one also has
2pq—(k+1)g—p+k+1 < k(S) = 2pg—ig—p+c
pq pq
which implies ¢ > k + 1 + (i — k — 1)q. Consequently,
[AUC|=(p—-%)+c2p+(g—1)i+(1—q)(k+1)
which is at least p since ¢ > k + 1. The result now follows from Lemma 3.1
(a).
Case 2: j > 1. Using (5), we have
K(S)=2Pa=ta=dpte Zpg=-(k+1g—p+(k+1)
pPq Prq

which yields

c2(i—k-1)g+(GF-Np+k+1=0G-1)g+ (G—-2p+@+k+1—kq)
Since p + k > kg, c is nonnegative. It follows that
IBUCI 2 (g-3)+ (G —k=1)g+ (G- )p+k+12
ig— 1+ (p+k—kq) > 1iq.
Thus, the result follows from Lemma 3.1 (a). o

Theorem 5.3 leads to several corollaries.
Corollary 5.4. Let p > q > 3 be odd primes.
a) Ifp+k > kq for some 0 < k < q—1, then
W(Zp) S {122 <2pg~ (k+ g =p+ (k+1)} U

k

T
V{5 12pg—ta-p+ 1<z <2pg—tg~p+1).
t=1

b) Ifp>q®>—3q+2. Then
x
W(qu)={;(;|2sx$2pq—(q—l)q—p+(q—1)} U

q-2

T
VUl 12pa—ta-p+1<a<opg—tg—p+t).
t=1
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Proof. Part a) follows directly from the Theorem 5.3 and the observation
that any minimal zero sequence with cross number greater than 1 contains
an element of order pq. Part b) follows from part a) and Proposition 4.2
with k=g— 2. a

Example 5.5. Part a) of Corollary 5.4 can sometimes easily be applied to
determine the set W(Z,,) when p < g2 — 3¢ + 2. Let ¢ = 5 and p = 11.
Part a) above (with k£ = 2) and (4) yield

2 83 85 86 87 90 91 95 2 87 90 91 95
{-5-5’“"5’%’%’%’%’55,53}2W(Zss)g{s—s’ :%a%a%a%}-
Since these sets differ by one integer, one of these containments is an equal-
ity. The minimal zero sequence T'9 can be amalgamated to

{(1,1),(0,1)%,(0,2),(1,0)'°}
and hence 6 W(Zss). Thus
2 87 90 91 95
W(ZSS) _{'5—5) i%s%s %1 %}

Define H(G) = {5y 12 <2 < exp(G)K(G)}, which represents the
set of potential cross numbers for a minimal zero sequence in G.

Corollary 5.6. Let p > q > 3 be odd primes with p > ¢°> — 3¢+ 2. The
number of values in H(Zpq) which do not appear in W(Zyp,) is Qi)éﬂ.
Thus, for fized q,

. \W(Zpg)| _
limsu =1.
ooy [H(Zpg)|

Proof. This is a direct consequence of previous corollary, since the lengths
of the contiguous gaps vary over all the integers from 1 to ¢ — 2 inclusive.

Hence, the total number of missing values is Y°7-7 4 59—_-1%"—1 whence

the second result of the corollary follows immediately. O

5.3. When q = 5. Examples 5.2, 5.5 and part b) of Corollary 5.4 yield a
determination of W (Zs,).

Corollary 5.7. If p > 5, then

W(Zs,,)={% | 2<A<9p—16,9p—-14< A< 9p—12,
9p—-9<A<9p—8,A=9p—4}

unless p =7 or p =11, in which case

2 55 59 2 87 90 91 95
W(Zss) = {55 3535} or W) = {55+ 55 55" 55" 55
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5.4. When 2p — 4 > 2q > p + 3. Theorem 5.3 determines the location of
a second gap in W(Z,,) when p + 2 > 2¢9. We now determine the location
of a second gap (provided one exists) for all other odd primes p and q other
than twin primes.

Theorem 5.8. Suppose p > q > 5 are odd primes with 2p—4 > 2q > p+3.

If S is a zero free sequence in Zpq and

-1 -2 1 -2 -1
(6) P 2, — k<2,

p q rq p q
then S = AUB, where ACZy, BCZqy, |A|l=p—2,and |B|=q—-1

Proof. Let S = AU B U C with the same assumptions on A, B and C as
in the proof of Theorem 5.3. Suppose ¢ = 0. After some simplification (6)
becomes:
1<(1-ig+(2—-jp<q-3.

Since ¢ and j are positive, in order for the left inequality to hold, we must
have j = 1. Thus1 < (1 —-4i)g+p < gq—3. Clearly, for i = 1, we
obtain a contradiction of the hypothesis that p > ¢, while for i > 2, we
have 1 < (1 —i)g+p < —2¢+ p < -3, the last inequality following
from the hypothesis on p and g. This contradiction rules out all remaining
possibilities except when i = 2 and j = 1, which are the conditions we seek.
So suppose ¢ > 0.

Case 1: j=1. Ifi=1 or 2, we get k(S) > %2 + 9;—1 contradicting the
conditions of the theorem. Hence i > 3. Using the left inequality of (6),
namely

—3 — -1 -
pP—t . 4 1 +£°P -2, 1
p q Pq p q pq
we obtain that ¢ > (i — 1)¢g — p + 1. Consequently,

[AUCI=(p-i)+c>(p-i)+(i—1)g—p+1=
=(q—1)yi—qg+1>(¢g—1)3—q+1=2¢g-2>p+1
The result now follows by Lemma 3.1 (a).
Case 2: j > 1. Then the right inequality of (6) yields ¢ > (: — 1)q +
(7 —2)p+1, and since i > 1 and j > 2, we conclude that ¢ > 0. From this
we see that
IBUC|=(g—j)+c>(g-3)+(E—-1)g+(G-2)p+1=
=ig~2p+1+jlp—-1)2ig—2p+1+2(p—-1)=4ig—1.
Thus |BUC| > iq and the result follows from Lemma 3.1 (a). O

b

Corollary 5.9 now follows from Theorem 5.8 and (x).
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Corollary 5.9. Supposep > q > 5 are odd primes with 2p—4 > 2q > p+3.
Then

A
W(qu)g{p—q |2<A<2pg—q-2p+2,
2pq—2q—p+1<A<2pg—29—-p+2, or A=2pg—p—q+1}.

Computer calculations (see [1]) based on Lemma 4.1 indicate if 2p—4 >
2g > p + 3, then the structure of W(Zp,) beyond the two gaps exhibited
in Corollary 5.9 may not be as nice as that exhibited in Corollary 5.4. We
demonstrate this by illustrating in the following table the values generated
by Lemma 4.1 in W(Z,,) for ¢ = 7 and p = 11,13,17,19,23,29. We use
the notation [n,m] to represent the set of integers z such that n < z <m.

P values of x such that £ is known to be in W(Zrp)

11 2,120 U [123,127]U (130, 131] U {137}

13 | [2,133]U[135,139] U [142, 145] U [149, 151] U [156, 157] U {163}
17 [2,192] U {194, 199] U [201, 203] U [208, 209] U {215}

19 | [2,211JU [213,217] U [200, 223] U [227, 229] U [234, 235] U {241}
23 [2,275] U [279, 281] U [286, 287] U {293}

29 [2,347] U [350,353] U [357, 359] U [364, 365] U {371}

5.5. When p and q are Twin Primes.

Theorem 5.10. Let p and q be twin primes with g=p—2>5. Let S be
a zero free sequence in Zpq with

2pg—p—3¢+3 2pg—-2p—gq
= L < kS < —-
(#) rq < k() pq
Then S = AUB where ACZ,, BCZy, | Al=p—1and|B|=q-2.

Proof. Let S = AU B U C and write [C| = c. We proceed as in the proofs
of Theorems 5.3 and 5.8. Now

—(l+j+4)p+ 21+c
() K(S) = s

Forl1 <i<pandl < j < g, let S;; be a zero free sequence of Zy,
with k(S;;) = l’-— + ML Thus, k(S;,;) decreases as i or j increases.

Set B, M)z;;z%—%p—dl and B, = 2&(e=2) (szggp-zﬁs‘ Suppose that
¢ = 0. Calculations with (f) indicate that k(S1,)) > By, k(S1,2) =

and k(S1,3) < B;. For i = 2, k(S2, 1) > By and k(Sz 2) < By. Further
k(S3,1) < Bi. Hence, if S satisfies (#), then i = 1 and j = 2, which is the

desired result. If ¢ # 0, then we again consider two cases.
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Case 1: j = 1. From the previous calculations with (t), we obtain that
1 > 3. Hence

20— (i+5)p+2i+c S 20 —4p—p—-3p+9
p(p—2) - p(p-2)

k(S) =

and thus
c=>(p—-2)$i—-3p+9.
So,
|AUC|I=(p—%)+c>(E-2p+9-3i>p
for i > 3. The argument now follows from Lemma 3.1 (c).
Case 2: j > 1. Now
p-i)p-2)+pp—2-j)+c22p(p-2)—p~-3(p-2)+3.
Thus
c2(E+j—-4)p+9-—-2
and hence
(p=2)=j+c2((p=2) =)+ (+j—4)p+9—2
=(pP-2)yi+(P-2)F-3)+j+1.
Hence, if j > 3, then | BUC |> (p — 2)i and the argument follows from

Lemma 3.1 (a). Thus, we merely need to deal with the case j = 2.

We have shown earlier that k(S1,2) = M%ﬂ. Hence, we can

assume that ¢ > 2. Now, | B |= ¢ — 2 and by [4, Lemma 13] we have that
| 32 B |> g—2. Thus ¢ < p+i for otherwise | AUC |> (p—i)+ (p+1i) = 2p
and we can appeal to Lemma 3.1 (a). If i > 2,

(p—13)p—2)+plp—4)+c<2p®—(i+5)p+ 3.

If i = 3 the result follows. If i > 3 then 2p% — (i + 5)p+ 3i < 2p*> —8p+ 9
and the result follows. To complete the proof, we need to show that the
result holds for ¢ = j = 2. In this case, Lemma 3.2 implies that

22— (i+j+4)p+2%+c=2p-8p+d+c
<2p*—8p+6< 2% —8p+9,
completing the proof. O
Corollary 5.11. Let p and q be twin primes with q=p —2 > 5. Then,

W(qu)g{p—'\q | 2<A<2pg—3¢—p+3,

2pg—2p—q+1<A<2pg-2g—-p+2, or A=2pg—p—q+1}.
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