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Abstract

Let G = (V,E) be a simple graph. For any real valued func-
tion f: V - Rand S CV, let f(5) = 3 o f(u). A signed
k-subdominating function is a function f : V — {—1,1} such that
F(N[v]) > 1 for at least k vertices v € V. The signed k-subdomination
number of a graph G is v;,'(G) = min {f(V)|f is a signed k-
subdominating function on G}. In this paper, we obtain lower bounds

on this parameter and extend some results in other papers.
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1. Introduction

Let G = (V,E) be a simple graph and v a vertex in V. The open
neighborhood of v, denoted by N(v), is the set of vertices adjacent to v,
ie. N(v) = {u € V|luv € E}. The closed neighborhood of v is the set
N[v] = N(v) U {v}. The degree of v is d(v) = [N(v)|. The minimum
degree and maximum degree of the vertices of G are respectively denoted
by 4(G) and A(G). When no ambiguity can occur, we often simply write
d, A instead of 6(G) and A(G).

For any real valued function f : V. — R and S C V, let f(S) =
> ues f(u). The weight of f is defined as f(V'). We will denote f(N[v])
by f[v] where v € V. A function f:V — {-1,1} is a majority dominat-
ing function on G if for at least half the vertices v € V, f[v] > 1. The

majority domination number is defined as vpqo;(G) = min {f(V)|f is a

1The project was partially supported by NNSFC 19871036.

ARS COMBINATORIA 71(2004), pp. 195-199



majority dominating function on G}. A signed k-subdominating function
for G is defined as a function f : V — {—1,1} such that f[v] > 1 for at
least k vertices of G. The signed k-subdomination number of a graph G
is 7;''(G) =min{f(V)|f is a signed k-subdominating function on G}. In
this paper, we obtain lower bounds on the signed k-subdomination number

of a graph G in terms of the order, minimum and maximum degree.

2. Main results

Theorem 1 For any graph G with order n and 1 < k <mn,

§—3A — )n+2(A+2)k
A+6+2

—II(G) > (

Proof Let f be a minimum signed k-subdominating function on

G. Partition the vertices of G based on their degree and function value as
follows. Let

Ppr ={veV|f(v)=1and d(v) = A},

= {v € V|f(v) =1 and d(v) = ¢},

Po={veV|f(v)=1and § <d(v) < A},

Mp = {veV|f(v) =-1and d(v) = A},

M;s = {v € V|f(v) = —1 and d(v) = 6},

Mg ={veV|f(v)=-1and é§ < d(v) < A}.

Further, we let

Va=PaUMa, Vs=P;UM;, Vo=PFPoUMp,
P=PAUPsUPg, M=MaUM;UMsg.

For at least k vertices z € V, f[x] > 1. Hence we have

S flEl2k-(A+l)(n-k) = (A+2)k~(A+1)n (1)
€V
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In this sum f(z) is added a total of d(z) + 1 times, for each vertex z.
Therefore, we have
> f@)(d(z) +1) 2 (A + 2k — (A + Ln. (2)
z€V
Breaking the sum up into the six summations and replacing f(z) with the

corresponding value of 1 or —1 yields

YA +D+ D (dz)+1)+ Y (dz)+1)

z€Pa zEP; IEP@

- Y @@+ = Y @@+ - Y (dz)+1) > (A+2k
TEMa TE€EM; zEMe

- (A + 1)n.

We know that d(z) = A for all zin VAo and d(z) =din Vzand § +1 <
d(z) < A — 1 in V. Therefore, we have

YA+ D (D + D (A)

TE€EPA z€P; z€Peo

=) A+ = DB+ Y (+2) > (A+2k—(A+1)n.

T€EMa zEM; zE€EMo

Thus
(A +1)|Pa| + (5 + 1)|Ps| + AlPo| = (A + 1)|Ma| — (8 + 1)| M|
—(0+2)|Mo| > (A+2)k—(A+1)n.

For i € {A, 4,0}, we replace |P;| with |V;| — |M;] in the above inequality.

Therefore, we have

(A +1)|Val + (6 + 1)|Vs| + AlVe| — 2(A + 1)|Ma| — 2(6 + 1)|Ms|
- (A+6+2)|Meg| 2 (A+2)k—(A+1)n.
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Thus we have

2(A+ 1)n— (A +2)k

v

(A = 0)|Vs| + Vol +2(A + 1)|Ma| + 2(8 + 1)| M|
+(A + 6 + 2)[Mo|.

Hence

20 +1)n—-(A+2)k > 2(A + 1)|Ma| + (A + 6+ 2)|M;] + (A + 6+ 3)|M
(A +6+2)|M|.

v

Therefore we have that

2(A + 1)n — (A + 2)k 3
A+6+2 ) (3)

|M| <

Since 7,1 (G) = n — 2| M|, we have that

(6 — 3A — 2)n + 2(A + 2)k
A+d+2 ’

Teo H(G) 2
This completes the proof. |

Corollary 1 ([2]) If G is a k—regular graph, k is even, of order n,

then
-k
Ymaj (G) 2 mn

Corollary 2 (f1]) If n > 3 and 1 < k < n, then for every r-regular
(r > 2 is even) graph G of order n,

r+2

-11

k—n.

If v is a vertex of odd degree in a graph G, and if f is a signed k-
subdomination function of G, then f[v] is even. Hence, using an almost

identical proof to that of Theorem 1 we have the following result.
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Theorem 2 For any graph G of order n with all vertices odd degree
and 1 < k <n, then

(0-3A—-2n+2(A+3)k
A+4d+2 ’

Tl H(G) >

Corollary 3 ([2]) If G is a k—regular graph, k is odd, of order n,
then
1-%
. > —"n.
mai(G) 2 g ym
Corollary 4 ({1]) If n > 3 and 1 < k < n, then for every r-regular
(r > 2) graph G of order n, r is odd, then

r+3
r+1

T (€) k—n.
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