ON SELF-COMPLEMENTARY VERTEX-TRANSITIVE
GRAPHS OF ORDER A PRODUCT OF DISTINCT
PRIMES

EDWARD DOBSON

ABSTRACT. We show that a self-complementary vertex-transitive graph
of order pg, p and q distinct primes, is isomorphic to a circulant graph
of order pg. We will also show that if " is a self-complementary Cay-
ley graph of the nonabelian group G of order pg, then I’ and the
complement of I' are not isomorphic by a group automorphism of G.

In [5], it was shown that there exists a self-complementary vertex-transitive
graph of order pg, p and g distinct primes, if and only if ¢,p = 1 (mod 4).
In [12], this result was generalized and it was shown that there exist self-
complementary vertex-transitive graphs of order = if and only if whenever
p%|n but p**! jn, p a prime, then p® = 1 (mod 4). We will show that every
self-complementary vertex-transitive graph of order pq is isomorphic to a
circulant graph.

Liskovets and Péschel [8], and Jajcay and Li [6], both independently
showed that there exist self-complementary circulant graphs of order p?
which are not isomorphic to their complements by a group automorphism
of Z,2, and gave all such graphs. This work was motivated, in part, by a
construction of Suprunenko [14] for constructing self-complementary Cay-
ley graphs using group automorphisms. Their work shows that, at least in
some sense, not every self-complementary Cayley graph can be constructed
using Suprunenko’s construction. It is worth while to point out that the self-
complementary circulant graphs of order p? which cannot be constructed
using Suprunenko’s construction given in the above results are also isomor-
phic to Cayley graphs of Zf,, and can be constructed using Suprunenko’s
construction with a group automorphism of Z2 as Z2 is a Cl-group with re-
spect to graphs [4]. Thus every self-complementary Cayley graph of order
p? (and hence every self-complementary vertex-transitive graph of order
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p?, see [9]) can be constructed upto isomorphism using Suprunenko’s con-
struction. We will show that if I' is a self-complementary Cayley graph of
the nonabelian group G of order pg, then I' and it’s complement are not
isomorphic by a group automorphism of G. As every self-complementary
vertex-transitive graph of order pq is isomorphic to a circulant graph and,
as Alspach and Parsons [1] have shown that Z,, is a CI-group with respect
to graphs, every self-complementary vertex-transitive graph of order pg can
be constructed upto isomorphism using Suprunenko’s construction. Finally,
the interested reader is referred to [7], for a general study of the structure
of self-complementary vertex-transitive graphs is undertaken, and an in-
finite family of non-Cayley self-complementary vertex-transitive graphs is
constructed.

Throughout this paper, all graphs and groups are finite. Furthermore, all
graphs are loopless without multiple edges. For permutation group theory
terminology not defined in this paper, see [15).

Definition 1. A graph I is vertez-transitive if Aut(I'), the automorphism
group of T, is transitive on V(I'). The complement of I, denoted T, is
defined by V(T') = V(T) and E(T) = {zy : zy ¢ E(I')}. A graphis
self-complementary if T = T.

It is easy to see that Aut(T') = Aut(T).

Let Z,, be the ring of integers modulo n, and Z;, be the units of Z,,. Let
m,n be positive integers and set p = |m/2]. Let V = V(T) = {v} : i €
Zm,j € Z,}, and a € Z},. Let Sp,S1,...,S5, be subsets of Z, satisfying
the following conditions:

1. 0& Sp = —5o,

2. oS, =8, for0<r < p,

3. if m is even, then a*S, = ~S,,.

Let E = {(v},v;'"):0<r <pandh—j€ o'S,}. We define the
metacirculant graph T = T'(m,n,a, Sp, ... ,S,) to be the graph with vertex
set V and edge set E. We will also refer to I' as an (m,n)-metacirculant.
Define two permutations p, 7 on V by

p(v}) = Vi
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and
T(vi) = it
Metacirculant graphs were first introduced by Alspach and Parsons [2],

where their elementary properties were discussed.

Theorem 1 (Alspach and Parsons, [2]). The (m,n)-metacirculant graph T =
T'(m,n,a,S, ... ,S,) is vertez-transitive with (p,7) < Aut(T'). Conversely,
any graph I with vertez set V and (p, T) < Aut(I") is an (m, n)-metacirculant.

We remark that if ¢ < p are distinct primes and I'(g, p, @, S, - .. , S,) is
a metacirculant graph, then by raising 7 to an appropriate power relatively
prime to ¢, we may assume that |a| = ¢¥, k > 0, in which case |{p, 7)| = pg*.

Marusi¢ and Scapellato have shown [11] that SL(2,2*) has an imprimi-
tive representation with PG(1,2¥) as the complete block system of imprim-
itivity. Furthermore, in the same paper, they gave the following description
of all graphs admitting the previously mentioned imprimitive representation
of SL(2,2¥) (see [10] for the following concise definition of these graphs).

Definition 2 ([10], Definition 1.3). Let m be a divisor of 2 — 1. For a
symmetric subset S of Z,, — {0} and a subset T" of Z,, we let X(k,m, S, T)
denote the graph with vertex set PG(1,2F) x Z,, such that, for each r € Z,,
and each z € PG(1,2*), the neighbors of (z,r) are all vertices of the form
(00,7 +8), s €S, and (y,7 +t), y € GF(2*), t € T if z = 0o and all the
vertices of the form (z,7+s), s € S, (00,r—t), t € T, and (z+w’, —r+t+2i),
1€EZm,t €T if x# oo.

Metacirculant graphs and the Marusié-Scapelleto graphs defined above
are important in this context for the following reason.

Theorem 2 (Theorem, [10]). Let ' be a vertez-transitive graph of order
pq, where ¢ < p are distinct primes, such that Aut(T') contains an imprim-
itive subgroup H. Then either ' is a metacirculant graph or H admits a
complete block system of p blocks of size q, p = 22° + 1 is a Fermat prime,
q divides 22" — 1, and there is o symmetric subset S of Z; and a proper,
nonempty subset T of Z, such that T = X(2%,q,5,T).

Lemma 3. No graph X(k,m,S,T) is self-complementary.
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Proof. 1t was shown in [11] that the imprimitive representation of G =
SL(2,2%) with PG(1,2*) as the complete block system of imprimitivity of
degree m(2* +1) is unique. Furthermore, by [11, Lemma 2.3], the stabilizer
of a point in this representation has m orbits of length 1 and m orbits of
length 2. As m is a divisor of 2% — 1, m < 2%. Let z € V(X (k,m, S, T)).
As Stabg(z) has m orbits of length 1 and m orbits of length 2%, if z is
adjacent in X(k,m,S,T) to y and y is contained in an orbit of length 2¥,
then z is adjacent to every vertex in the orbit of Stabg(z) that contains
y. Let 7 be the number of orbits O, of Stabg(x) whose length is 2* such
that zy € E(X(k,m, S, T)) for some y € O,. Thus z is adjacent to r2¥ + s
vertices of X (k,m, S, T), where s < m. Then z is adjacent in X_(kTS,T)
to (m — r)2* + (m — 1 — s) vertices. As m divides 2F — 1, it is odd, and r
and m — r are not equal, with, say, m —r > 7. Then r2* + s < 72k 4 2F =
(r+1)2% < (m —1)25 + (m — 1 — s), so that r2¥ + s < (m — r)2k +
(m — s —1). Thus degxkm,s7)(¢) < degxGmsmy (). Of course, if
X(k,m, S, T) is self-complementary, then every vertex of X(k,m, S, T) and
X(k,m,S,T) must have degree (m(2* + 1) — 1)/2. Thus X(k,m,S,T) is
not self-complementary. (]

Definition 3. Let G be a group. For g € G, define g1, : G = G by gr(h) =
gh. Then G1 = {g1 : g € G} is itself a group, the left regular representation
of G and is isomorphic to G. Let S C G — {1} such that S~ = S. Define
a graph T =T(G, S) by V(') = G and E(T') = {(j,h) : 77 *h € S}. We say
that T'(G, S) is a Cayley graph of G. Clearly j~'h € S and (gj)~'gh € S
are equivalent statements, so that g;, € Aut(l'). Hence G < Aut(l'). A
circulant graph of order n is a Cayley graph of Z,,.

We remark that if I'(g, p, @, So, S1, . . . , Sy) is a metacirculant graph with
|a| = 1, then T is canonically isomorphic to a circulant graph.

Definition 4. Let I be a vertex-transitive graph of order k such that I' %
Y | E*, where E™ is the graph on n vertices with no edges and n # 1.
We say that T is irreducible. Let G < Aut(T') with [Stabg(z)| = n, < is
any vertex of I'. In [13] Sabidussi showed that for every transitive group
G < Aut(T'), the graph ' E™ is a Cayley graph of G. We will refer to T’
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as an n-Cayley graph of G (so » = 1 means that I is a Cayley graph of
G). Furthermore, Sabidussi also showed that Aut(I'? E") = Aut(T") ? S.
Hence Aut(I'! E”) admits a complete block system B of & blocks of size n,
formed by the orbits of 1, 1S,,. There thus exists a correspondence between
the vertex set of I' and the complete block system B. For w a vertex of
I E™, we denote by w, the vertex of I' which corresponds to the block of B
that contains w. Note that if IV is an another irreducible vertex-transitive
graph, and 6 : '} E® — IV E™ is an isomorphism, then 6, : I' = IV is
an isomorphism where d,(z.) = y. if and only if §(z) € y.. Further, if
6 : V(I) = V(I") is an isomorphism, then né : V(' E*) — V(I 1 E™)
where né((z,a)) = (6(x), @) is also an isomorphism. Finally, (né), = 4.

Definition 5. Let G be a group and I' a Cayley graph of G. We say that
G is a CI-group with respect to graphs if whenever I" is a Cayley graph of
G, then I' 2 I if and only if there exists a € Aut(G) such that o(T') = I".

Definition 6. Assume that if I' and IV are isomorphic n-Cayley graphs of
G then T and I are isomorphic by ., for some o € Aut(G). We then say
that T is a (n, G)-CI-graph. If every n-Cayley graph of G is an (n,G)-CI-
graph, we say that G is a (n,G)-CI-group. If every n-Cayley graph of G
that is not a (n, G)-CI-graph is a Cayley graph of G’ and G’ is a Cl-group
with respect to graphs, we say that G is a weak (n, G)-CI group via G'.

Definition 7. Let G be a transitive permutation group admitting a com-
plete block system B of m blocks of size k. For g € G, define g/B in
the symmetric group S™ by (g/B)(i) = j if and only if g(B;) = Bj,
B;, B; € B. There is thus a canonical homomorphism 7 : G — S™ given
by m(g) = g/B. We denote the kernel of this homomorphism by fixg(B).
Hence fixg(B) = {g € G : g(B) = B for all B € B}.

Theorem 4. Let T’ be a self-complimentary q*-Cayley graph of the non-
abelian group (p,7) of order pg**!, where p, T are defined as above with
m =g, n=p, and |a| = ¢**'. Then T is not a (¢*, (p, 7))-Cl-graph. In
particular, there does not ezist a € Aut({p, 7)) such that o, (') =T.
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Proof. By Theorem 1, T' = I'(g,p, @, So, ... ,Syu) is a (g, p)-metacirculant
graph so that T' = ['(q,p, @, Z; — S0,Zp — 81, ... , Zp — Sy) is also a (g,p)-
metacirculant graph. Assume there exists w., : I' = T such that w €
Aut({p,7) and w, is an isomorphism (so that w. € Ngv({p,7))). Let B be
the unique complete block system of g blocks of size p of (p,7) formed
by the orbits of (). As (p) is the unique Sylow p-subgroup of (p,7),
w;Y{p)w. = (p). Furthermore, as p, T generate (p,7), we must also have
that w (7w, = (1p%), for some £ € Z,. Thus w;(T)w./B = (7)/B. As
w, is a bijection from V to V, we have that w, € SV. As 7(V?) = Vi+!
(where Vi = {v} : j € Zp}), we have that (r)/B is canonically iso-
morphic to (Zg), and 7/B = 0 € Nse((Z4)r). It is well known that
Nse((Zg)L) = {z > az + b: a € Z;,b € Zy}, so that o(i) =i+ b, 7 € Zg,
b€ Z,. Let v = w, 7" Note ¢ € Ngv({p)). As Ngv({p)) = {v} = vgg.?_bi :
o € 89,8 € Z},b; € Zp}, we have that ¢(v}) = vj},,, for some § € Z;, and
b; € Zp. Then ¢(v}) = vG},,, so that ¢ 1(v}) = '0,';11}_3—1,,'_”- Then

-1 i\ jtr—1
[A TL('Uj) = vaj+B“ab&—ﬁ'lb,~+,.-1

and ¢~17¢ € (p, 7). Thus there exists ¢ € Zj, such that t = 7¢p°(v}) = vf;;?r“l .
Hence T—r_lL_ITch('U;-) = vi_,_,“j, and 7" et € fixgny(B). I
r#1,then (@) = (0= *1)and |7~ " 1rep?| > ¢*+1. Thus [fix(, . (B)| >
p- ¢! and |{p,7)| > p- ¢**t2. As (p,7) is a g*-Cayley graph of (p, ), we
have that |{p,7)] = p - ¢**1, a contradiction. Thus r = 1.

As r =1, ¢ maps the |S;| edges between vJ and elements of V! in T to
the |Z, — S1| edges between v} and elements of V! in I'. However, as p # 2
is prime, |S1| # |Z, — S1|, a contradiction. ()

Theorem 5 ([3], Theorem 21). Let g|(p — 1), where g and p are prime,
a € Z}, such that |a| = ¢*+!, and 7(v}) = v;i'. Then G = (p, ) is @ weak

(¢*,G)-CI group via Zgp with respect to graphs, and is a (¢*, G)-Cl-group
with respect to graphs if and only if ¢ < 3.

Corollary 6. Every self-complementary vertez-transitive graph of order a
product of two distinct primes is isomorphic to a circulant graph.
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Proof. Let I be a self-complementary vertex-transitive graph of order pgq,
q < p distinct primes, so that ¢ = 1 (mod 4). Clearly Aut(T') is either primi-
tive or imprimitive. If Aut(T’) is primitive, then I is not self-complementary
by [5, Proposition 2.2]. Thus Aut(T") is imprimitive. By Theorem 2, T is ei-
ther a Marusi¢-Scapelleto graph, in which case I is not self-complementary
by Lemma 3, or a metacirculant graph. Thus I" is a metacirculant graph,
and, either the result follows, or I is an (g,p, a, Sp, ... » Sy )-metacirculant
graph with |a| = ¢+, k > 0. By Theorem 4, T is not a (g*, (p, 7))-CI-
graph. It then follows from Theorem 5 that I is isomorphic to a circulant
graph and the result follows. O

Finally, it is now not very difficult to give examples of self-complementary
Cayley graphs I'(G, S), where G is a nonabelian group of order pg, pand ¢
odd primes such that g|(p — 1), having the property that I'(G, S) and it’s
complement are not isomorphic by a group automorphism of G. Indeed, if
I is any self-complementary vertex-transitive graph of order g, we know by
Corollary 6 that I' is isomorphic to a circulant graph. We thus need only find
circulant self-complementary graphs of order pq that are also isomorphic to
Cayley graphs of G. As a circulant graph of order pgq may be regarded as
a(g,p,1,80,...,5,)-metacirculant graph, we will henceforth consider only
such (g, p)-metacirculant graphs. Let p = z. ..Zg_1, where each z; is a
p-cycle that permutes v, and a € Z; such that |a| = q. Let 6§ = I'I‘,?;olzf“.
A straightforward computation will then show that 7—167 = §2. It is
then easy to see that {(r,d) is isomorphic to G. Let Iy and I'p be self-
complementary circulant graphs of order g and p, respectively. Then I'giT'p
is a circulant self-complementary graph of order gp, and & € Aut(T:Tp) =
Aut(T'y) 1 Aut(Tp). Thus I'q 2T, is a self-complementary vertex-transitive
graph isomorphic to Cayley graphs of both groups of order 24, and so if we
label V(['g1T';) so that I'g 1 T, is a Cayley graph of G, then g T is not
isomorphic to it’s complement by a group automorphism of G.
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