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Abstract: Let D be a dominating sct of a simple graph G =
(V. E). Il the subgraph (V — D) induced by the set V — D is
disconnected, then D is called a split dominating set of G, and
if (D) has no edges, then D is an independent dominating set
ol G. If every vertex in V is adjacent to some vertex of D in
G, then D is a total dominating set of GG. The splil domination
number 7v,(G), independent domination number i(G) and total
domination number ,(G) equal the minimum cardinalities of a
split, independent and total dominating sct of G, respectively..
The concept of split domination was first defined by Kulli and
Janakiram in 1997 [4], while total domination was introduced
by Cockayne, Dawes and Hedetniemi in 1980 {2].

In this paper, we study the split, independent and total domina-
tion numbers of corona G o H and generalized coronas kG o H
of graphs.

1. Introduction

Let G be a simple graph with V(G) = {z;,%,,...,z,},n > 1. By a copy
of G we mean the graph G* with the vertex set V(G*) = {«f,23,...,z}3},
where 7 corresponds to a vertex z; € V(G) and the edge x}z} € E(G*) if
and only if z;2; € E(G). The duplication of a subset S = {vq,v2,...,vn} C
V(G) into the copy G* of a graph G, is a set $* C V(G*) such that
S* = {v},v3,...,v},}, where v} corresponds to a vertex v;. Recall that
Go H is called the corona of graphs if it is obtained from the disjoint union
of G and n copies of H (where n = |V(G)|) by joining a vertex z; of G
with every vertex from i-th copy of H, for each i = 1,2,...,n (see [1]).
Let & be a fixed integer, k > 1. k—corona kG o H is a graph obtained from
k copies of G and |V(G)| copies of H with appropriate edges between cach
vertex :r{ of the copy G7 and all of the vertices of the copy H;. Thus, if
G has r vertices and s edges, and H has ¢ vertices and u edges, then the
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coroua kG o H has kr + 1 vertices, and ks + ru + krt edges. For example
4Ko0 Ky, 2P30 Ksand 2K o K5 are illustrated in this figure

i go0 18

4K50 K 2P0 I\—’Q 2Ky 0 K,
If £ =1, then we obtain the corona of graphs GG and H.

If X € V(G), then the notation (X}, means the subgraph of G induced
by a subset X. A subsct § C V(G) is called a cut set of G if (V(G) — S)
is disconnected.

In this paper we study three of many variations of the domination: the
split domination, total domination and independent domination. Recall, a
snbset D C V(G) is a dominating set of G if every vertex y € V(G) — D
is adjacent to some vertex x € D. We also say that y is dominated by D
in Gor by xin G. If D = {z} is a dominating set of G, then z is called
a dominating verter. The domination number v(G) of G is the minimum
cardinality of a dominating set of G. The domatic number d(G) of G is the
maximum number of elements in a partition of V(G) into dominating sets,
sce [5). If every vertex y € V(G) is adjacent to some vertex z € D in G,
then D is called a total dominating set of G. The minimum cardinality of a
total dominating set of G is the total domination number v,(G). Of course,
every total dominating set also is & dominating set of G. A dominating set
D of G is a split dominating set of G if the induced subgraph (V(G) — D)
is disconnected. We note that the existence of such a subset in a connected
graph is assured under the condition that this graph is different from the
complete graph. The split domination number ~v,(G)of G is the minimum
cardinality of a split dominating set of G. A dominating set D of G is an
independent dominating set of G if (D), has no edges. The independent
domination number i(G) of G is the minimum cardinality of a independent
dominating set of G. For a convenience, 2 dominating, split dominating,
independent dominating and total dominating set of G which realizes the
number Y(G), 7,(G), i(G) and ,(G) will be called a ¥(G) — set, a 7,(G) —
set, a i(G) — set and a v,(G) — set, respectively. Any term not defined in
this paper may be found in [1].
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2. Domination parameters of the corona

We start with a simple observations concerning mentioned domination
paratcters with respect to the corona G o H. The proofs of these observa-
tions are self-cvident and they will be left to the reader.

Observation 1. For aeny graph G and H
Y(Go H) = [V(G).

Note that by the definition of the corona it follows that, if H is the
complete graph, then K)o H also is complete. There is no split dominating
set of K} o H. in the resulting graph. In conclusion, we assumne that H is
a noncomplete graph.

Observation 2. If |V(G)| > 2 or H is disconnected and |V(G)| = 1, then
V(G o ll) = |[V(G)|.

It is not difficult to observe that, in the above cases, V(G) is the set real-
izing the domination number and the split domination number of Go H,
respectively.

Observation 3. If H is a noncomplete connected graph, then
Yo(K10o H) = s(H) + 1,
where k(H) is the minimum cardinality taken over all cut sets of H.

In this case, the sum of V(K;) and the smallest cut set of H is v,(K; o
H)—set.

Now, we determine the total domination number of the corona. It is easy
to see that 7, (K0 H) = 2, for any graph H. This result can be generalized
to any graph G, what is the content of the following result.

Observation 4. For any graph G and H
7(Go H) = |V(G)| + 5,
where s is number of isolated vertices of G.
Finally, we determine the independent domination number of the corona.
Observation 5. For any graph G end H
iGo H) = By(G) + (IV(G)] - Bo(G)) i(H),

where 3¢(G) is the mazimumn cardinality of an independent set of G (i.e.
Bo(G) is the independence number of G).

Proof. Let V(G) = {1, x9,...,%,} and S be a maxinnun independent set
of G. Let J be a subset of {1,2,...,n}, such that

ieTE saa} UV(H:)) =0, for somei € {1,2,...,n}
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Observe that |S] = 3,(G) and |J| = |V(G)| - 8,(G).
Since S also is a dominating set of G, then

D=Su|JD;,
jeJ
is the smallest independent dominating set of Go H, where D; is i( H;)—set.

Moreover, |D| = |S|+ 3 ;e7 1Dil = By(G) + i(H) (IV(G)| - By(G)), as
required. 0

From the above considerations, we obtain
Corollary 2.1. For any graph H
(KioH)=1.

3. Domination parameters of the generalized corona

Let V(G) = {z1,z2,...,a} be the vertex set of a graph G and G, G2,
...,G* and H', H?,.. ., H™ be the copies of G and H in kG o H, respec-
tively. Put V(G?) = {u},23,...,23}, for j = 1,2,... k. From the above
it follows that for any fixed i € {1,2,...,n} the vertex 2} € V(GY) is
adjacent to all vertices of H' in kGo H, for j = 1,2,...,k. Put Y; =
(V(H) U {z},2%,...,25}) ooy for i = 1,2,...,n. Then V(kG o H) =

i V(Y3) and V() N V(Y;) = 0, for i # j.
First, we consider the domination number with respect to the k—corona,
kGoH.

Theorem 3.1. For two arbitrary graphs G and H and for k> 1
IV(G)| < v(kG o H) < 2|V(G)].

Proof. Let D be ay(kGoH)—set. Let H* and Y; be the subgraphs of kGoH
defined as above. First, we show that |V(G)| < v(kG o H). Assume that
DNV(Ym) =0, for some m € {1,2,...,n}. Then any vertex from V(Hy) is
not dominated by D in kG o H - a contradiction. Thus, it must be that DN
V(Y;) #0, fori = 1,2,...,n. In a consequence, n = [V(G)| < v(kG o H),
as desired. To show that v(kGo H) < 2|V (G)|, we construct a dominating
set S of kGoH and |S| = 2|V(G)|. Let S = i, {hi}UUL, {z!}, where
h; is sowe vertex from V(H?). Since the subset {;,x!} is a dominating set
of ¥; for any i € {1,2,...,n}, thus S is a dominating set of kG o H and
|S| = 2|V(G)|, as desired. m|

It is interesting to know for which graphs G and H the cquality |V(G)| =
(kG o H) holds. To answer the question we give some basic results. In all
further results we shall take & > 1.
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Theorem 3.2. Let GG be a connected graph. If H has a dominating verter.
then

Y(kG o H) = [V(G)].

Proof. Duplicating the dominating vertex of H into every copy H* of kG o
H, we obtain a dominating set of kGo H with the cardinality |V(G)| . Hence
¥(kGo H) < |V(G)|. Now, according to Theorem 3.1 we have y(kGo H) =
|[V(G)|, as required. a

Proposition 3.3. Let D be a y(kGo H)—set with |D| = n = |V(G)|. Then
DNV =1, fori=1,2,...,n

Proof. Put D be a sct as in the statement of the theorcm.
Recall, ¥; = <V(11') U U l{.L"}> . . Assume that there exists an inte-
O

germ € {1,2,...,n}, such that DNV (Y;,) = @. But it is not possible, since
any vertex from V(H™) would not be dominated by D in kG o H. Thus, it
must be that DNV(Y;) # 0, for i = 1,2,...,n. Further, since the vertex
set V(G o H) is a disjoint union of exactly n subsets V(Y;) and |D| = n,
hence [DNV ()| =1, fori=1,2,...,n

Recall that G*,G?,...,G* arc the copies of G in kG o H and V(GY) =
{2],23,...,2i}, for j =1,2,..., k.

Proposition 3.4. Let D be the v(kG o H)—set with |D| =n = |V(G)|. If
Y(H) > 2, then for any j =1,2,...,k a subset DNV (G?) is a dominating
set of an induced subgraph G of kG o H.

Proof. Let D be a 4(kG o H)—set and |D| = n. By Proposition 3.3 we
have [IDNV(Y;)| = 1, for i = 1,2,...,n. Moreover, since H® has no
dominating vertex, then D N V(H?) = 0) for i = 1,2,...,n (otherwise
it would be |[DNV(Y;,)| > 2, for some m € {1,2,...,n, }) This means
that DNJ;, V(H*)=0and D C Ur., V(GY). Put D,- = DN V(GY),for
j=12..., .

Now, we show that D; is a dominating set of G7, for j = 1,2,...,k.
Let «] € V(GY) — Dj, for a fixed i € {1,2,...,n} and for a fixed j €
{L,2,...,k}. Observe that by the definition of kG o H, it follows that
Nl.coH (.L ) = V(H*) U Ng;(z?) (in other words vertex zJ has a nelghbour
in H® or in G7). As we noticed DNV (H?) = 0, hence also D;NV(HY) = 0.
So, it must be that D; N Ng, (x7) # 0, what means that 27 is dominated by
D; in GJ (GY is meant. as an induced subgraph of kGo H). As a consequence
we obtain that Dj is a dominating set of G7. O

=1
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Morcover, duplicating D; into G, for j = 1,2,.. .,k we obtain a partition
of V(G) into k dominating sets of G. Hence the following results hold.

Corollary 3.5. Let D be the y(kG o H)—set with |D| = n. = |V(G)| and
A(H) > 2. Then k < d(G), where d(G) is the domatic number of G.

Corollary 3.6. If G is a connected graph and 2 < k < d(G), then for any
graph H

kG o H) = |V(G)|.

Proof. Putting |V(G)| = n we can observe that any dominating set of
kG o H contains at least one vertex of Y, for 2 = 1,2,...,n. Hence n <
Y(AGoH). To complete the proof we construct a dominating sct D of k<GoH
with the cardinality |D| = n. Since & < d(G). then the vertex set V(G)
of G can be partitioned into k dowinating sets of G, say Dy, Do, ..., Dy.
Further, let A7 be a duplication of D; into G7 and let D = U;.‘___l Al ltis
obvious that |D| = n and by the definition of the graph AG o H, we sce that
D is a dominating set of kG o H. Hence the proof is complete. O

Theorem 3.7. Let G be a connected graph. Then v(kG o H) = |V(G)| if
and only if H has a dominating vertex or k < d(G).

Proof. The necessary condition is a straightforward consequence of Theo-
rem 3.2 and Corollary 3.6. Now we show the sufficient condition. Let D
be a y(kG o H)—set with |D| = |V(G)| = n. If k = 1, then by Observation
1 the result follows. So, assume that k > 2. If H has a dominating ver-
tex, then the theorem is true. Hence, suppose that H has no dominating
vertex. Since DNV(Y;) # 0, for i = 1,2,...,n, then |[DNV(Y))| = 1,
because of there are exactly n disjoint subgraphs Y; of kG o H. Morcover,
since H* has no dominating vertex, then DNV (H?) =0, fori = 1,2,...,n
(otherwise it would be |D NV (Y;,)] = 2, for some m € {1,2,...,n,}). This
means that DNYT_, V(H)=0and D C U§=1 V(G?). Moreover, for any
3, holds |D n V(Gj)l < 1. Denote by Nigon(V(G?)) the sum of the open
neighbourhoods of all vertices belonging to V(G7). It can observe that

n
Nicon(V(GY)) = | JVH)UV(GY).
i=1
If there exists an integer m, such that DOV (G™) = @, then Nkgon (V(G™))N
D = 0. Because of (as we noticed) D nJ!, V(H*) = 0. It contradicts the
fact that D is a dominating sct of &G o H. Hence it must be that £ < n.
Further, put

D; = DNV(GY),
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for j = 1,2,...,k. It is clear that D; is a dominating set of G7 (G is meant
as a subgraph of kG o H) and D; N D; = (. Finally, duplicating D; into G,
for j = 1,2,..., k we obtain a partition of V(G) into k dominating sets of
G. It wmeans that k < d(G). O

Next we discuss the split domination number of the generalized corona,
kG o H, for 2 < k < d(G). First note that for a disconnected graph
G the generalized corona kG o H also is disconnected, for any k. Thus
(kG o H) = v,(kGo H), if G is disconnected. Consequently, in the future
investigations we shall assume that G is connected.

We shall give some propositions concerning the split domination number of
special generalized coronas. Simple observation shows that the next propo-
sition follows.

Proposition 3.8. For any graph H and for k > 2
Vo(kKy 0 H) = |V(H)|.

Proposition 3.9. Let G be a connected graph and let k > 2, then
¥5(kG 0 K1) = |V(G)|.

Proof. If G =2 K, and k > 2, then kG o K is isomorphic to the star with
at least three vertices and then y,(kK1 o K1) = 1 = |V(G)|, as desired.
Suppose that G is different from K. Let |V (G)| = n. We show that v,(kGo
H) = n, for H = K. Since n > 2, then kG o H has n copies of H, say
HY H? ... H". Of course H' = K, for i = 1,2,...,n. Putting V(H?) =
{h'}, for i = 1,2,...,n we state that the subset {h!,h?,... A"} C V(kGo
H) is a split dominating set of kG o H with the cardinality n, as required.
0O

Proposition 3.10. Let G be a connected graph different from K; and let
k > 2, then for any graph H
7,(2G o H) = [V(G)|.

Proof. Let D be a y(G)—set and let G! and G? be two copies of G in
2G o H. Obscrve that V(G) — D # 0 is a dominating set of G (otherwise D
would not be a minimal dominating set of G). Further, duplicating D into
G! and V(G) — D into G? we obtain a split dominating set of 2G o H, with
the cardinality |V(G)|. According to Theorem 3.1 the result follows. O

Finally, we discuss the v,(kG o H), for 3 < k < d(G) and H % K;.
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Theorem 3.11. Let G be a connected graph different from Ky. If H is
different from K, and 3 < k < d(G), then

V(G + 1 < v,(kGo H) < |[V(G)| + k- L

Proof. Let D be a y(kG o H)-sct. Hence |D| = |V(G)| = n. We show that
D is not a split dominating set of kG o H. More precisely, we prove that
{(V(kG o H) — D), o,y is connected.
Recall Y; = <V(H")UU_';_1{1,J}> - , for i = 1,2,...,n. Note that Y; =
o
kK; o H and additionally observe that the last graph is connected, for all
k> 1.
Consider two adjacent vertices of G. Without loss of generality we may
assume that r1zy € E(G). Thus by the definition of AG o H, it follows
that zjz) € E(kGoH), for j = 1,2,..., k. Further, consider the subgraphs
(V(H‘)UUJ 1{4}) and Yp = (V(H"’)UUJ_I{z-’}>w 4 ©
LG o H. According to Propomtlon 3.3 and Propo.smou 3.4, exactly one
vertex from D belongs to U" {zd} and U, {21}, respectively. Thus
(V1) = Dyjgon and (V(Yl) D)oy Is comnected. becanse of they are
isomorphic to (kK — 1)K; o H and k — 1 > 2. Since & > 3, then we can
find m € {1,2,...,k} such that 27", 25" € V(kG o H) — D and e €
E(kG o H). This means that ((V(Y; )U V(Yi,)) = D)oy is connected.
Now, it is obvious that if x;, ,2;, € V(C) are joined by a path in G contain-
ing successive vertices x;, 2, ..., then the induced subgraph
(V(Y;,)U...uV(Yy,)) - D)kcou is connected. Further, since G is con-
nected, hence every two vertices are joined by a path in G. As a con-
sequence, we obtain that (V(kG o H) — D), ..y is connected, as required.
Finally, |V(G)| = 7(kGoH) < v,(kGoH) aud the lower bouud of y,(kGoH)
holds.

To show the upper bound we construct a split dominating set § of kGoH
with the cardinality |[V(G)| + k — 1. Let {A;, A, ..., Ax} be the partition
of V(G) into k& dominating sets of G (such a partition exists, since k is
not greater than the domatic number of G). Put S; be a duphcatlon of
Aj into GY, for j = 1,2,...,k. It is easy to observe that [J¥_, S, is a
dominating set of kG o H with IUm_ "‘I = |V(G)|. Further, let S =
Um=1 Sm U UJ {z]}. Note that (V(kGo H) — S)rgon 1 disconnected,

since H! is one of the connected components of it. ALl this together gives

that S is a split dominating set with required cardinality not greater than
IV(G)|+ k- 1. a

Theorem 3.12. «,(kG o H) = |V(G)| < G has no isolated vertices and
V(QG) can be partitioned into k total dominating sets.
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Proof. Let D be a y(kG o H)—set with |[D| = n = |V(G)|.
o1 &¢ ;= i A.. ] J | = N
Recall Y, <V(H )UUFI{.z,,})kGOH , for i = 1,2,...,n. Observe that

DNV(Y;) = {«7}, for some j € {1,2,...,k}. Otherwise D would not be a
dowinating set of the gencralized corona or |D| would be greater than n,
what coutradicts the asswnption of D. Since D is a total dominating sct,
then {2} is adjacent to some vertex of D in kGo H, say =i, i # m €
{1,2,...,n}. Thus z; is not an isolated vertex of G, because of it is adjacent
to x,, in G. Next, note that DNV(GY) is a total dominating set of G7 and
duplicating this set into V(G), for j = 1,2, ..., k, we obtain the partition of
V(G) into k total dominating scts, as desired.

Suppose that G has no isolated vertices and V(G) can be partitioned
into k total dominating scts. Then duplicating each clement of the partition
into different copy of G in the generalized corona we obtain the required
total dominating sct of AG o H. Thus the theorem is true. O

Corollary 3.13. Let k > 1, then for any graph H
Y (hPy o II) n<=hk=1,
Y (kC, o H) n<=> (k=2 andn =0(mod 4)) ork=1
n
oy = n <=
vy (kkn o H) 1:4=>A_[QJ

Arguing similarly as in the proof of Theorem 3.7, but with respect to an
independent dominating set, we obtain the result due to Theorem 3.7

Theorem 3.14. Let G be a connected graph. Then i(kG o H) = |V(G)] if
and only if H has ¢ dominating verter or V(G) can be partitioned into k
independent dominating sets.

Proposition 3.15. Letn > 3, then

di(Cy) =3 <= n=0(mod3),
di(Ch) =2 <= n s cven and n = 1,2(mod 3),
di(Cr) =0 <= nis odd and n = 1,2(inod 3),

where di(Cy) is the marimun number of clements in a partition of V(Cy)
into independent dominating sets. Moreover, if . is cven and n = O(mod 3),
then V(C..) can be partitioned into 2 or 3 independent dominating sets.

Proof. Let D be an independent dominating set of C,,, n > 3. Since C, is
2—regular, thus V(C.,) can not be partitioned into more than 3 dominating
sets and of course 3 independent dominating sets. Now, we consider all
cases with respect to the complement of D in C,,.

Assuwe that (V(Cp) — D), 2 K,, thenn is even. Moreover, {D, V(Cn)—
D} is the unique partition of V(C,,) into independent dominating sets.

Assume that (V(C,) — D)., = sK, and D = {z; : i = 1(mod 3)}.
Then it is not difficult to observe that, {D,{z; : i = 2(mod3)}, {x; : i =
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0(mod 3)}} is the unigue partition of V(C,,) into independent dominating
sets and n = 0(mod 3).

Assumc that there exist x;,x; € V(C,) — D, such that N, (x;) C D
and Ne, (;) € D. From the fact that N¢, (z;) C D it follows that V(C,,)
can not be partitioned into more than 2 independent dominating sets. But
V(Ca) — D is not an independent dominating set of Cy, since z; is adjacent
to some vertex of V(C,,) — D in Cy,, by the assnmption of ;. Thus. in this
case, there is no partition of V(C,,) into independent dominating sets.

Reassuming, if n = 0(mod 3), then V(C,,) can be partitioned into 2 or
3 independent dominating sets. If n is even and n = 1,2(mod 3), then
V(C,) can be partitioned into 2 independent dominating sets, and if n is
odd and n = 1, 2(mod 3), then there does not exist any partition of V(C,,)
into independent dominating sets.

Corollary 3.16. Let H be a graph with v(H) > 2, then
i(kP,oH)=n< k=2,
ihCyo H) =n <= (k=2 and n is even) or (k=3 and n = 0(mod 3)),
i(kK,oHy=n<=k=mn,
WK, o Hy=m+n <= k=2
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