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Abstract : In this paper we prove the gracefulness of the class of graphs denoted by P,
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1. INTRODUCTION
Definition 1.1 A function fis called a graceful labelling of a graph G with q edges if fis an
injection from the vertices of G to the set {0,1,....q} such that, when each edge xy is assigned

the label }f{x) - f{y)|, the resulting edge labels are distinct. A graph which admits such a
labelling is called a graceful graph.

Definition 1.2 Let u and v be two fixed vertices. We connect u and v by means of "b" internally
disjoint paths of length "a" each. The resulting graph is denoted by P, .

K.M. Kathiresan [1] established that the graphs P, 1. are graceful for all values of r
nd m and conjectured that P, is graceful except when a=2r+1andb=4s+ 2.

We prove the conjecture except in one case where a=4r+1(r>1) with the corresponding
b=4m (m>r).

2. MAIN RESULTS
Let vi,vi,vh, vi,vi ... vi bethe vertices of the i-th copy of the path of length a, where

i=1,2..b, vj = uand vi= v foralli. We obscrve that P_, has (a-1) b+2 vertices and ab cdges.

Definition 2.1 Let x, v. z be functions defined on the set of natural numbers as follows.

i) x(t) = lift<m
{0ift>m

i) yt) = lif t= 1(mod2)
{OiftEO(modz)

i) z(t) = lift < 2m
{0ifl>2m
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Theorem 2.1 P, , ., are graceful for all values of r and m.

Proof: Define f as follows.

) Q2r+C2m+D+1
fl=0 ; fyy =-——p7——
f(vin)= 2r+l) Qmt1) - G-1) Qm+1) - i+, fori=12,.2m+1, j=1.2, 1.

flvz;) = x() {2m+1) +i + (-1) Cm+D)}+ (1x(i)) {i + §-1) 2m+1)}

fori=12,..2m+1, j=1,2,..r.

Illustration: The graceful numbering of P, .
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Theorem 2.2 P, , is graceful for all r and m.
Proof: Define f as follows.
flu) =rl; f(v) = 4m - (r+1)
£ =y 8m- F5 gy ey (B2 oy e
= y() {4rm + @ J+y (1) {4rme1- Y= 2')} =020+ 1, ., 4r-1
Fori=2.3,..2m
flvj)) = srm-r-(i-z)-(%)(z:n-l) . j=L3,...,2r1
=8m-r-1-(G-2)- (ﬂ)(Zm-l) J=20+1.2r+3, . 4r-1

= x(){2m +r-1+ (i - 2)+(—)(2m-l) 3+

-2
(1-x(@)) {m+r-1+(G-m- l) + (—) (2m-1)} =2,4, ... ,4r-2
f gives a graceful labeling.
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Ilustration: The graceful numbering of P

12.6°

Theorem 2.3 P,  , , are graceful for all r and m
Proof: Define f as follows.

flu) =r1; fv) = @r+2)m-r
£(v})= y(j){4r+2)2m- ( )} +y(1+l){(——)} =1,2,.2r+1
j-2r-2 2r 2
= y() {2r+1) 2m+1+ ( )}+y(1+l) {@r+1)2m - (———)
j= 2.~+2 ,2r+3,.. 4r+1
Fori=23,.2m - )
£(v)) = x(i) {r+2mH(i-2) + (%) (2m-1) }+ (1-x(i)) {r+m+(i-m-1) + ( %)(Zm-l)}
J72.4,.2r
—\(1){(r+2m+l)+(1-2)+(‘——)(2m-l)] +
(1-x(1)) {(r+m+1) + (n-m-l) + (——-) (2m-1) J=2r+2,2r+4,.. . 4r
= 1) j=1,3,5,. . 4r+1.

f gives a graceful labeling.

183



Iustration: The graceful numbering of P,
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Theorem 2.4 P, ., 4m are graceful forr > m.
Proof: Define f as follows.
fluy =rm ; f(v) = (4r+1)2m + (r +m)

flv]) = yG) {(@r+1)dm - (r-m) + (%) } + yG+1) {(-m)-1- (j‘Tz) ;
1,2,.2 (r-m)+1
y) 2m(ars i+ R0y g amarr 2D

F2r-m)+2,2(r-m)+3,..4r

Forj=1,3,.4r-1

fiv)) = (4r+1)m -(r-m)-(i-l)-(4m-l)(%) i=2,3,..4m
Forj=24,..2r

Rv)) = z() {r+3m+(i-2) + (4m-1) (’%2 )3+ (1-2()) {r+m+(i-2m-1)+(dm-1} ( J;Z Y
i=2,3,....4m

Forj=2r+2,2r+4.. 4r

R3}) = 20 fredm+ Gelvedm-1) (157 pecl-za)(rrmei-2mpe om0 )
i=23,..4m

f gives a graceful labeling.
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Illustration: The graceful numbering of P, (=4, m=2)

Lo e o g W ooy gn g op
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%2 |'24 49 l'l7 2g6 IvIO 33 Ig] gl 96 4=8 8=9 55 832
g l=23 43 lQIG 230 l¢09 ﬁ2‘7 ng %5 9=S 4=2 8'8 4=9 8:1
z ﬁl‘22 é4 lclS 2=I I=08 2:8 lgl %6 9g 4=3 8'7 Sg 8=0
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Theorem 2.5 P, , , are graceful forr = m.

Proof: Define f as follows.

flu)= r-m; flv)= r(8m+])-m-1

Casel: r=m

fv}) = y(i){zm(4r-1)+(%) } +y(j+1){2m(4r-l)-l-(j;22)} =1,2,..4r2
Forj=1.3,...,2r-1

-1 .
fv) = 4m (4;-1)-(&-2)-(4m-1)(’7) i=23,..4m
Forj=2r+1,2r+3, ... 4r-3

. i—1
fivl) = 4m(4r-|)-l-(i-2)-(4m-|)(’—2—) i=23,..4m
Forj =24, 4r2

]

R = 20 (re3me24am) (52 ))401-200) (romt 2me 1+ am-1) =22y
i=23,...4m
Case2: r>m

fivh) = v(j) {t(l6m-l)-3m+l+(j;l)}+y(j+l){r-m-( j:z )} =12,...2(-m)
2 2

= y0) 2mear- 2D ) a1 S22 )

j = 2(r-m)+1,2(r-m)+2,
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Forj=1.3...2r-1

fivi) = r(16m-1)-3m - (i-2)-(4m-1) ('j—Tl' ) i=23,..4m
Forj=2r+1,3r+3,...4r-3

f{v)) = r(16m-1) - 3m - 1 - (i-2)-(4m-1) (j.Tl ) 1=23,..4m
Forj=2,4,....,4r2

f(v}) = z(){r+3m+(-2)+(4m-1) (% MN+(1-z(i)) {r+m+(-2m-1) + (4m-1) (j—;g )%
i=2,3,..4m
f gives a graceful labeling.

Mlustration: The graceful numbering of P, , (r = 2, m=2).

VIR .
é % 4
¢ ¥ ¥ 9
YV ¥
& ¥ ¥
¢« ¥ ¥ ¥
&4 ¥ P
I ¥ ¥

Theorem 2.6 P,, are graccful forallm = 2.

Proof : Dcfine f as follows.

flu)=0: flv)=m-1

fivi) = 12Zm-i+1 i=1.2,.,2m-1

= 8m-i+l i=2m2m+1..... 4m
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fivk) = 2m+i-1 =1.2,..,m-1

=i Fmm+l,...,.2m-1
=6m+i+2 i=2m,2m+1,...,.3m-1
=4m+i+1 i=3m.3m+1,3m+2,... 4m

INlustration: The graceful numbering of P

A"

Theorem 2.7 P, are graceful form = 2.

Proof: Define f as follows.

fluy =0 ; filv) = 5m+3
fivi) = 20mi-1), i=1,2,3,..4m
j~2
fvl) = |0m+3+i+(2m-1)(’T) i=12,..m-1; j=2,4
j—2
= 8m+4+i+(2m—l)(‘lT ) i=mm+l,....2m-1; j=2,4
. i—2
f(iv}) = i+2+(2m+l)("T) i=2m,2m+1,..3m-1; j=2.4
j=2
= i+|-2m+(2m+1)(’7 ) i=3m,3m+1,..4m; j=2,4
fiv,") = 8m+2-i 1=1.2...2m-1
= 18m-i i=2m,2m+1....4m
f gives a graceful labeling,
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Hlustration: The graceful numbering of P

s.16°
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Theorem 2.8 P, _is graceful forallm = 1.

Proof: Define f as follows.

fu)=0; flv)=1, flvi)=2i, i=1,2,...m
f gives a graceful labeling.

Illustration: The graceful numbering of P, .

V2N
7

Theorem 2.9 P, are graceful for allm > I.

Proof: Define f as follows.

flu) =0 fv) =2m; f(v3a)= dmjm-i+l,
fivi) =2m+1-2i, =1,2,..m.

Illustration: The graceful numbering of P, .

249 11 18
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