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Abstract

Let G = (V, F) be a simple graph. Let o and IR be the indepen-
dence number and upper irredundance number of G respectively. In
this paper, we prove that for any graph G of order n with maximum
degree A > 1, IR(G) — &(G) < 432n. When A = 3, the result was

conjectured by Rautenbach.
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1. Introduction

Let G = (V,E) be a simple graph. Denote by A(G) and x(G) the
maximum degree and chromatic number of G, respectively. For a subset
S of V, denote by G[S] the subgraph induced by S. A subset S of V is
a dominating set of G, if for any vertex v € V — S, there is some vertex
u € S such that uv € E(G). A set S is independent if E(G[S]) = 0. The
independence number of G, denoted by a(G), is the maximum size of a
(maximal) independent set of G. For any S C V and any vertex z € S
we define the private neighborhood PN(z,S) of 2 with respect to S as
N{z]-N[S-{z}] where N[z] = N(z)U{z} denotes the closed neighborhood
of z and N[S] = UyesN[y]. A set S is irredundant, if PN(z,S) # @ for any
z € S. The upper irredundance number of G, denoted by IR(G), is the
maximum size of a maximal irredundant set of G. A maximal irredundant
set of cardinality JR(G) is called a I R-set of G.
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Rautenbach (3] investigated IR(G) — a(G) and obtained the following

result.

Theorem 1 ([3]) For any graph G of order n with mazimum degree
A>1,
(A-1)°

IR(G) - o(G) < |5 5.

Furthermore, he posed a conjecture as follows.

Conjecture 1 (/3]) If G is a graph with mezimum degree A(G) < 3,
then
IR(G) - a(G) < |Z).

The conclusion in Theorem 1 is not best possible. In what follows, we
will improve it and obtain a sharp upper bound on IR(G) — «(G). This

bound will imply Conjecture 1.

Lemma 1 ([1, P. 223]) Let A > 3 and let G be a graph such that
A(G) £ A and Kp41 € G, then x(G) < A.

By Lemma 1, it is easy to prove the following theorem.

Theorem 2 If G is a connected graph of mazimum degree A > 3
and G # Ka4y, then
a(G) >

bl

Now we are in a position to prove our main result.

Theorem 3 For any graph G of order n with mazimum degree A >

A—2
24

IR(G) - a(G) < n.

Furthermore, this bound is sharp.
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Proof If A = 2, the conclusion is trivial. We may assume that
A > 3. Let I be an IR-set of G. Let S = {z1,22,...,25} be the set of
vertices ¢ € I for which PN(z,I) — I # @ and R = I — S. Note that
for any z; € S where 1 < i < s, PN(z;,I) — I # 0. Therefore we can
choose a vertex y; € PN(z;,I) — I and let §' = {¥1,¥2,---,¥s}. Since
G[Su S’] # Ka+1, by Theorem 2, we have

a(G[SuS) > =.

Let I, be a maximum independent set of G[S U S']. It is obvious that

I, U R is an independent set of G. Thus we have

2s _(A-2)s A-2
IR(G)-a(G) < IR(G)-|LUR| < |R|+s A |R| = A < TR

To see the sharpness of the bound, we construct an infinite class G of
connected graphs such that TR(G) — a(G) = %ﬁzn for each G € G as
follows.

Let k be a positive integer. For0 < ¢ < k-1, welet X; = {z;1,Zi2,...,Tia
Yi = {yi1,vi2, .- via} and Z; = (Y; — {4i1}) U {yiz1,1} where the sub-
script is modulo k. Let V{(G) = Uf;ol (X;UY;). To complete the construc-
tion of graphs in G, join z; ; to y;; and let G[X;] = G[Z;] = KA. Observe
that every independent set of G contains at most one vertex in each X; and
Z;. Hence o(G) < 2k. Again since o(G) > %2 = 2k, we have a(G) = 2k.
Furthermore, using the fact that (J5-) X; is an irredundant set of G, we
have IR(G) > |UsZy Xi| = kA. Thus §52n > IR(G) - a(G) > kA -2k =
(A - 2)k = £3%n. This completes the proof of the theorem. |

Corollary 1 If G is a graph with mazimum degree A(G) < 3, then
IR(G) - (0) < ).

Thus, Conjecture 1 is true.
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