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Abstract, A graphoidal cover of a graph G is a collection
¥ of (not necessarily open) paths in G such that every vertex of
G is an internal vertex of atmost one path in ¥ and every edge
of G is an exactly one path in . If further no member of ¥ is
a cycle, then v is called an acyclic graphoidal cover of G. The
minimum cardinality of an acyclic graphoidal cover is called the
acyclic graphoidal covering number of G is denoted by 7,. In this
paper we characterize the class of graphs for whichn, = q — p
where p and q denote respectively the order and size of G.

1. Introduction

Byagraph G = (V, E) we mean a finite, undirected, connected graph without
loops or multiple edges. The order and size of G are denoted by p and ¢
respectively. For graph theoretic terminology we refer to Harary [4].

If P = (vo,v1,...,v,) isapath or acycle in G, v, ..., v,—; are called
internal vertices of P. The concept of graphoidal cover was introduced by
Acharya and Sampathkumar [1] and that of acyclic graphoidal cover was
introduced by Suresh Suseela [3].
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Definition 1.1 A graphoidal cover of a graph G is a set ¥ of (not necessarily
open) paths in G satisfying the following conditions.

(i) Every path in ¢ has atleast two vertices.
(ii) Every vertex of G is an internal vertex of atmost one path in .
(iii) Every edge of G is in exactly one path in .

¥ is called an acyclic graphoidal cover of G if no member of ¥ is a cycle in
G. The minimum cardinality of (an acyclic) a graphoidal cover of G is called
the (acyclic) graphoidal covering member of G and is denoted by (n,)n. The
values of 7 and 5, for several families of graphs have been determined by
Pakkiam and Arumugam [5, 6] and Suresh Suseela [3]. A comprehensive
review of the progress made on graphoidal covers is given in Arumugam et. al.
[2].

Definition 1.2 Let ¥ be a collection of internally disjoint paths in G. A
vertex of G is said to be an interior vertex of ¥ if it is an internal vertex of
some path in y. Any vertex which is not an interior vertex of ¥ is said to be
an exterior vertex of .

Theorem 1.3 3] For any acyclic graphoidal cover y of G, let t, denote the
number of exterior vertices of ¢. Let ¢ = min #, where the minimum is taken
over all acyclic graphoidal covers of G. Then , = g — p + ¢ where p and q
denote the order and size respectively of G.

Corollary 1.4 For any graph G, n, > g — p. Moreover the following are
equivalent.

(@) na=q —p.
(i) There exists an acyclic graphoidal cover without exterior vertices.
(iii) There exists a set of intemnally disjoint and edge disjoint paths without
exterior vertices.

In this paper we characterize the class of graphs G for which n, = g — p,
which is one less than the cyclomatic number of G. It follows from Corollary
1.4 that for such graphs 8 > 2. Moreover we have
Theorem 1.5 [3] Forany graph withé >3, n, =q — p.

Hence we confine ourselves to graphs with § = 2. We need the following
definition and theorem.
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Definition 1.6 [4] A theta graph is a block with two non-adjacent vertices
of degree 3 and all other vertices of degree 2. ‘
Theorem 1.7 [4] Every non-hamiltonian 2-connected graph contains a theta
graph.

2. Main Results

Let J, denote the class of all connected graphs with n, = g — p. The
following is an immediate consequence of Corollary 1.4.

Lemma 2.1 If there exists a spanning subgraph H of G such that H € JF,,
then G € F..

Theorem 2.2 Let G, € F,.Let C beacyclesuchthat |V(C)NV(G))| = 2.
Then G, UC € F..

Proof Let C = (v, vz, ..., s, v1) and G = G, UC. Let ¥ be a minimum
acyclic graphoidal cover of G, so that every vertex of G is interior to . Let
V(GHNV(C) = {v,v;,..., v} Withk>1and 1l < i) <ip <.+ <ix <
n.

Casei E(G\)NE(C) =4a.

Let Pl =(v|,U2,"‘ avil)’
P2=(vl'|a'~' ’vi3)9

Pk = (vil_lv sy vl'k)
and Py = (i, - Uy V1),

Then ¥ = ¢, U{Py, P, ..., Prs1} is an acyclic graphoidal cover of G
and every vertex of G is interior to .

Caseii E(G|)NE(C) # 0.

Let E(G))NE(C) = {ey, €2, - . . , €m}. Then each nontrivial component of
C—lej,es,...,en}isapath.Let P = (wy, wy, ... , wi) beanontrivial com-
ponentof C —{ey, €3, ... , e, }. If aninternal vertex w; of P belongs to V(G)),
we replace P by Py = (wy, wa, ..., w;) and P, = (w;, Wiy, --. , Wx). By

repeating this process we obtain a collection P of edge-disjoint and internally
disjoint paths covering all the edges of C — {ey, €3, ... ,en}and ¥ =y U P
is a graphoidal cover of G with no exterior vertices. Thus G € F,. o
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Corollary 2.3 Let G be a block with p > 3, If thcre‘exisls a connected
subgraph H of G such that H € F,, then G € JF,.

Proof Lete € E(H)and v € V(G)\V (H). Since G is ablock, e and v lie on
acommon cycle in G. By Theorem 2.2, H U C € JF,. Repeating this process
we oblain a spanning subgraph H; of G such that H, € F, and by Lemma
21,G e F,. a

Theorem 24 LetG,Gr € F,and V(G))NV(G;) # 8. ThenG,UG; €
gn.

Proof Let V(G() N V(G;) = {v1, va,...v,}. Let ¥ and ¥, be minimum
acyclic graphoidal covers of G and G, respectively so that all the vertices of
G, are interior to ¥ and all the vertices of G, are interior to ¥,.

Casei E(G)N E(Gy) =1.

Let P be the u-v path in ¥, having v, as an internal vertex. Let P; and P,
denote respectively the 4-v, section and v;-v section of P and replace ¥, by
(Y2 — {P}) U {P,, P,}. Repeating this process for each verter v; we obtain
an acyclic graphoidal cover ¥3 of G,. Now ¥, U 3 is an acyclic graphoidal
cover of G, U G, with no exterior vertices.

Caseii E(G|)NE(G,) # 0.

Let E(G,) N E(G3) = {e), €3, ... , en}. For each e;, we replace the path
in ¥, which contains e; by the non trivial components of P — ¢;. If a vertex
of V(G,) is an internal vertex of some path in ¥, we proceed as in Case i to
obtain a collection ¥ of paths such that ;U3 is an acyclic graphoidal cover
of G| U G, with no exterior vertices. Also since G| and G, are connected and
V(G1) N V(G3) # B, Gy U G, is also connected and hence G, UG, € F,.

O

We now proceed to characterize graphs with n, = g — p. We first introduce
a family of graphs.

Let G (f) denote the collection of all blocks whose edge set can be decom-
posed into a cycle C and a collection P of internally dispoint paths such that
each path P in P has f € V(C) as its origin and |V (P) N V(C)| < 2 (The
collection P may be empty in which case the corresponding member of G (f)
is a cycle)
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We observe thatif G € G (f) and G isnotacycle,thendeg f = |P[+2 =
A. A member of G(f) is given in Figure 1.

S

Figure 1.

Theorem 2.5 Let G be a 2-connected graph with p > 3. Thenn, =q — p
ifandonly if G ¢ G(f).

Proof If G € G(f)thenn, =d —landq — p = d — 2 where d is the
degree of f and hence 1, # q — p.

Conversely suppose 1, # q — p.
Casei G is hamiltonian.

Since any graph consisting of a cycle with two non-adjacent chords is a
member of F, it follows from Lemma 2.1 that G € G(f).

Case ii G is non-hamiltonian,
By Theorem 1.7, G has a theta graph H.
Let Py = (U, uy ... ,u, =0),
Po=W,v,... ,0p =0)
and P3 = (u, wy, ... ws =v)
be the three paths of H. If there exists a path P = (x;, x3, ...x,;) in G such
that x;,x, ¢ {u,v} and x,,x, € V(H) then HU P € F, and hence by

Corollary 2.3 G € J, which is contradiction. Suppose Q, is a -y, path and
Qyisav-y; path. If y; # vandy, # uthen HUQ,UQ; € F, and hence by

259



corollary 2.3 G € JF, which is a contradiction. On the other hand if y| = v
then HUQ U Q2 € Sw)or HU QU Q> € G(v). Thus we see that G €
SworGe S©). O

Theorem 2.6 Let G be a graph with§ > 1 and «(G) = 1. Then G ¢ T,
if and only if atleast one end block of G is a member of G (f) with f as a
cut-vertex of G.

Proof Suppose there exists an end block B in G such that B € G(f) and f
is a cut-vertex of G. Then for any acyclic graphoidal cover ¥ of G atleast one
vertex of V(B) — {f} is exlterior to ¢ and hence G ¢ F,.

Conversely suppose G ¢ F,. Let m denote the number of blocks in G. We
prove by induction on m that atleast one end block of G is a member of G( f)
with f as a cut-vertex of G.

Suppose m = 2. Let B, and B, be the blocks of G. Since G ¢ JF , it follows
from Theorem 2.4 that atleast one of B}, B, is not in F,.
Case i B, ¢ g'a, B, € Sra.

It follows froin Theorem 2.5 that B; € G(f) andsince G = By U B, ¢
F., fis acut-vertex of G.

Case ii B| ¢ g.a» Bz ¢ 3'“.

Then B, € S(f)) and B, € S(f2) and since B, U B, ¢ F,, cither f| or
J> is a cut-vertex of B; U B,. Hence the result is true form = 2.

We now assume that the result is true for any graph withm — 1 blocks. Let G
be a graph with m blocks, m > 2and G ¢ JF,. Let B be an end block of G. If
B € G(f) where f is a cut-vertex of G, then the proof is complete. Otherwise
B € G(f) where f is not a cut-vertex of G, or B € Fa. Let f| € V(B) be
a cut-vertex of G. Let G, be the subgraph of G, obtained by removing all the
vertices of B — f) then G, ¢ JFa. By induction hypothesis there exists an
end block B) of G, such that B; € G(/3) and f; is a cut-vertex of G,. If B,
is an end block of G, the proof is complete. Otherwise the blocks B and B,
have f) as the common vertex. Let G, be the graph obtained by deleting all
the vertices of B — f from G,. Since B, € G (f2) and B € G(f) where f is
not a cut-vertex of G or B € Fa, there exists a graphoidal cover ¢ of BU B,
such that f, is the only vertex which is exterior to ¢ and hence G, ¢ Fa.
Continuing this process, we obtain an end block of G of the required type.

m]
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