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Abstract

H. Kharaghani, in “Arrays for orthogonal designs”, J. Combin.
Designs, 8 (2000), 166-173, showed how to use amicable sets of ma-
trices to construct orthogonal designs in orders divisible by eight.
We show how amicable orthogonal designs can be used to make am-
icable sets and so obtain infinite families of orthogonal designs in six
variables in orders divisible by eight.
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1 Preliminaries

An orthogonal design of order n and type (s, 82, ..., Sx) denoted OD(n; sy,
$2,...,8k) in variables z,, %, ..., Tk, is a matrix A of order n with entries

in the set {0, &z;, +z9,..., +z;} satisfying

k
AAT = Z(sia:?)ln,
i=1
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where I, is the identity matrix of order n.

Let A = {4; : A; = {a;1,052,..,ajn}, § = 1,...,€}, be a set of £
sequences of length n. These sequences are said to be a set of disjoint
sequences if and only if the set of the corresponding circulant matrices
B; = Uj{circ(4;)}, 7 = 1,...,¢ is disjoint, i.e. B; * B; = 0 for all
i#74,1,7=1,2,...,¢ where * denotes the Hadamard product. A sequence
is said to be symmetric if the corresponding circulant matrix is symmetric.

The non-periodic autocorrelation function N 4(s) (abbreviated as NPAF)
of the above sequences is defined as

£ n-s

Na(s) =ZZajiaj,i+,, s=0,1,..,n—1. 1)

j=1i=1

If Aj(z) = aj1 +ajoz + ...+ ajn2™"! is the associated polynomial of the
sequence A;, then

n n & n—1
A(2)A(z~ =Zzzaj.~ajkz —NA(O)+ZZNA(S) z2°+z7°%).
i=11i=1 k=1 j=1s=1

(2)
Given A,, as above, of length n the periodic autocorrelation function Py(s)
(abbreviated as PAF) is defined, reducing i + s modulo n, as

Pa(s) = ZZaJ,a, i4sr 8=0,1,.,n-1. (3)

j=1li=1

For the results of this paper generally zero PAF is sufficient. However
zero NPAF sequences imply zero PAF sequences exist, the zero NPAF
sequence being padded at the end with sufficient zeros to make longer
lengths. Hence zero NPAF can give more general results.

Let B;, i = 1,2,3,4 be circulant matrices of order n with entries in
{0, £z, +xo, ..., tzi} satisfying

ZB BT = Z (siz2)],,.
i=1

Then the Goethals-Seidel array

Bi B,R BsR B4R
-B,R B, BIR -BIR
-BsR -BITR B, BIR
-B,R BIR -BIR B

G=

where R is the back-diagonal identity matrix, is an OD(4n; sy, s2, ..., Sk).
See page 107 of [1] for details.
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Plotkin (6] showed that, if there is an Hadamard matrix of order 2¢, then
there is an OD(8¢;t,t,t, t,t,t,t,t). In the same paper he also constructed
an 0D(24;3,3,3,3,3,3,3,3). This orthogonal design (OD) has appeared in
(1}, [7) and in [8]. It is conjectured that there is an OD(8n;n,n,n,n,n,n,n,n)
for each odd integer n. Until recently, none except the original for n = 3
found by Plotkin, had been constructed in the ensuing twenty eight years.
Holzmann and Kharaghani [2] using a new method constructed many new
Plotkin ODs of order 24 and two new Plotkin ODs of order 40 and 56.
Actually their construction provides many new orthogonal designs in 6, 7
and 8 variables which include the Plotkin ODs of order 40 and 56.

A pair of matrices A, B is said to be amicable (anti-amicable) if ABT —
BAT = 0 (ABT + BAT = 0). Following [3] a set {A;,As,...,Asn} of

square real matrices is said to be amicable if

n

Z (Aa(‘zi-l)AZ(zi) - Aa(2i)AZ(zi-1)) =0

i=1

for some permutation o of the set {1,2,...,2n}. For simplicity, we will
always take o'(¢) = ¢ unless otherwise specified. So

(A2i1 AL — AnAL ) =0. (4)
1

i=
Clearly a set of mutually amicable matrices is amicable, but the converse
is not true in general. Throughout the paper R denotes the back diagonal
identity matrix of order k.
Two orthogonal designs A = OD(m;p1,ps,...,p.) and B = OD(m;q,
g2,...,v) are said be amicable orthogonal designs of type AOD(m;p,, pa,

s Pui 1,42y -+ )y if
ABT = BAT and ATB=BTA

The maximum number of variables in orthognal designs and amicable
orthogonal designs is intimately related with algebraic forms and has been
determined over 20 years ago. An account of this theory is given in [1].
For the purposes of this paper we need to know that the maximum number
of variables in orthogonal designs of orders = 2( mod 4), = 4( mod 8)
and = 8( mod 16), is 2, 4, and 8 respectively. The maximum number of
variables u + v in amicable orthogonal designs of orders = 2( mod 4) and
= 4( mod 8), is 4 and 6 respectively.

A set of matrices {A;, Ag,...,An} of order m with entries in {0, £z,
+zo,..., k2 } is said to satisfy the additive property for (s1,s2,...,sk) if
it satisfies
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n k
D AAT = (s, (5)
i=1 i=1

First we need the following array from [3].
Let {4;}%_, be an amicable set of circulant matrices of order ¢, satisfying
the additive property for (s, s2,...,5k). Then the Kharaghani array

Ay Ag AgRn Az Ry AgRn Ag Ry AgRp A7Rp

-Ag A} AgRp —Ag4Rn  AgRp —Aglty A7Rp —AgRn
—A4Rn  =AgRn Ay Ag -A_lg’n,. A;‘n“ A¥Rn —A?Rn
~AgRy AgRn —Ag Ay Az Rp Ag Rn —A;Rn —AZ Ry

H= —AgRn ~AsRn AT Rn —A;R,. Ay Ag -,3’4 Ry Aa_n,.

—AgRn  AgRn -A;Rn -4}8 Rp —-Ag Ay ATRn AT R,
-AgRn —A7Rp -A’P Ran A,}R" ATR, -aTlR, Ay Ay
~A7Rn  AgRn Ag Rn afRa  -aTR, -aTR, -Ay Ay

is an OD(8t; 51,52, .. ., Sk).

Koukouvinos and Seberry [4] have extended the construction of Holz-
mann and Kharaghani (2] to find infinite families of Kharaghani type or-
thogonal designs, and in [5] orthogonal designs OD(8t; k, k, k, k,k, k) in 6
variables for odd t.

2 The construction

First we give the following definition.

Definition 1 Define L-matrices, Ly, Ly, ..., L, to be n circulant (or type
1) (0, £1) matrices of order ¢ satisfying

(1) Li* Ly = 0,1 # j,

(i) > LLT = kI,

i=l

where * denotes the Hadamard product. We say k is the weight of these
L-matrices.

From definition 1 we observe that T-matrices of order ¢ (see Seberry
and Yamada (8] for more details) are L-matrices with £ = k =t and n = 4.
Then we have.

Theorem 1 Suppose Ly, Lo,..., L, aren circulant (or type 1) L-matrices
of order s and weight k. Some of the L-matrices may be zero. Fur-
ther suppose A = (ai;), B = (bij) are amicable orthogonal designs of
type AOD(n;p1,p2, ..., Pui 1,92, - - - ,Qv) On the variables {0, £y, £zo, ...,
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+z,}, and {0, :!:yl,:i:yg, .., Xy}, respectively. Then there exists an ami-
cable set of matrices { A2 1} which satisfy

2n u v n
ZAiAT = (ZPKE? + an'yf) ZL!'L;F = (Zpﬂ’t + quyJ) kl,, (6)
i=1 i=1 i=1 i=1

i=1

and also (4).

Hence these {A;}27, of order s are an amicable set satisfying the addi-
tive property for
(kph kp21 teey kpu’ kql’ qu» vy qu)

Proof: Use

Ay =anli+aplo+- - +ainla, Az =buly+bi2la+ -+ binLn
Az =a21Ll1 +axLls+---+aznln, Ag=baLli +baaLla+ - +banLn

As = a3ty +az2La+ - +asnln, As =ba1L1 +bazLo+ -+ banLln

Acn_1 =an1Lly +an2Lla+ - + annLn» Agp =bn1 Ly + bn2Llo+ -+ banLn

First we note that A and B being amicable ensures that the (z,y) entry
Czy of C = ABT is

n n
Cay = Z arjby; = Z yjbsj = cys. (™

We also note that if A and B are amicable then AT and BT are also
amicable so the (z,y) entry dry, of D= ATB is

Z jzbjy = Zajybjz = dyz. (8)

First let us first multiply out A; A7, where we will use (- -+ L¢LT )em to
denote the term in L,LT. Then

n
AIAZ‘ = Z aljblejL]T 4.4 ((allblm)LeLﬁ)em EE (g)
j=1
Similarly
n
A AT = Zal,‘b]ijL? + - 4 ((breaym)LeLT Yom + - - - (10)
j=1

27



Hence A; A} — A, AT will have no terms in L;LT, j = 1,2,---,2n. Thus
the typical term is given by '

A1AT — A2AT = - + ((a1ebim — brearm)LeLT)em + - - . (11)

We now formally multiply out the expression on the left hand side of
(4), which gives the following terms in L,LT,

n
Z (A2i—1 AL — AyAL ) =

i=1
=-.--4 (Z;:l ajzbjm - Z?:l bieaim)Lng)em L

=+ ((Cjar asmbse = oy aimbi) LeLT) 4+ using (8)
= 0.
This is formally zero and we have (4). These matrices also satisfy (5)
and (6) by virtue of A and B being (amicable) orthogonal designs. d

Remark 1 Although the theorem is true for any pair of amicable orthog-
onal designs the arrays needed to exploit the full generality of the theorem
are only known, at present, to exist for n = 2 or 4.

Recalling that the maximum number of variables in amicable orthogonal
designs of orders 2 and 4 are known precisely, and are given in Tables 1
and 2, we have.

Corollary 1 Suppose there exist AOD(2;p1,p2;q1,92). Further suppose
there exist two circulant (or type 1) L-matrices of order { and weight k.
Then there exists an OD(44; kpy, kpa, kg1, kg2).

Proof: We use the L-matrices in the theorem to form an amicable set
satisfying the required additive property which is then used in the Goethals-
Seidel array to obtain the result. (]

Corollary 2 Suppose there exist AOD(4;p1,p2, P3; q1,492,93). Further sup-
pose there exist four circulant (or type 1) L-matrices of order £ and weight
k. Then there ezxists an OD(8¢;kp,, kp2, kps,

kq1, kgz, kgs).

Proof: We use the L-matrices in the theorem to form an amicable set
satisfying the addidive property for (kp1, kp2, kp3, kq1, kg2, kqa). These are
then used in the Kharaghani array to obtain the result. a
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Example 1 n=2 Let A and B be the AOD(2;1,1;1,1) given by

(5 2] [2 %]

Let L; and L; be two circulant (or type 1) L-matrices of order £ and weight
k. Construct

Ay =aly +bL,, Ay =cLy +dL,

As = —bLy+aly, Ag=dL; —cL,. (12)

Then

4 2
S AAT =@ +0*+ 2 +d)) LiLT =k(a®+ 8 + 2 +d*),  (13)

i=1 i=1

and
A1AT — A, AT 4 A3AT — A4AT = 0. (14)

Hence this set of matrices {A;, Az,..., A4} of order £ with entries in {0,
+a, +b, +c, +d} is an amicable set satisfying the additive property for (1,1,
1,1).

These can be used in a variant of the Goethals-Seidel array

Ay Ag AsR  A4R

—Aj A —-A4R A3R

—-AsR  A4R A A
-A4R —-AsR A, Ay

G =

where R is the back-diagonal identity matrix, to obtain an OD(4¢; k, k, k, k).
m}

Example 2 n=4 Let A and B be the AOD(4;1,1,1;1,1,1) given by

a b ¢ O d e f 0
b a 0 -—c e -d 0 ~—f
—c 0 a b f 0 —d e
0 ¢ =b a 0 -f e d

Let Ly, Ly,---, L4 be four circulant (or type 1) L-matrices of order ¢ and
weight k. Construct

A= aly +bLo +cLs, A= dI; +eL; +fLs,
As = -bL, +als —~CL4, As= el —dL2 —fL4, (15)
As= —cLy +als +bLs, As= [fL —dLs +elLq,
A7 = clLo —bLs +alLs, As= —fLo +eLs +dLs.
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Then

8 4
T_ (2 124 A2 2 2 2 qT
E_IA,»A,._(a +2+E+di+e+f );_1 LiL; (16)
=k(a? + b + 2 + d® + €% + f2)I,,
and

MAT — Ao AT + A3 AT — AGAT + AsAT — AcAT + A7AT — AsAT =0. (17)

Hence this set of matrices {4;, Az,...,As} of order £ with entries in
{0, £a, +b, +c, +d, +e, +f} is an amicable set satisfying the additive prop-
erty for (1,1,1,1,1,1).

These can be used in the Kharaghani array to obtain an OD(8¢; k, k, k,
k,k, k). O

Example 3 n=4 Let A and B be the AOD(4;1,1,2;1,1,2) given by

a b ¢ ¢ d e f f
b a ¢ -—c e -d f —-f
c ¢ —-a b ~f —f e d
c —¢ b -a -f f d =-—e

Let Ly, Lo,--+,L4 four circulant (or type 1) L-matrices of order £ and
weight k. Construct

Ay =al, +bLy +cls +cly Ay =dL, +els +fL3 +fL4,
Az ==bLy +alq +cLs —cLq, Ag =el, —dL> +fL3 —fL4,

As =Ly +cly —als —bLe As=—fLi —fLs +eLs -+dLs (O
A7 =cl; —cly +bLs =—als, As=—fLi +fLa +dLs —els.
Then
8 4
T_ (.24 p2 2 2, 2 2 T
S AAT= (@2 + 82 +2 +d +e? +2f%) ) LiL] (19)

i=1 %

=1
= k(a® + b® + 2c2 + d* + €2 + 2f?)],,
and
ALAT — 4,AT 4 A3 AT — A4AT + AsAT — A6AT + A7AT — AsAT = 0. (20)

Hence this set of matrices {41, Asz,...,Ag} of order £ with entries in
{0, +a, £b, +c, +d, te, £ f} is an amicable set satisfying the additive prop-
erty for (1,1,2,1,1,2).

These can be used in the Kharaghani array to obtain an OD(8¢;k, k, k, k,
2k, 2k). O
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Table 1: Amicable Orthogonal Designs in Order 2
X\Y | (1) (@ (11
(1) * * *
(2) * *
(1,1) *

Table 2: Amicable Orthogonal Designs in Order 4

X\ (1) @ (3¢ @ 01y 12 13 (22 (L1,1) (1,2
(1) * * * * * * * * * *
(2) * * * * * * * * *
(3) * * * * * * * *
(4) * * * * * *

(1)1) * * * * * *

(1,2) * * * * *

(1,3) * * *

(2,2) * *

(1,1,1) *
(1,1,2) *
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