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Abstract

In this paper, by using the generating function method, we obtain a

series of identities involving the generalized Fibonacci and Lucas numbers.
1. Introduction

For the generalized Fibonacci and Lucas numbers
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where a = (p+ vVD)/2, 8 = (p — VD)/2, D = p* — 4q, p and q are real

numbers, and pg # 0, many authors investigated various properties of {U,, }

Va=a"+ 8", 1)

and {V,,}. Various identities involving the generalized Fibonacci and Lucas

numbers were established. In [1], Neville Robbins showed that:

Z U(,Ub = (n - 1)‘/11 - 2qUn—l . n > 1,

2 _ fat
a+b=n p 4q
> Vb= (n+1)Va+2Uns1, n> 1
a4-b=n

In [2], Zhang calculated the summation of the form
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ay+az4tan=n
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For instance, Zhang proved that

2
= "M 8 2 _ (2,3 _
+b§+c_n UUpUe = 3 — 4 q)z{[(p 4pq)n” — (3p® — 6pg)n
+(20° + 4pq)|Un—1 + [(4¢* - PPq)n® + 3pqn

-2(p*q + 4¢*))Un—-2}, n>2.

Zhang’s results were generalized (see [3]).

In this paper, we are interested in computing the summation of the

+k +k +k
Z (alk )(azk )..,(amk )Ua,Uaz'”UGm

ajtaz+-+am=n

Z (al;'k) <a2l:'k)(amk+ k)‘/alv(l?“"/am,

a1+uz2+-+am=n

forms

and

where k is a nonnegative integer. These problems are interesting because
they can help us to find some new convolution properties. In the next
section, we will work out a series of identities involving the generalized

Fibonacci and Lucas numbers.
2. Main Results

In this section, we state the main results of this paper.

Theorem 1. Let {U,} and {V,} be the generalized Fibonacci and Lucas

sequences, respectively. Then

Y @+ )+, = %{(";3) DV, +4qUns1~2(n+1)Vasa], (2)
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a+2\(b+2 _ (n+5 2Up43 (n+2

> (303w = (3)m52(0)
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- D2 + D2 .

(6)

(7)
Proof. We only show that identities (2-3) hold. The proofs of (4-7) follow

the same pattern.

Consider the generating function of the sequence {("}*)U,}:

Us(z) = i (" ;: k) Unz®.

n=0

By using (1) and the formula

— k 1
$ (n: >zn = g (el <), (8)
n=0
we have
1 1 1 ] 1 1
Ui(x) = o ,B[(l o) T 0 —,Bx)k"'l]’ |z| < mm(ﬁ, m)
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Hence

( 1)"' —1i
Uit (z) = (a— ﬂ)m Z( ) (1 — az)ki+i(1 — B)(k+D(m=i)" 9)

Comparing the coefficients of 2™ on both sides of (9), one can compute the

summation
a1 +k\ faz +k am + k
Z (lk )(2k )( k )UtuUaz"'Uam'
ay4az+-4-an=n

. 1 _ 1 a B _
Since = on) (1= fz) — a—ﬂ(l—aa:_ l—ﬂx)’ aff =q,

1 1 2

V@) = G pla—aey T 7520 ~ G=aar( = o

1 1 3
@-PF ez  (1—faF (=aa)i(i=fa)
3
A= e @ = pa

Uiz) =

after some calculus, one can verify that
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Comparing the coefficients of z” on both sides of (10-11) and noting the
formula (8), the geometric formula and the definition (1), we can obtain

identities (2) and (3). This completes the proof.

Corollary 1.
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where k is a positive integer.

Proof. It is well known that {U,} and {V,,} satisfy the linear recurrence
relation

Wo=pWh_1 —gWy—2, n2>2

Suppose that

Olk n__ ﬂkn Un' nk 3
U,’1=—( i-::-_fak) =_U_:’ Vo =a™ + % = V. (12)

The definition (12) implies that {U},} and {V,,} satisfy the linear recurrence

relation

Wp = ViW,1 —¢*W,p, n>2.

Applying Theorem 1 to the sequences {U'} and {V,;}, and noticing that
V2 — 4¢* = DU} and U Vi = Usk, we can prove that Corollary 1 holds.
This completes the proof.

Theorem 2. Let {U,} and {V,} be the generalized Fibonacci and

Lucas sequences, respectively. Then

. 1,2 202Usp 2
2712 _ _ n-4
WZ‘:’I(H DO+ DU = G paln + DVanss - =55
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at+b=n 3 Dp2
_ 2(]2U2n+2] + 4(n + 1)(%,..'.2 + qun) _ 8qU,.+1V,,
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Corollary 2.
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2 2% Uspit 2k
T (a+ 1)+ DVAVE = 5[0+ DVankgar — b2
DUZk U2k
a+b=n
n+3 a4+ D (Vongyor + Varg™)  8¢*Unirs Vak
+( 3 )(V2nk +4¢™) + DUkz DU,?

where k is a positive integer.

The proofs of Theorem 2 and Corollary 2 are similar to that of Theorem1l

and Corollary 2, respectively, and therefore are omitted here.

From Theorems 1-2 we can establish some congruences. For example,

if p=—g=1in (4) and (6), we have

Z a+2\[/b+2 R, = l[ n+95 L,,—2F"+3 n+2
2 2 5 5 2
a+-b=n
_6(n+1)Lny2 12Fn+1]
25 25

(54}

and

3. /n+3 +2
Z (a + 1)(b + 1)(C+ l)LaLch = ‘5’[( 3 )Ln+2 + 2(71 2 )Fn+1]
a+btc=n

n+95 3('"' + 1)(3Ln + Ln+4) 12(Fn+3 + F, —l)
+( 5 )L" + % + 25 ’
where F,(L,) denotes the n'* term of the Fibonacci (Lucas) sequences

(Up = F, and V,, = L,, when p = —¢ = 1). Therefore, we get the congru-

ences:

5 2
25 (n ; )Ln - lo(n -2'- )Fn+3 —6(n+1)Lyyy — 12F,4, = 0(mod 125),

n+5 fn+3 +2
25( 5 )Ln+10[( 3 )Ln+2+2(n2 )Fn+1]
+3(n + 1)(3L, + Lyya) + 12(Fays + Fro1) = 0(mod  25).

Using various identities involving Fibonacci and Lucas numbers, the last
identity can be reduced to the following simplified form whenn > 1:

n+1

2
5[(” + ) +1)Lns1 — 2nLy + [10( ;

3 ) + 12F,] =0 (mod 25).

317

?



ACKNOWLEDGEMENT

The authors wish to thank the anonymous referee for his /her valuable

suggestions for this paper.

References

[1] Neville Robbins. Some Convolution-Type and Combinatorial Identities
Pertaining to Binary Linear Recurrences. The Fibonacci Quarterly,
29.3 (1991): 249-255.

[2] Wenpeng Zhang. Some Identities Involving the Fibonacei Numbers.
The Fibonacci Quarterly, 35.3 (1997): 225-228.

[3] Fengzhen Zhao and Tianming Wang. Generalizations of Some Identi-
ties Involving the Fibonacci Numbers. The Fibonacci Quarterly, 39.2
(2001): 165-167.

Classification AMS: 11B39

318



