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Abstract

We refer to a labeling of a plane graph as a d-antimagic labeling
if the vertices, edges and [aces of the graph are labeled in such a
way that the label of a face and the labels of vertices and edges
surrounding that face add up to a weight of the face and the weights
of [aces constitute an arithmetical progression of difference d. In this
paper we deal with d-antimagic labeling of prisms.

Introduction

In this paper we consider finite undirected plane graphs without loops and
multiple edges. A graph G consists of a vertex set V(G), an edge set E(G)
and a face set I'(G) with cardinalities v, e and f, respectively. A general
reference for graph theoretic notions is [13].
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A labeling of type (a, b, c) assigns labels from the set {1,2,3, ...,av+be+cf}
to the vertices, edges and faces of G in such a way that each vertex receives
a labels, each edge receives b labels, and each face receives c labels and each
number is used exactly once as a label.

The weight of a face under a labeling is the sum of labels of the face itself
together with labels of vertices and edges surrounding that face.

A labeling of type (a,b,c) is said to -be magic if for every number s, all
s-sided faces have the same weight. We allow different weights for different
values of s.

A connected plane graph G=(V, E, F) is said to be (a, d)-face antimagic if
there exist positive integers «, d and a bijection from the set {1,2,...,¢e}
onto the edges of G so that the induced mapping g : F(G) - W is also a
bijection, where W={a,q¢ + d,...,a + (f — 1)d} is the set of weights of all
faces of G.

The (a,d)-face antimagic graph was defined in [1]. TFurther results can
be found in [2]. Other types of antimagic labelings were considered by
Hartsfield and Ringel (7], Bodendiek and Walther [5] and Simanjuntak,
Miller and Bertault {10].

A labeling of type (a,b,¢) of plane graph G is called d-antimagic if for
every number s, the set of the s-sided face weights is Wy,={a,,a; + d,a; +
2d,...,as + (fs — 1)d} for some integers a; and d, where f, is the number
ol s-sided faces. We allow diflerent sets W, for different values of s.

We usually restrict @, b and ¢ to be no greater than one. Labelings of
types (1,0,0), (0,1,0) and (0,0,1) are also called wvertez, edge and face
labelings, respectively. Furthermore, d-antimagic labelings of types (1,1, 0)
and (1,1,1)) were defined in {3}.

In this paper we deal with d-antimagic labeling of type (1,1, 1) for prisms
and describe these labelings for some values of d.

The prisin D, n > 3, is a cubic graph which can be defined as the cartesian
product P> x C, of a path on two vertices with a cycle on n vertices.
Prism D,, n > 3, consists ol an outer n-cycle ¥y, y2 ... yn, an inner n-
cycle 2y 22 ... 2,, and a sct of n spokes a;y;, 1 = 1,2,..,n. |V(D,)] =
2n, |E(D,)| = 3n, |F(Dy)| = n + 2. We denote by z4; the 4-sided face
bounded by the edges z;vi, ZiZit1, Zi+1Y¥i+1 and y;yip1; and we denote the
inner face and the outer face by z,,, and z, », respectively (see Figure 1).

It was proved [3] that for n > 3, the prism D,, is 1-antimagic of type (1,1,1)
and for n = 3 (mod 4) and d = 2,3,4,6 there exist d-antimagic labelings
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Figure 1: The prisin

of type (1,1,1). Subsequently, Baca, Miller and Ryan [4] proved that the
prism D, has a 3-antimagic labeling of type (1,1,1) for n > 3, n # 4.

In this paper we shall prove that for n > 3, the prism D, is d-antimagic of
type (1,1,1) for d = 2,4, 5,0.

2 Preliminary Results

The basic idea we use to label the prism is fairly simple. We decompose
the prism into three parts. The [irst, part is the outer cycle, the second part
is the inner cycle and the third part consists of the faces and the spokes.
The face weight of any face of the prism is the sum of the corresponding
edge weight of the outer cycle with the edge weight of the inner cycle and
with the face labeling and the labelings of two spokes. Here we notice that
we could label the third part by using the known labeling for cycles if we
treat the [ace labeling as the edge labeling of a cycle and the labelings of
spokes as the labelings of vertices; then the sum of the face weight and the
labelings of the two spokes equals to the edge weight of the cycle. Now we
have tranformed the problem to a labeling problem of three cycles.

We know that a cycle has an (e, 0)-cdge-antimagic labeling [12], an (a,1)-
edge-antimagic labeling, and also an (a,2)-edge-antimagic labeling, so if
we use these known results to label the three parts, we can obtain new
labelings {rom their combination.

For example, for d = 2, we could first label the inner n-cycle and the outer
n-cycle by using the integers {2n+1,2n+2,.4n} U {4n+1,4n +2,...,6n}
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respectively in such a way that both the n-cycles have been assigned an
(@, 1)-edge-antimagic labeling, and then we could label the third part by
using the known result of («, 0) edge magic labeling with integers 1,2,...,2n
. Because we are using magic labeling of cycles, we could start anywhere we
want. However, we make sure to assign the label 2n to the face which has
edge label 2n + 1. It is easy to see that now the weights of all the 4-sided
faces constitute an arithinetical progression of difference 2.

Of course, here the inner n-sided face has a different weight- from the outer
n-sided face. We swap the edge labelings of the outer cycle and the inner
cycle. Now both n-sided faces have the same weight. Then we swap the
labels of 212 4+ 1 and 2n. This operation will not affect the weights of any
of the 4-sided faces, but the weight of the inner n-sided face is now 1 more
than the weight of the outer n-sided face. Now, if we put 6n+2 and 6n+1
in the inter face and the outer face, the inner n-sided face will have a weight
which differs by 2 from the weight of the outer n-sided face. Thus we obtain
a 2-antimagic labeling of a prisin.

To make this paper sclf contained, we list here all the known results that
will be used in this paper.

For (a,1)-edge-antimagic labeling of cycle Cy, we label the cycle as

M(vi)) = n+i fori=1,2,..,n
n—-i fori=12,..,n-1
Mlvivigy) = { n fori=mn

For (a, 2)-edge-antimagic labeling of cycle C,, we label the cycle as

M) = 2 fori=1,2,..,n
2n—-2i—-1 fori=1,2,..,n-1
Ao(vivier) = { -1  fori=n

For (a, 0)-edge-antimagic labeling of cycle Cy,, the labeling is quite complex.
When »n is odd

Aw;) = ’d_;_l fori=1,3,..,n
(& - ﬂéﬂ. [01"l:=2,4’,",n_1
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2n—-1 fori=1,2,..,n-1
Alvivigy) - = { 2n fori=n

It is casy to see that if we put edge labeling in clockwise, we get a (a,2)-
antimagic labelling.

For (a,0)-edge-antimagic labeling of cycle C,, when n = 0 mod 4

il fori=1,3,...,n/2+1
%’1 fori=2
AMv;)) = zti fori=4,6,...,n/2
L._:ﬂ fori=n/2+2,,n/2+4,...n
2=l fori=n/2+3,n/2+5,.,n—1

Il n = 2 mod <, then we label the vertices of €, by

( &l fori=1,3,..,n/2
i for i =2
L2 for § = 4,6,...,n/2 — 1
AMe)) = ¢ 22 fori=n/2+1
i3 fori=n/2+2,,n/2+4,..,n—-1
whl for i =n/24+3,n/245,.,n—2
L L}—’ fori=mn

We label the edges of C,, in both cases by values {n,n + 1,...,3n/2 — 1}
and {3n/2+1,3n/2+42,...,2u} in such a way that the common weight for
all the edges will be 5n/2 + 2.

3 New Results

In this paper we shall prove that for n > 4, the prismn D, is d-antimagic of
type (1,1,1) for d = 2,4,5,06.

For n =4, the prism has a special d-antimagic labeling. We first construct
the vertex and the cdge labelings of Dy and then we will formulate lemninas.
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(i)

1 (yi)
(i)
1e2(yi)
§(zi%is)
§1(Yiyi1)
§i(xiyi)
2(2iZit1)

E(Yivier)

Salaiyi)

E3(ziiqr)
&(yiYiv1)

§3(xiyi)

et N N e N N e N e g e W e N g N

~.

4+1
8—1
6—1
2t -1
13

8 —1
17 -2
2i -1
13 -2¢
S+

12

T+
1+4:
41 - 10:

2+ 2i
17 = 5i
7—i
2+ 5i
54 — 13i

(]

24 3i
22 -Gi
12-2¢

fori=1,3
fori=2,4
fori:=1,3
fori=2,4
fori=1,2,3
fori=4
fori=1,2
fori=3,4
fori=1,2
fori=3,4
fori=1,3
fori=2,4
fori=1
fori=12,3,4
fori=1,2
fori=3,4
fori=1
fori=2,3,4
fori=1,2
fori=3,4
fori=1,2
fori=3,4
fori=1
fori=2,3,4
fori=1,2
for i = 3,4

Lemma 1 Ford = 2,4,0, the prism Dy has a d-anlimagic labeling of type

(1,1,1).

Proof. Let us distinglish three cascs.

Casel. d =2

Label the vertices by 2u; — 1, the edges by 2£3, let the outer 4-sided face
and the inner 4-sided face receive the value 25 and 26, respectively, and
label the remaining 4-sided faces z4,; with 15 + 2i. The weights of the 4-
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sided faces constitute the set {101,103, 105,107,109,110}. If we swap the
edge label 18 with the face label 19, the face weight 110 will be changed to
111, and the other face weiglts will remain the same. Hence we obtain a
2-antimagic labeling of type (1,1,1). -

Case2. d=4

The vertices of Dy are labelled by 4 and the edges are labelled by & + 8.
The onter 4-sided face is labelled by 25 and the inner 4-sided face is labeled
by 21. Label the other 4-sided faces z4,; by 5 +4iif 1 < i < 3, and label
Zaa by 26. Now we swap the edge value 22 with the face value 25. It is
easy to verify that all face weights constitute an arithmetical progression
of difference 4.

Case 3:d=6

Label the outer 4-sided face by 26, and the inner 4-sided face by 17 and for
1 <7 <2, label the 4-sided faces z4,; by 15 +4¢ and for 3 < ¢ < 4, label the
faces by 37 —4i. Il we label the vertices of Dy by pa, the edges by 2&, and
swap the edge label 20 with the face label 21, then we get a 6-antimagic
labeling of type (1,1,1). ]

Lemma 2 For d = 3,5, the prism Dy has a d-antimagic labeling of type
(1,1,1).

Proof. Label the vertices of Dy by ¢4, the edges by & + 8. Then we have
a labeling of type (1,1,0) where the weights of the 4-sided faces constitute
an aritlunetical progression of difference 4. If we use consecutive integers
to label the faces, it is easy to sce that the resulting labeling is either 3-
antimagic or 3-antimagic. O

Next we will prove that for 1 > 3 the prism has d-antimagic labeling for
d = 2,4,5,6. In the following prool, lor case n = 4, please refer to the

above lemnmas.

Theorem 1 For n > 3, the prism D,, has a 2-antimagic labeling of type
(1,1,1).

Proof.

Label the vertices and edges of the prisin Dy, in the following way.

Pale;) = A(vi)+2n for:=1,2,....,n
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B2(yi)
Ba(zizisy1)
Ba(Yiyi+1)

A{w;) +4n fori=1,2,3,..,n
M(vivig1) +4n fori=1,2,...,n
M(vjvigq) +2n fori=1,2,...,n

Label the 4-sided faces z4,;, lor i = 1,2,..,n, and the spokes, by using
one of the (a,0)-edge-antimagic labelings described earlier, depending on
n, with integers 1,2,...,2n. Here we make sure that the maximmun label
2n is the label of the face which has the label 2n + 1 on one of its edges.
Now it is easy to sce that the outer n-sided face has the same weight as
the inner n-sided face, and the weights of all the 4-sided faces constitute an
arithmetical progression of difference 2. Next we swap the labels 2n and
2n + 1. Then the outer n-sided face has a weight 1 less than the weight of
the inner n-sided face. Then we label the n-sided faces z,, ;, for i = 1,2, of
the prisin D,, as [ollows. )

Bolzni) = On+3-1i fori=1,2

It is casy to sce that By is a 2-antimagic labeling of type (1,1,1). a

Theorem 2 For n > 3, the prism D, has a 4-antimagic labeling of Lype
(1,1,1).

Proof.

Label vertices and cdges of the prism D,, as follows.

Balx;) = Ao(vi)+2n fori=1,2,...,n
Balyi) = Aalvi) +4n fori=1,2,...,n
Ba(Ziziy)) = Aa(uivigy) +4n fori=1,2,...,n

Balyiyie) A(vivig) +2n fori=1,2,..,n

Label the 4-sided faces 2,4, for 7 = 1, 2, ..., n, and the spokes by using one of
the (a,0)-cdge-antimagic labelings described earlier, depending on n, with
integers 1,2, ...,2n. Here we make sure the maximum label 27 is the label
of the face which has the label 2n + 3 on one of its edges. Now it is easy
to see that the outer n-sided face has the same weight as the inner n-sided
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face, and all the weights of all the 4-sided [aces constitute an arithmetical
progression ol difference 1. If we swap the label of 2n and 2n + 3, then the
outer n-sided [ace has weight 3 less than the weight of the inner n-sided
face. If the outer n-sided face recives the value 612+ 1 and the inner n-sided
face recives the value 61 + 2, then we obtain a 4-antimagic labeling of type
(11 1L1). O

Theorem 3 For n > 3, the prism D,, has a 5-anlimagic labeling of type
(1,1,1).

Proof.

Label vertices and edges of the prism D, in the following way.

Bolzi) = Aalwi) fori=1,2,..,n
Bs(yi) = Jafvi) -1 fori=1,2,..,n
Bslxizip) = As(vivigr) +2n fori=1,2,...,n
Bsivie1) = A(vivip)+2n+1 fori=1,2,..,n

Label the 4-sided laces zq4, lor i = 1,2, ...,n, and the spokes z;y;, by using
a (@, 1)-edge-antimagic total labeling described before, where

Bs(za;) =  Mwiviga)+4n fori=1,2,..,n
[55(117,':!/,') /\;(‘U,‘) +4n for i = 1, 2, ey 1T

Now it is casy to sce that the outer n-sided face and the inner n-sided face
have the same weight, and the weights of all the 4-sided faces constitute an
arithmetical progression of difference 5. Il we swap the vertex label 1 with
the vertex label 2 and label 3 with label 4, then the inner n-sided face has
weight 4 less than the weight of the outer n-sided face. Now we label the
n-sided faces z,, ;, lor i = 1,2, of the prismn D,, as follows.

Bs(zni) = On+i fori=1,2

It is easy to see that Aj is a S-antimagic labeling of type (1,1,1). O
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Theorem 4 For n > 3, the prism D, has a 6-antimagic labeling of type
(1,1,1).

Proof.

Label vertices and edges of the prismm D, in the following way.

Belxi) = Aa(vi) fori=1,2,....,n
Bolyi) = Aa(vi) —1 fori=1,2,...n
Belzizigr) = As(vivipr) + 2n fori=1,2,..,n

. Bs(iyi+1) = Alvivigr)+2n+1 fori=1,2,..,n

Label the 4-sided faces z,;, for i = 1,2,...,n, and the spokes z;y; by

. n +2 fori=1
/jﬁ(bd,l) { 6n+4-2¢ fori= 2,3,..,n.
6n -1 fori=1
ﬁG(J’i'II") { dn + 21 — 3 for = 29 3; ey 1

Now it is easy to see that the outer n-sided face has the same weight as
the inner n-sided face, and the weights of all the 4-sided faces constitute
an arithinetical progression of difference 6. If we swap the labels 4n — 3
and 4n + 2, then the outer n-sided face has weight 5 less than the weight
of the inner n-sided face. Let external (internal) n-sided face receive the
value 6n+1 (6n +2). Then we have a G-antimagic labeling of type (1,1,1).
0
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