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Abstract

A graph H of order = is said to be embeddable in a graph G of
order n, if G contains a spanning subgraph isomorphic to H. It is
well known that any non-star tree T of order n is embeddable in its
complement (i.e. in K, — E(T)). In the paper ” Packing two copies
of a tree into its fourth power” by Hamamache Kheddouci, Jean-
Francois Saclé, and Mariusz Wozniak, Discrete Mathematics 213
(2000), 169-178, it is proved that any non-star tree T is embed-
dable in T* — E(T). They asked whether every non-star tree T is
embeddable in T° — E(T). In this paper, answering their question
negatively, we show that there exist trees T such that 7" is not em-
beddable in T® — E(T).

1 Introduction

We consider finite graphs without loops or multiple edges. For a graph
G, we denote by V(G) and E(G) the set of vertices and the set of edges
of G, respectively. An edge joining a vertex z to a vertex y is denoted
by zy or yz. Let dg(v) be the degree of a vertex v in G. For a graph
G and two vertices z,y, denote by dg(z,y) the length of a shortest z — v
path in G. For a positive integer i, we denote by G* the graph such that
V(G*) = V(G) and E(G') = {zy | z,y € V(G),z # y,de(z,y) < i}. For a
vertex z, the set of all vertices adjacent to z in G is denoted by Ng(z). In
this paper, a graph S is called star if S is a complete bipartite graph K- 1,n
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or an isolated vertex, and a tree T is called non-star tree if T is neither a
complete bipartite graph K , nor an isolated vertex. ( Thus every non-star
tree has at least four vertices. )

Suppose G1,... ,Gx and G are graphs of order n. We say that there is a
packing of G1,... ,Gk into G if G contains pairwise edge-disjoint copies of
Gy,...,Gp, ie. if for i = 1,... ,k, there exist bijections a; : V(G;) —
V(G) and injections of : E(G;) — E(G) (let E*(G;) = {a(e)|Ve €
E(G;)}), such that for any i if an edge z;y; belongs to E(G;) then a(z:)a(y:)
belongs to E*(G;), and for alli and j,1 < i < j < k, E*(G:)NE*(G;) = 0.

A graph H of order n is said to be embeddable in a graph G of order n,
if there is a packing of H into G. Then a bijection o : V(H) — V(G) is
called an embedding in G.

It is well known that any non-star tree T of order n is embeddable in
its complement. Hamamache et al. [1] proved that any non-star tree T is
embeddable in T* — E(T').

They asked whether every non-star tree T is embeddable in T3 — E(T').
In this paper, answering their question negatively, we show that there exist
trees T' such that T is not embeddable in T3 — E(T).

Suppose P, P, P,,... , Pk, are pairwise vertex-disjoint paths of order 7,
and 7, y; are the centers of P, P; (i = 1,2,...,k), respectively. Define
T} to be the tree obtained from these paths by joining z to ¥, for all i,
1< i<k, ( see Figure 1).

Theorem 1. For any integer k > 1, Tk is not embeddable in TE — E(Tk).

2 Proof of Theorem 1

Suppose for some integer k > 1, T is embeddable in T2 — E(T}). Then there
exists the embeddmg a: V(Tx) = V(T2-E(Tk)). We denote a(v), E*(T%),
T3 — E(Tx) by v/, E', H, respectively. Moreover, we denote by T} a graph
momorphm to Tk mduced by E'. Notice that V(T;,) V(H) = V(T}). (i.e.
« is the permutation on V(T%).)

Set

V(P) = {z, 21, 22, 23, w1, w2, w3}, B(P) = {2322, 2221, 217, Tw1, wa w2, wows}

V(Pl) = {yt'a ai, bi’ Ci,y di) € fi}, E(Pl) = {cibt'y biai, aiyi, yidi; dzeu eifi}a

foralli,1<i<Fk,

and U = {z,y1,%2,.-. , e}, U' = {=, 91,98 9k}

(see Figure 1)

Let T be a tree and let u and v be two distinct vertices in T. We say
that u — v path R is good in T if R satisfies the following conditions;
(i) either dr(u) = 1 and dr(v) > 3, or dr(u) > 3 and dr(v) = 1.



zZ; 2, 2; a; b} ¢

Figure 1: T}

(ii) dr(w) = 2 for every vertex w in V(R) — {u, v}.
Remark 1. If R is a good path in T}, then |E(R)| = 3.
Claim 1. U’'N({2,23, w2, w3} U {bi,ci,ei, fi | 1<i<k})=0.

Proof. For v € {z3, w3, ci, fi}, du(v) = 2,80 U'N {23, ws,ci, fi | 1 < i <
k} =0.

U 'N{biei | 1<i<k}#0, say by € U, then Npy(b1) = {z,y1,d1}.
Hence {fiy1, fid1} ¢ E’, namely dr;(f1) = 1. This xmphes that T} has
the good b; — f; path R with |E(R)| < < 2, contradicting Remark 1.

Thus assume 22 or wp € U’, say 22 € U, If 2oz, 20wy € E’, then
similarly considering the va'tex ws, we have a contradiction. Hence we
have {222,201} ¢ E'. If 2z = &/, then dry(22) = k + 2, implying that
{22z, 22u1 } C E’, a contradiction. Thus assume that z; € U' {z'}. Since
dr;(22) = 3, we have 22Yi 2y € E', for some i and j,1 < i < j < k.
We may assume that dr; () = 2. Smce every vertex in U’ — {2’} has two
neighbors of degree two in T}. We consider two cases.

Case 1. biz ¢ E' or e;x ¢ E', say biz ¢ E'.

If byd; ¢ E', then b;y; € E' and dyy(b;) = 1. Hence the path zoy;b; in

Ty is a good path with two edges, contradlctmg Remark 1. If fid; ¢ E',
then fiyi € E' and dr;(fi) = 1. Similarly the path zy;f; in T} is a good
path with two edges, contradxctmg Remark 1. Thus b;d;, fid; € E'. Since
bix ¢ E', we see that either b;y; € E' or fiy; € E' holds. If b;y; is in E',
then dry (f,) = 1, dr;(%:) = 2 and dry(b) = 2. Clearly either fid; is a
good pa.th in T} or f,d,b.y,zg is a good path in T}. In either case, we have
a contradiction to Remark 1. Thus assume that f.y. is in E'. Clearly we
have dr; (%) = 2, dy(fi) = 2 and dry(b;) = 1. Similarly either b;d; is a



good path in T} or bid;fiyi22 is a good path in T}. In either case, we have
a contradiction to Remark 1.

Case 2. b;z and ¢;z € E'.

If bjz € E’' or ejz € E', say bjz € E’, then since U’ N {;,e;,b;} = 0,
z is adjacent to at least three vertices of degree at most 2 in T}. However,
every vertex is adjacent to at most 2 vertices of degree at most 2 in Tk, a
contradiction. Thus assume that bjz,ejz ¢ E'.

Assume first that y; # z’. Now if bjdJ ¢ E', then bjy; € E' and
dr; (b;) = 1. Hence the path zpy;b; in T, isa good path with two edges,
contra.dlctmg Remark 1. If f}d, ¢ E', then fjy; € E' and dr;(f;) = 1.
Similarly the path 2y;f; in T} isa good path with two edges, contradlctmg
Remark 1. Thus b;d;, fjd; € E’. Since bjz ¢ E’, we see that either
bjy; € E' or f;y; € E' holds. If b;y; is in E’, then dr; (f,) =1, dr;(y;) =2
and dr; (b;) = 2. Clearly either f;d; is a good path in T} or f,d b,y,zz is
a good pa.th in T{. In either case, we have a contra.dlctlon to Remark 1.
Thus assume that fiyj is in E'. Clearly we have dry(y;) = 2, dr;(f;) = 2
and dy (b;) = 1. Similarly either b;d; is a good path in T} or b d, fivize is
a good path in T}. In either case, we have a contradiction to Remark L

Next, assume that y; = z'. Now if z € U’, then since x # y; = 7/,
zz’ € E’ implying that zy; € F and zy; = 2z’ € E’, a contradiction.
Thus assume that dyv (z) = 2. If fid; ¢ E' or cia; ¢ E', say fid; ¢ E', then
fiyi € E' and dr (f,f = 1. The path zpp;f; in T} is a good path with two
edges, contradlctmg Remark 1. Thus fid;,cia; € E'.

If d; € U' or a; € U, say di € U’, then diz’ = diy; € E'. Thus
fiyi ¢ E', otherwise fiyizoy;difi is a cycle in T{. Clearly fid; is a good
path in T,ﬁ, a contradiction to Remark 1. Thus dq‘ (di) £ 2,dr;(a:) < 2.

If b;d;, eia; ¢ E’, then biy; € E' or e;y; € E', say biy; € o Clearly we
have dr; (i) = 2, dry(b:;) = 2 and dr (es) =1, unplymg that e;zb;y;z2 is a
good path inT{,a contradiction to Remark 1. Thus assume that b;d; € E'
or e;a; € E', say bid; € E'.

If fiy; € E', then we have dy; (%) = 2, dry(fi) = 2, dry(di) = 2,
dry(b) = 2, dT: (x) = 2, and dry (c,) = 1. Clea.rly either zoy; fidibize;
is a good path in T, or zy: f,&b.we,a.q is a good path in T]. In either
case, we have a contradiction to Remark 1. Thus assume that fiyi € E'.
Clearly we have dry (1) = 2, dry(fs) = 1, dry(di) = 2, dry(b) = 2,
dr;(z) = 2, and dry (c,) = 1. Slmx'ia.rly either f,dgbixe,y.zz is a good path
in T’ or f;d‘b.xe,a,c,'y.zg is a good path in T]. In either case, we have a
contradlctmn to Remark 1. l

Claim 2.

(1) {z1,2} € U’ and {wy,z} € U'.
(2) {ai, ¥} LU’ and {di,ys} L U’ for alli, 1 <i< k.
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Proof. If {z1,z} C U’ or {wy,z} C U’, say {z1,z} C U’, then since
z3 ¢ U' by Claim 1, {2321, 237} ¢ E’, namely dr;(23) = 1, Therefore either
232, is a good path in T} or 23z is a good path in T}. In either case, we
have a contradiction to Remark 1. Thus {z;,z} € U’ and {wy,z} € U".

Similarly If {a:,3:} C U’ or {d;,3:} C U’ for some i, say {a;,3:} C U’,
then since ¢; ¢ U’ by Claim 1, {ciai,ciz;} ¢ E’, namely dry(ci) = 1,
Therefore either c;a; is a good path in T} or ¢;y; is a good path in T,. In
either case, we have a contradiction to Remark 1. Thus {a;,y;} ¢ U" and
{dii} U forall 4, 1<i< k. ]

Claim 3.

(1) 21 €U’ = 23z € E!

() w eV’ = wyrc E

(8)zeU = 2123, wqyws € E'
(4)aieU' = ciys € E' foralli,1<i <
(5)dicU' = fiyi € E' foralli,1<i<
(6) yi €U' = aici,dif: € E' foralli, 1 <i<k

Proof. If 2y € U’ and 23z ¢ E', then 232, € E’' and dr;(z3) = 1,
implying that 23z is a good path in T/, a contradiction to Remark 1.
Thus statement (1) is true.

If wy € U’ and wsz ¢ E’, then wsw; € E’ and dr; (ws) = 1, imply-
ing that wsw, is a good path in T}, a contradiction to Remark 1. Thus
statement (2) is true.

Iz eU and 2123 ¢ E' or wyws ¢ E’, say 2,23 ¢ E/, then z3z € E’
and dry (23) = 1, implying that 23z is a good path in T}, a contradiction
to Remark 1. Thus statement (3) is true.

Similarly If a; € U’ and c;y; ¢ E’ for some i, then c;a; € E' and
dr;(c;) = 1, implying that c;a; is a good path in Ty, a contradiction to
Remark 1. Thus statement (4) is true.

If d; € U’ and fiy; ¢ E' for some i, then f;d; € E’' and dr;(fi) = 1,
implying that fid; is a good path in T}, a contradiction to Remark 1. Thus
statement (5) is true.

If y; € U’ and aic; ¢ E' or dif; ¢ E' for some i, say aic; ¢ E', then
ciys € E' and dyy(c;) = 1, implying that c;p; is a good path in T, a
contradiction to Remark 1. Thus statement (6) is true. l

k
k

Claim 4. {a;,d;}NU’'# 0= {biz,eix} NE' #0, foralli,1<i< k.

Proof.” Assume that a; or d; € U, say a; € U’, and {b;z, e;z} N E' = 0.
By Claim 2-(2), y; ¢ U’. By Claim 3-(4), cit; € E'. If e;y; ¢ E', then
eia; € E' and dr;(e;) = 1, implying that e;q; is a good path in T, a
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contradiction to Remark 1. Hence e;y; € E' and dr:(y:) = 2. Therefore
biyi, fiys ¢ E'. Then byd;, fidi € E' and dpy(bi) = dry(fi) = 1. Since
T} is connected, dry(d;) > 3, implying that b;d; is a good path in T, a
contradiction to Remark 1. I

Claim 5. {ai,di,5:}NU' =0 = {biz,eiz} NE #0, foralli, 1 <i< k.

Proof. Assume {b;z,e;x} N E' = 0. If yibi, v fi ¢ E' or yies,yici ¢ E/,
say yibi,yifi ¢ E', then bd;, fid; € E' and dr;(bi) = dr;(fi) = 1. Since
T} is connected, dr;(d;) > 3, implying that b;d; is a good path in T,
a contradiction to Remark 1. Hence y:b;,yie: € E' or yib;,yici € E' or
vifivies € E' or yifi,yici € B

If yibs,yies € E', then bid; € E’ or eja; € E', say bid; € E’. Since
vi ¢ U, fivi ¢ E', so fid; € E'. Since d; ¢ U’, dry(di) = 2. Thus
dr; (f;) = 1, dry(b:) = 2, and dry (y:) = 2. Since T} is connected, e;a; € E'. -
However, ciy; ¢ E' and c;a; € E'. Hence the path ciaie;yibidifi is a
component of T, a contradiction.

If y:bi, yici € B’ or yi fi, yie: € E', say yibs, yici € E', then bid; € E' or
cia; € E'. Since fiyi, ey ¢ B, fidi,eia; € E'. If bid; € E' then since T}
is connected, c;a; € E’'. However, the path fid;b;yiciaie; is a component of
T}, a contradiction.

If yifi,yici € E', then aic; € E' or dif; € E', say aic; € E'. Since
vi ¢ U7, byi, et & E', s0 bids, eia; € E'. Since T}, is connected, fid; € E'.
However, the path bid; fiy:ciaie; is a component of T}, a contradiction. l

Now every vertex is adjacent to at most 2 vertices of degree at most 2
in Ti. Hence z is adjacent to at most 2 vertices of degree at most 2 in T},
8o z is not adjacent to at least 2k — 2 vertices of {b;,e;|1 < i < k}. By
Claim 4 and Claim 5, If for some i {b;z,e;z} N E’ =0, then a;,d; ¢ U’ and
{ai,di, s} N U’ # @, namely y; € U’. Therefore at least k — 2 vertices of
{:|l1 £ i £ k} are contained in U’.

Claim 6. Foralli, 1 <i<k, {ai;,di} L U’.

Proof. Assume for some i, a;,d; € U’. By Claim 3-(4) and Claim 3-(5),
ciyi, fiyi € E'. By Claim 2-(2), dr; (1) = 2. If biz ¢ E', then bidi € E'
and dr; (b;) = 1, implying that b;d; is a good path in T}, a contradiction
to Remark 1. Hence b;z € E'. Similarly, e;z € E'.

Since z is adjacent to at most 2 vertices of degree 2 in T}, for all j(# 1),
1< j <k, {bjz,ejz} N E' = 0. Thus by Claim 4 and Claim 5, a;j,d; ¢ U’
and {a;,d;,y;} N U’ # 8}, namely y; € U’. Since z is adjacent to at most
2 vertices of degree 2 in T., 23z, 22%, w3z, w3z ¢ E', s0 2321, waw, € E'.



If zowy ¢ E', then for some j(# i), 1 < j < k, zay; € E’ and dr;(22) =
1, implying that zy; is a good path in T}, a contradiction to Remark 1.
Hence zaw; € E’. Similarly, woz; € E'.

Now U’ = {a;,d;,y;lj # 4,1 < j < k}. Hence z;,w; ¢ U’ and dr;(z1) =
dr;(w1) = 2. Then a;2,a;w1,a:r,di21,diw;, dix ¢ E'. Since all vertex in
U is adjacent to two vertices of degree 2 in Tk, all vertex in U’ is adjacent
to two vertices of degree 2 in T}. Hence a;c;, a;e;, dibi, d; f; € E', implying
T has a cycle a;cy; fidib;ze;a;, a contradiction.

We consider six cases.
Case 1. z; € U’ and wy € U'.

By Claim 3-(1) and Claim 3-(2), 23z,w3z € E’. By Claim 2-(1),
dr;(z) = 2. Thus for all 4, 1 < i < k, biz,e;x ¢ E'. Hence by Claim
4 and Claim 5, for all i, 1 < i < k, y; € U’. Therefore [U'| = k+2, a
contradiction.

Case 2. z1 € U’, wy ¢ U’, and for some ¢, a; € U’ or d; € U’, say
a el

By Claim 3-(1) and Claim 3-(4), 23z, ¢iy; € E’. By Claim 4 and Claim
6, biz or e;z € E'. Hence by Claim 2-(1) dr;(z) = 2, so for all j(# ),
1< j <k bjz,ejz ¢ E'. By Claim 4 and Claim 5, y; € U’. Then
U' = {z,a:,y;|j # 4,1 < j < k}. If way; ¢ E', then clearly w2 or way;
for some j(# i) is a good path in T}, a contradiction to Remark 1. Thus
way; € E', and dry (1) = 2, s0 fidi € E'. If e;z ¢ E' then e; is adjacent
to one and only one vertex a;, implying that a;e; is a good path in T, a
contradiction to Remark 1. Hence e;z € E’ and b;z ¢ E'.

Then b; is adjacent to one and only one vertex d;. Now dr; (b:;) =
dry(fi) = 1, so clearly b;d; or fid; is a good path in T, a contradiction to
Remark 1. (See Figure 2)

Case 3. z, € U’, wy ¢ U’, and for any i, a;,d; ¢ U’.

By our assumption and Claim 2-(1), U’ = {21,151 <i < k}. Hwpx ¢
E', then clearly w22z or way; for some i is a good path in T}, a contradiction
to Remark 1. Thus wex € E'. If 23¢ ¢ E’, then clearly 232 is a good
path in T}, a contradiction to Remark 1. Thus 23z € E’. By Claim
2-(1), dry(z) = 2, so wawy. If 2wy ¢ E’, then clearly zy; for some
i is a good path in T}, a contradiction to Remark 1. Thus zw, € E'.
Moreover, for some i, zpy; € E’, but then by dr;(z) = 2 and Claim 3-(6)
bidi, di fi, eiai,aic; € E'. Therefore biy; or fiy; € E’ and e;y; or ciy; €
E', implying that y; is adjacent to three vertices of degree 2 at T}, a
contradiction.
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Figure 2: Case 2

Now, we can assume 2;,w; ¢ U’ by proofs in three cases above.
Case 4. x € U’ and for some i, a; € U'.

By Claim 3-(3), 2321 € E'. If z1a; € E’ then 23z ¢ E’, implying
that z321a; is a good path in T}, a contradiction to Remark 1. Hence
z10; ¢ E'. Similarly wya; ¢ E'. By Claim 3-(4), c;y; € E'. ¥ esy; ¢ E',
then clearly e;z or e;a; is a good path in T}, a contradiction to Remark 1.
Thus e;; € E'. By Claim 2-(2), dr;(y:) = 2. Hence fid; € E'. If bid; ¢ E,
then clearly b;z is a good path in T,ﬁ, a contradiction to Remark 1. Thus
bid; € E'. By Claim 6, dr; (d;) = 2, s0 aid; ¢ E'.

Now, a; is adjacent exactly two vertices of degree 2 at T}, and a;d;, a;z1, a;w
E'. Thus for some j(# i), aiy; € E' and dry(y;) = 2. If aj,d; ¢ U’ then
by Claim 2 and claim 6, |U’| < k. Thus a; eU’ord eU', say a; €U'.

By Claim 3-(4), c;y; € E'. If e;y; ¢ E’, then clea.rly e;T or eja; is a
good path in T}, a contradiction to Remark 1. Thus e;y; € E’, implying
that dr; (y;) > 3, a contradiction. (See Figure 3)

Case 5. z € U’ and for any i, a;,d; ¢ U'.

In this case, z € U’ and for any i, y; € U’. Thus for some i, z'y} €
E(T%), which is a contradiction.

Case 6. V(P)NU’ = 0.

In this case, by Claim 2-(2) and Claim 6, |U’| < k, which is a contra-
diction. l
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Figure 3: Case 4
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