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Abstract

Shapiro (8] asked what simple family of circuits will have resis-
tances Czn/Can—1 (or something similar) where Cr, = 47 (37)
is the mth Catalen number. In this paper we give a construction
of such circuits; we also discuss some related problems.

1. Introduction

Consider the following circuits
1 gl 1 é ? il é EE é

Figure 1

where all resistors are one ohm. It is easy to see that these circuits have
resistances
2/1,5/2,13/8,34/21, -, Fon [ Fop_,,

where {F, }n>0 = {1,1,2,3,5,8,13,21,34, - - -} is the Fibonacci sequence.
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In [8], Shapiro posed some open questions, the first of which is the
following problem.

Question. What simple family of circuits will have resistances Cap, /Con—1
(or something similar) where Cr, = L5 (%) is the mth Catalan number ?

In this paper, we answer this question by giving a construction of the
circuits satisfying the required condition.

2. Answer to the Question

Theoretically there exist simple circuits with f(2n)/f(2n — 1) for any
positive-valued rational functionf(n), because a circuit with resistances
m/n, a positive rational number, can be constructed in this way: first con-
nect n resistors in parallel (this circuit has resistances 1/n), then connect
m such circuits in series. (Note that all resistors must be one ohm.)

However, the above construction may not be the best one. For example,
a circuit with resistances 2L (= 1+ 2X1) can be constructed in a simpler
way: first, connect n resistors in series; then, connect it with one resistor in
parallel; finally, connect it with one resistor in series. Note that this simpler
construction needs only n + 2 resistors, whereas the above construction
needs (2n + 1)(n + 1) resistors.

So, in what follows we are only interested in the function f(n), which
satisfies the following condition: the circuits with resistances f(n) can be
constructed according to the value of n or f(k) (0 < k < n) (In the later
case we can construct the circuits recursively). We call such a function
f(n) simple. We also require the resistors used as few as possible.

Theorem 1. Let a, b,c,d and e be nonnegative integers. Then both <&-+4

. an+b
and cn—cg;—iﬂgﬂ are simple.

Proof. We need only to prove that g”—nj_"_—% is simple. Note that the resis-
tances of a circuit constructed by connecting two resistors in parallel with
resistances Ry and Ry, respectively, are y7p—75- = nigd;- Since

ent+d _

= en . _d
an + an+Db and+5
= ﬁg”fm’

we need at most ac + ben + d(an + b) = ac + bd + (ad + be)n resistors to
construct the required circuit.

Corollary 1. Let C, be the nth Catalan number. Then both Cs,/Ca2y-1
and C,,/Cp_; are simple.
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Proof. The conclusion follows from Theorem 1 and the following computa-
tion:

Con -
2n-1 = 1 /T ;:”2

__(4n)t (4n - 2)!
ﬁ%f (2n)'rz’2n)l /T (2n - {l)' (2n-1)!

2(4n -1
n +

gx2nxl, (2n—1) x2
2n+1 7" 2n-1)+2

and c )
- 2n 2n—
Cn—l - 4n 2 ) /
= n¥1
= 2 X x + !n__l)lg

n+ (n—-1)+2°
The corresponding circuits are shown in Figures 2-3.

Figure 2  Circuit with resistances Ca,,/Con-1

Figure 3

Note: El denotes the circuit constructed by connecting n resistors
in series.

Corollary 2. Let f(n) = () be the central binomial coefficient. Then
both f(2n)/f(2n — 1) and f (n)/ f(n — 1) are simple.

Proof. Since f(n) = (*7), the conclusion follows from Theorem 1 and the
following computation:

_f_(__Lén%_z ) = (2n) / (an1
= fn=1

"n—1)x1
n-— X
= 3+§n'-1§+1'
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and
n = 4n-=-2
fln-1) n

n—1)x1
2+2Xé—ﬁ_—1;ﬁ.

The corresponding circuits are as in Figures 4-5.

1
e
—5- =
1 n-1 I
Figure 4
1 1
L | -
{n-17§ {n-1§
Figure 5

3. Lucas Numbers and Circuits

Let {un}n>0 be the Lucas sequence (7] defined by ug = 1, u; = A, and
Uny1 = Aty + Buy_1(n > 1), where A and B are positive integers. (For
other definitions about Lucas numbers see [3], (5], [6], [9].) In the case
A = B =1, {un}n>o is simply the Fibonacci sequence; in the case A = 2
and B = 1, {un}n>0 gives the Pell sequence.

Theorem 2. If A = kB + 1 where k is a nonnegative integer, then both

Ugn[U2n—1 and u,fu,—; are simple.
Proof. Since A = kB + 1, we have

Uop (kB + 1)’“2"_1 + Buop_2

U2n—1 U2n—1

Bug,

= kB+1+ B Dug.

—2
+ Bugn-3

- B - ugn_ofuon_s
= kB+1+ B+ (kB+1 ’U2,i_2 U2n—-3

1 1-

+—-—_—+—+o-o -—

B ugn_2fuzn-3 1 1
k
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Note that the resistances of a circuit constructed by connecting n resis-
tors in parallel with resistances R, Ra,- - -, R,, respectively, are

1
1/Ry +1/R2+---+1/R,’
It is easy to see that the circuits in Figure 6 have resistances

uZ/ula U4/U3, MY u2n/u2n—l-

For u, fun_1, the proof is similar.

-J|:—| kB+1 kB

T T

Figure 6

Note: @ denotes the circuit constructed by connecting k resistors
in parallel. When k =0, [{j] denotes empty circuit.

Remark 1. In the case ¥ = 0 and B = 1, Figure 6 reduces to Figure 1, as
expected.

Remark 2. For the applications of Lucas numbers in ladder networks and
electric line theory we refer the reader to [2] and [4], and the literature they
cited.

At the end of this paper, we pose a open question: What simple family
of circuits will have resistances M, /M;,—; (or something similar) where M,,
is the Motzkin number(cousin of Catalan number)?

Note: Motzkin numbers [1] are defined by

n-1
My=1, Mpy1= Mo+ Y McMy_y1_x(n > 0),

k=0
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the recurrence of which is similar to that of Catalan numbers.
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